THE NUMBER OF PRIMES IN SHORT INTERVALS AND NUMERICAL CALCULATIONS FOR
HARMAN’S SIEVE

RUNBO LI

ABSTRACT. The author gives nontrivial upper and lower bounds for the number of primes in the interval [z — ze, z] for some
0.52 < 6 < 0.525, showing that the interval [z — 10'52, z] contains prime numbers for all sufficiently large z. This refines a
result of Baker, Harman and Pintz (2001) and gives an affirmative answer to Harman and Pintz’s argument. New arithmetic
information, a delicate sieve decomposition, various techniques in Harman’s sieve and accurate estimates for integrals are
used to good effect.
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1. INTRODUCTION

One of the famous topics in number theory is to find prime numbers in short intervals. In 1937, Cramér [10] conjectured
that every interval [z — f(x)(log z)2, ] contains prime numbers for some f(z) — 1 as  — co. The Riemann Hypothesis implies

9. x] contains ~ z?(logz)~! prime numbers for every % < 6 < 1. The first

unconditional result of this asymptotic formula with some 6 < 1 was proved by Hoheisel [26] in 1930 with 6 > 1 — m. After

the works of Hoheisel [26], Heilbronn [25], Chudakov [9], Ingham [28] and Montgomery [42], Huxley [27] proved in 1972 that
the above asymptotic formula holds when 6 > % by his zero density estimate. In 2024, Guth and Maynard [15] improved this

that for all sufficiently large z, the interval [z — z

to 6 > % by a new zero density estimate.

In 1979, Iwaniec and Jutila [30] first introduced a sieve method into this problem. They established a lower bound with
correct order of magnitude (instead of an asymptotic formula) with 6 = % After that breakthrough, many improvements were
made and the value of § was reduced successively to

5 11 17 23
— ~ 0.5556, — = 0.5500, — ~ 0.5484, — ~ 0.5476,
9 20 31 42

1051 ~ 0.5474, 35 =~ 0.5469, s ~ 0.5455 and T =~ 0.5385

1920 64 11 13

by Iwaniec and Jutila [30], Heath-Brown and Iwaniec [24], Pintz [45] [46], Iwaniec and Pintz [31], Mozzochi [44] and Lou and
Yao [37] [39] [40] [41] respectively.

In 1996, Baker and Harman [3] presented an alternative approach to this problem. They used the alternative sieve developed
by Harman [16] [17] to reduce 0 to 0.535. Finally, Baker, Harman and Pintz (BHP) [5] further developed this sieve process and
combined it with Watt’s power mean value theorem on Dirichlet polynomials [53] and showed 6 > 0.525. As Friedlander and
Iwaniec mentioned in their book [[13], Chapter 23], “their method uses many powerful tools and arguments, both analytic and
combinatorial, and these are extremely complicated.” However, they omitted almost all calculation details in [3] and [5], which
makes the papers very hard to read and check. In 2014, Pintz [48] pointed out that “the Baker—-Harman—Pintz result with
0 = 0.525 actually leads to a slightly better value” in his lecture. Harman [[20], Chapter 7.10] also mentioned that 6 = 0.52
might be achievable with an incredibly long and boring argument. In a personal communication, Kumchev mentioned that
BHP tried and discovered that 0.52 was out of reach of the existing techniques. In 2024, Starichkova [49] provided full details

2020 Mathematics Subject Classification. 11N05, 11N35, 11N36.
Key words and phrases. Prime, Sieve methods, Short intervals.



of [3] in her PhD thesis, so we turn our attention to [5]. In this paper, we provide the calculation details and sharpen the main
theorem proved in [5].

0.52

Theorem 1. For all sufficiently large x, the interval [z — ,x] contains prime numbers.

Theorem 1 is a direct corollary of the following result, which gives nontrivial upper and lower bounds with correct order of
magnitude for the number of primes in intervals of length between %52 and x0-525. Here we say a trivial upper bound is the
bound with upper constant % obtained by Montgomery and Vaughan [43], and a trivial lower bound is of course zero. Note
that in [29], [38], [39] and [4] nontrivial upper bounds for the number of primes in other intervals are also given.

Theorem 2. Let 0.52 < 0 < 0.525 and € > 0. Then we have
x0+e x0+s

LB(9) < 7w(z) — w(z — 297°) < UB(H)
log log

for all sufficiently large x, where the values of functions LB(0) and UB(0) satisfy the following condition table.

6 | LB(@) | UB(0)
0.520 | > 0.004 | < 2.874
0.521 | > 0.075 | < 2.700
0.522 | > 0.134 | < 2.583
0.523 | > 0.169 | < 2.536
0.524 | > 0.200 | < 2.437
0.525 | > 0.249 | < 2.347

Obviously, our result confirms Harman and Pintz’s argument and goes beyond the 0.52-barrier mentioned by Kumchev.
Although our upper constant for § = 0.52 is a little bit weaker than Iwaniec’s (see Section 6 of [29]), our result comes from
Harman’s sieve which leads to much better results for intervals longer than x%-522. Our improvement on the lower bounds
comes mainly from the following 2 aspects:

1. We have a careful discussion on the original sieve decomposing process of BHP and optimize some of their arguments.
Specifically, the most important optimization we do is that we perform a role-reversal after a Buchstab iteration for some
four-dimensional sums that are not decomposed in BHP’s original arguments, replacing a larger 4D loss by a much smaller 6D
loss. We also consider 8D losses after more iteration steps.

2. We prove some new arithmetic information outside of those in [5] and [20] which gives room for improvement, see
Lemmas 4.4-4.5. We also find that Lemma 18 of [5] and Lemma 7.22 of [20] actually cover some non-overlapping three-
dimensional regions when 6 > 0.52, so using them simultaneously yields a better result.

All the numerical values of the integrals in Sections 5 and 6 are calculated using C++, and we use Mathematica 14 to
calculate them again for cross-checking. We use an Intel(R) Xeon(R) Platinum 8383C CPU with 160 threads (80 Wolfram
kernels) to run the code. The C++ code can be found in the ancillary files, and the websites for Mathematica code can be
found in Table 6, Appendix 2.

Throughout this paper, we always assume that ¢ is a sufficiently small positive constant, = is a sufficiently large integer and
K > 0. The appearance of K in the exponent of a logarithm will always signify that the result holds for every K > 0 with
an implied constant that depends on K. Let 0 be a positive number which will be fixed later. The letter p, with or without
subscript, is reserved for prime numbers. We write m ~ M to mean that M < m < 2M. We use M(s), N(s), R(s) and some
other capital letters (with or without subscript) to denote some divisor-bounded Dirichlet polynomials

M(S) = Z ammis, N(S) = Z bnnfs, R(s) = Z [

mn~ M n~N r~R

We say a Dirichlet polynomial M (s) is prime-factored if we have
1 1 K
M §+zt < M2 (logz)

for exp ((log 1)1/3) < |t| < 2'=9+€. In fact, this holds when a,, is the characteristic function of primes or of numbers with a
bounded number of prime factors restricted to certain ranges. For example, if we have

Am = Z 1

m=pi--pk

and the least prime factor of m is 3> exp ((logz)%/%), then we know that M(s) is prime-factored by [[20], Lemma 1.5]. We also
say a Dirichlet polynomial is decomposable if it can be written as the form

That is, we can decompose this Dirichlet polynomial.



2. AN OUTLINE OF THE PROOF
Let 0.505 < 0 < 0.535, C denote a finite set of positive integers, y = 297¢, y; = zexp (73(log :):)1/3),
A={a:a€Z, z—y<a<z}, B={b:bcZ z—y <b<uz},
Ca={a:adeC}, P()=][[pr, SC2= > 1

p<z acC
(a,P(z))=1

Then we have L
Tr(x)—Tr(z—y):S(A,asf). 1)
Buchstab’s identity is the equation

S(C,z)=5(C,w) — E S (Cp,p),
w<p<z
where 2 < w < z.

In order to prove Theorem 2, we only need to give upper and lower bounds for .S (.A, a:%> Our aim is to show that the sparser

1
set A contains the expected proportion of primes compared to the larger set B, which requires us to decompose S (.A, 3:5>

using the above Buchstab’s identity, prove asymptotic formulas of the form
S (A,2) = =1+ 0(1)S (5,2) )
1

for some parts of it, and drop the remaining parts. The dropped parts must be positive in the lower bound case and must be
negative in the upper bound case. We say a term S (A, z) has an asymptotic formula if (2) holds for this term.

In Section 3 we provide asymptotic formulas for terms of the form S (Ap;...p,,, ") (which requires both Type-I and Type-II
information) and in Section 4 we provide asymptotic formulas for terms of the form S (Ap, ...p,, , Pn) (which only requires Type-II

1
information). In Sections 5 and 6 we will make further use of Buchstab’s identity to decompose S (.A, xﬁ) and prove Theorem 2

for 8 = 0.52. We omit the proof of numerical bounds for other values of 6 for the sake of simplicity.

3. SIEVE ASYMPTOTIC FORMULAS I

Now we follow [5] directly to get some sieve asymptotic formulas. For a positive integer h, we define the interval

I L O N Y )] ®

and we define the piecewise-linear function v = v(a) and the function a* = a*(a), 0 < a < % as follows: if o € I, then
2(0 — )
=min | —=, y(0) | for h > 1, 4
v(a) mm(%_1 - )) or (1)
2h(1—0) — 2(h—1)0
o = max ( ) a, ( )0+ ) (5)
2h —1 2h —1

where v(0) will be defined in next section. Note that we have v(a) >20 —1 and 1 — 0 < a* < % +e.

Now we provide some lemmas which will be used to give asymptotic formulas for sieve functions of the form S (Ap,...p,,2").
The next two lemmas can be deduced from [[20], Lemma 7.3], some combinatorial lemmas together with [[5], Lemma 2] which
is a generalized version of Watt’s theorem [53].

Lemma 3.1. (/[5], Lemma 12], [[20], Lemma 7.15]). Let M = x*1, N = x*2 where M(s) and N(s) are decomposable. Suppose
that a1 < 5 and

1=

2

0+ 1— 4ot 0 — 4ot
ag§min<3 * al, 8+ a1>725.
2 5
Then
v _ y v
E ambnS (Amn,z") = —(1 4+ o(1)) E ambnS (Bmn,z")
me M 1 m~M
n~N n~N

holds for every v < v(aq).

Lemma 3.2. ([[5], Lemma 18], [[20], Lemma 7.16]). Let M = z*1, Ny = %2, N3 = z*3 where M(s), N1(s) and Na(s) are
decomposable. Suppose that a; < % and either

1+ 36 . 3+ .
200+ a3 <14+60—2a] —2, a3z< 1 —aj — ¢, 2a2+3a3<772a172s
or 1-6 1+ 360 —4af
— — 4o
o2 < ;a3 < + L_
2 8
Then
Z ambnlchS(Amn1n27xu) 1+0(1) Z ambnlcng (anlnzyzy)
mn~ M y mn~ M
niy~Np ni~Ny
non~No no~Ng

holds for every v < v(ay).



The next lemma is obtained by a two-dimensional sieve together with Lemma 3.1, and they will help us deal with the regions
Az and A} in Section 6.

Lemma 3.3. ([[5], Lemma 16], [[20], Lemma 7.19]). Let My = x*1, My = x*2. Suppose that

7 3
ag < ay, 201 +a2 <1 and az < 50—5.
Then
Z S (Apyps, 7)) = —(1+0(1)) Z S (Bpipz,z”)
p1~M; p1~M;
p2r~ Mgy pa~ Moy

holds for v =20 — 1.
Remark 3.4. For 6 > 57 ~ 0.5238, the third condition in Lemma 3.3 can be simplified to ag < %

Remark 3.5. One may use existing results on higher power moments of zeta function to get a minor improvement. For example,
it is possible to use Heath-Brown’s twelfth power moment [23] together with Ho6lder’s inequality (or results in [[51], Section
2.1]) and mean value theorem to get an improvement on [[20], Lemmas 7.9 and 7.10] which are essential in proving Lemma 3.2.
Here we don’t consider about them for the sake of simplicity.

4. SIEVE ASYMPTOTIC FORMULAS II

In this section we give asymptotic formulas for sieve functions of the form S (Ap,...p,,,Pn) Or more general sums. These
lemmas can be deduced from [[5], Lemma 6] together with some mean and large value theorems of Dirichlet polynomials.

Lemma 4.1. ([[5], Lemma 9], [[20], Lemma 7.3]). Let M = x*t, N = z*2 with
lor —az| <20 -1, a1+az>1—~(9)

where
6 == 0
¥(0) IgHGaNX Yg(0)s

2o(6) = min (46— 2 (89 —4)6 — (4g — 3) 2496 — (129 + 1)
g 4g—1 ’ 4g—1 '

Moreover, let R = x'~*1~%2 and suppose that R(s) is prime-factored. Then we can obtain an asymptotic formula for

Z ambncr and thus for Z S (ApipssD2)-

mnrﬁ/jA P ~x®d
TN igi<2

Note that the dependencies between variables in the sieve functions (here and many others below) can be removed using a
truncated Perron’s formula as in [[6], Lemma 11]. Moreover, we have

v6(0) = 46 — 2, 0.52 < 0 < 22 ~ 0.5208,

) = v6(0) = =21 B<o< % ~ 0.5218,

! ¥5(0) = 7120" &, ig} <0< 2 ~ 05227,
75(0)749—2 2 \9<0.525.

Lemma 4.2. Let L1LoL3Ly = x,L; = 2%, o > € and suppose that L;(s) is prime-factored for j > 2. If any of the following
conditions hold:

1—0 1—-6 2(1—1#6
121*9,a2>g703>( ),1*a1*a2*a3>u;

2 4 7

1-6 1—-6 2(1—6
121-0, 0422(27)7 0432( 3 )71_041—042—043 (171)7

1-6 2(1 -0
1>21-06, a2>( 3 ),1704170(24»013 1-86, 1704170127a3>%;

1-6 1—-6 4(1 -6 14(1 -6
121-0, a2<%, a3<%, a2+a3>¥, 1—0[12%.

Then we can obtain an asymptotic formula for

Z ay, by, ci,dy,  and thus for Z S (ApipapssP3) -

l1lglgla€A pj~z®i
lj~Lj i<i<3
1<5<3

Proof. The proof is completely same as the proof of [[20], Lemma 7.22] except for the second case. For the second case, we
need to make a small modification by choosing h = 5 instead of h = 3 in [[20], Lemma 7.21]. Note that this modification also
occurred in [22] with 6 = 0.53. O



Lemma 4.3. Let L; satisfies the conditions in Lemma 4.2. Then we can obtain an asymptotic formula for

Z ay, b,cr dy,  and thus for Z S (ApipapssP3)

111313l €A pj~a®i
j~Lyj igj<s
ok <<

if the following conditions hold:

1
170&170&27&32*(179),

94
az (thr %gﬂn) +as (*%9361 + ih - %511 + %kzln) > b1(1 - 0),
a1 (ih + %QIGZ> + a3 (*%9362 + %h - % + %klfw) > az(1 - 0),
a2 (ih—f— %ggbg) + a3 (%ggcg + ih - % + %kgbg) > (u — %) (1-9),
ag (ih—l— %g1a4> +as (%g364 + ih - Z—I;j + %kzlaz;) > (u - %) (1-9),
ay (ih + %gms) + (ih + 29265) +as (*%9305 + ih + %kms + %1@65) > (a5 +b5) (1 —0),
a1 (ih + %gwe) + o (ih + %921’6) + a3 (%9306 + ih + %klaﬁ + %kzbﬁ) > u(l—0),

1 h h 1 h h
az|=-gs(v———-——]+-hv)>u———-—)(1-0),
2 291 292 4 291 292

where h=1,g1=1,92=2, g3 =3, ga=d, d=4d or5, k1 =ha =0, u=1— 54,

1 1 1 7 1 1
b =(=- - = = = — Z
(b1,c1) <3 2d76)7 (a2, c2) (12 2d76)7

ooy — (L L1 11 1
c3)=(-——,=) or [-,— — —
3)¢3 324’6 4’2 24)’

v=1,

( (L1 7011

ag,ca)=|=,——— ] or (| =———,= |,

4 2°4 " 2 12 24’6

s boen) — (L1 11 7001 11

as, , C - aleo  aida or Ta a3’ A A )

575,65 2'3 24’6 12 2d°4°6
111 1 70111 11 1 1

(ag,b6,c6) === = — 5 ) or -5z ) o oo — o502 ) -
2’4’4 2d 12 2d°4°6 2’3 24’6

Proof. This is a special case of [[5], Lemma 18]. O

The next two lemmas are our new arithmetic information, which can be seen as generalizations of [[20], Lemma 7.22]. These
can be used to estimate “Type-1I5” and “Type-Ilg” sums mentioned in [18]. The proof is similar to the proof of first and
second case of Lemma 4.2. One can generalize these to “Type-II,,” sums with n > 7, but the corresponding results will be very
complicated and not very numerically significant since the contribution of those high-dimensional sums is already quite small.

Lemma 4.4. Let L1LaL3sL4Ls = x,L; = % ,05 > € and suppose that L;(s) is prime-factored for j > 2. If any of the
following 9 conditions hold:

arz21-0, az> (1;9), az > (1;9), a4>(17;9), 17a1*a2*a3*a42¥;
a1 =21-0, az > (1g6)7 az = (1;0), a42¥, 1—a1—a2—a3—a4>2(27;6);
arz1-0, az> (1;6)7 az = (1;0), ayg > (1;9), 17a1*a27a37a4>¥;
a121-90, az > (1;0): ag 2 (1;0), ay > (11_00), 1—a1—a2—a3—a4>2(127;0);
arz1-0, az> (1;6)7 az = (1;0), Qg > (11_29), 1—a1—a2—a3—a42¥;
a1 21-06, az > (1;0), az > (1;9), a4>(17;0), 1—a1—a2—a3—a4>¥;
ar21-0, az > (1;9), ag = (1;9), ayg > Uge), 17a1*a2*a37a4>2(117;0);



1—-6
( 2 ),0432

Then we can obtain an asymptotic formula for

>

1-9) (1-196)
a1 21-0, az > 5 ,a4>T,1—a1—a2—a3—a4>

19

and thus for Z S (Ap1popspasPa) -

ap, b,cppdiy, e

11l21314l5€ A pj~xtd
~ L ; .
J J 1<j5<4
<< <J<

Lemma 4.5. Let L1LoLsLsLsLe = .I,Lj = J,’aj,aj
following 87 conditions hold:

>

=

e and suppose that L;(s) is prime-factored for j

ar =21-06, 0422@, a3>(1;0),0¢4>(1;9),052(1;39),1—a1—a2—a3—a4—a5
ar =21-06, az?@, ag/(lge),a42(1;0),a52(14_46),1—a1—a2—a3—a4—0c5
ar >21-96, 0422(1;9),0432(1;0),&42(1;9),052(1;59),1*041*042*043*044*045
ar =21-06, a22(1;0)7a32(1g0)70442(1;0)70452(14_69),1—a1—042—043—a4—a5
ay =2 1-06, 0422(1;9),0432(1;9),0442(1;9),0152(14_86),1*041*042*043*044*045
ar >1-0, 0<2>(1g0),a32(1§0),0442(1;0),&52(14;)6),1—a1—a2—a3—044—045
ar =21-96, a22(1;9),a32(1g9),a4>(1;9),a52(15_16),1—a1—a2—a3—a4—a5
ar >1—-0, a2>(1;0),a3>(1;0),042(1;9),052(1;16),1—a1—a2—a3—a4—045
ar =21-06, az?@, a3>(1§6),0442(1;0),%2(15_66),1—a1—a2—a3—a4—a5
a1 =21-06, 0422(1;9),0432(1;0),&42(1;9),052(1&)9),1*a1*a2*a3*a4*&5
ar =21-06, a22(1;0),a32(1g6),0642(1;0)7 52(16;)6),1—041—042—043—044—065
ay =2 1-06, 0422(1;9),0432(1;0),0442(1;9),0152(17706),1*041*042*043*044*045
ar >1-0, a2>(1;0),a32(150)70442(1;9)70&52(17_89),1—041—042—043—044—045
ar =21-06, a2>(1;9),a32(1g9),a4>(1;9),a52(18_46),17a17a27a37a470¢5
ap =1-106, &2>(lg0),a3>(1gg),0442(1;0),&52(12_56),1—a1—a2—a3—a4—a5
ar =21-06, a2>(1;9),a32(1;9),0442(1;9),%2(12_69),1—a1—a2—a3—a4—a5
ar =21-6, 0422(1;9),&32(1;9),a4>(1;9),a5>(1;79),1—a1—a2—a3—a4—a5
ar =2 1-96, az?@, 3/(1;6),0642(1;0)7 52(12_86),1—041—042—043—044—065
ay >21-96, 0422(1;9),0432(1;0),&42(1;9),0152(1?;)9),1*041*042*043*044*045
a2 1-06, a22(1;0)7a32(150)7a4>(1g0)7a52(13_29),1—a1—042—0<3—a4—a5
a2 1-06, 0422(1;9),0432(1;9),a4>(1;9),a52(13_39),17041*042*043*044*045
ar >1—0, a2>(1g0),a32(1gg),0442(1;0),&52(13_66),1—a1—a2—a3—a4—a5
ar =21-06, a2>(1;9),a32(1g9),a4>(1;9),a52(14_06),1—a1—a2—a3—a4—a5
ap =>1-0, a2>(1;0),a3>(1;0),042(1;9),052(14;6),1—a1—a2—a3—a4—045
ar =21-06, a2>(1;0),a3>(1§6),0442(1;0),%2(14_86),1—a1—a2—a3—a4—a5
a1 =21-06, 0422(1;9),0432(1;0),&42(1;9),052(1;99),1*a1*a2*a3*a4*&5

2(1 - 0)

Z

WV

Vv

2. If any of the

)

2(1-6)
3611
2(1-6)

1847
2(1—6)
1259
2(1—6)
965
2(1—6)

671
2(1—6)
587
2(1—6)
475
2(1-6)
377
2(1-6)
335 7
2(1-6)
279
2(1 - 6)
251
2(1—6)
209
2(1—6)
181
2(1—6)
167
2(1-6)
1199
2(1—6)

)

3

3

i

)

)

)

i



>1-06,
21-9,
>1-0,
21-6,
>1-9,
21-06,
>1-9,
21-06,
>1-9,
>1-06,
21-6,
>1-9,
21-6,
>1-9,
>1-06,
>1-9,
>1-06,
>21-6,
>1-9,
21-6,
>1-9,
21-06,
>1-9,
>1-06,
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>21-6,
>1-9,
21-6,
>1-9,
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(1-6)
” 20

(1-0)
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> 22
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24
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27
(1-90)
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30
(1-90)
>
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36
(1-90)
>
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16
(1-9)
>

a5

18
(1-90)
>
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a5

24
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>
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>
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13
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15
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16
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a5

20
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2
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21
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a5

13
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>

a-0
>

as

15
(1-90)
>
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>
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15
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>
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>
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2
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1-6 1—-06 1-0 1-6 2(1 -6
( 2 ),a3>( 7 )70442( 7 ),a5>( 7 ),1—a1—a2—a3—a4—a5>(277).

Then we can obtain an asymptotic formula for

Z ay, by, cipdy e fig  and thus for Z S (Apipapspaps,P5) -

ar21-0, az >

111lol3lyl5lgEA pjra®i
j~Lj igji<s
o <<

Proof. We follow the steps in the proof of [[20], Lemma 7.22]. Write Ty = exp ((logz)!/?) and T = x1=0=¢/2_ Let B > 0 and

n =5 or 6. It suffices to show that
T
'/To
By Holder’s inequality we have

1 1
Ly (5 +it) <o+ Ln (5 +z‘t> ‘ dt < w3 (logz) K,

L L

T 1 . 1
/ Li|=+dt)---Lp|—=+t]|dt
T, 2 2
T 1 2 % T 1 b2 ED) T 1 on Sn
< / Ly (7 + it) dt / Lo (7 + it) dt / Ly (7 + it) dt s
T, 2 T, 2 T, 2
1

where §; is even for all 2 < j <n —1 and
S
= d; 2

Since L1 > T (a1 > 1 — 0), by the mean value theorem for Dirichlet polynomials we know that

T 1
/ Ly (* +it>
To 2

2
Similarly, for 2 < j <n — 1 we can also use the mean value theorem. If L; > T (o = w), then
J

(L] (9

For the remaining prime-factored Dirichlet polynomial L (s), by [[20], Lemma 7.21], we have
T 1

L -+ it)
/TO " (2

1
Ly >T%, 1 <60 < B, On = 400 — 2h + ¢,

2
dt < %1 (logz)B.

1
85 3; o 5
dt <K z2 (logz)©.

6'". 5'”/ an
dt> <z 2 (logz)™ ¥

under the conditions

where h is an integer such that
2h —e < 6, < 6h —e€.
We want to find the largest possible dg. For h > 1, we can take
on =2h+2
and thus
2h +2 > 409 — 2h + €.

Now we can take

do=h+=—¢c= —
0 +2 5 €

and all conditions are fulfilled.
Finally, we need to find n-tuples (61 = 2,62, ...,d,) such that

"1
— =1.

For each n-tuple that satisfies the above condition, we have a corresponding asymptotic formula region for “Type-II,,” sums
determined by the following inequalities:

ar>1-9, (Li1>T)
2 2
aj;éfu—a) forall2<j<n—1, (Lj>>T5J)
J
2 1
an > (1-9). (Ln > T50>
Sp —1

By combining all satisfactory n-tuples for n = 5 and n = 6, Lemmas 4.4 and 4.5 are proved. O
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Remark 4.6. Here we shall explain why the Type-II information arises from Lemmas 4.4—4.5 covers new regions out of previous
information. Without loss of generality, we assume that 2 =61 < d2 < -+ < 0p. Write Ay, = a1 + -+ - + an, we know that

SO

Since 6 > 0.505, we have 2(1—60) < 0.99 < 1, which means that we still have some satisfactory n-tuples (a1, ..., an) on (0,0.5)™,
and the asymptotic region is not empty. In fact, the difference between 2 and

=T

o"l\)

is just
2 2 2
onp —1 Jniéfl—én'
Now, since the value of &, usually become larger as n increases, A, will decrease and approach to the “best possible”
value 2(1 — ) as n increases. However, the asymptotic region becomes “useless” when a, < v. Hence considering “Type-IL,,”
information with n > 7 is not so worthwhile.

5. THE FINAL DECOMPOSITION I: LOWER BOUND

In this section, we ignore the presence of ¢ for clarity. Let w(u) denote the Buchstab function determined by the following
differential-difference equation

{w(u)Zi, 1<u<?,
(uw(w)) = w(u — 1), u>2

Moreover, we have the upper and lower bounds for w(u):

4 1<u<?2,

Itlog(u—1) 2<u<3

w(u) =2 wo(u) = U = ’

(u) (u) % Lpu=tloslt=l gy > 0.5607, 3 <u<4,
0.5612, u >4,

1 1<u<?2,

M 2<u<3

w(u) < wl(u) = 1+log(u 1) fu 1 log(t 1)d < 0.5644 3<u<4
0.5617, u > 4.

We shall use wo(u) and w1 (u) to give numerical bounds for some sieve functions discussed below. We shall also use the simple
upper bound w(u) < max(%7 0.5672) (see Lemma 8(iii) of [32]) to estimate high-dimensional integrals.

By Prime Number Theorem with Vinogradov’s error term and the inductive arguments in [[20], Chapter A.2], we know that,
for sufficiently large z,

SB2= 3 1=(1+0(1) 2 w(logm), (6)

ey log 2z log z
(a,P(z))=1

and we expect that the similar relation also holds for S (A, z):

sAn= Y 1=aremw(EL). ™)

s log 2z log z
(a,P(2))=1

If (2) holds for S (A, z), then we can deduce (7) easily from (2) and (6). Otherwise we must drop this S (A, z). We define the
loss from this term by the size of corresponding S (B, z):

S (B, z) = (loss+ o(1))

(®)

We note that for the lower bound problem, we can only drop positive parts and the total loss of the dropped parts must be less
than 1.
Fix 0 = 0.52, 19 = vmin = 20 — 1 = 0.04 and let p; = x%J. By Buchstab’s identity, we have

S(Axt) =5 (A @) = 35 (Apy,a @)+ > S (Apps . p2)

V(O)SO&1<% V(0)<a1<%
v(ai)<az<min(ay, i (1-ay))

IO IO ®

1

lg:c

We can give asymptotic formulas for >3, and >3,. For > 5, We begin with some notation needed to describe the further
decompositions. Following [20] directly, we use the bold capital letters G and D to represent sets that have asymptotic
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formulas and that can perform further decompositions directly. We write o, to denote (a1, ..., arn) and similarly for ¢,. Let
G, denote the set of ay, such that an asymptotic formula can be obtained for

> S(Apy.pnipn),
QL yeeeyQny

so we can define sets G2 and G3 by using Lemmas 4.1-4.3. We also need to define G; with ¢ > 4 in order to perform our
calculation. For this, we can define them by checking whether a region a; can be partitioned into (m,n) € G2 or (m,n,h) € Gs
in any order as long as the conditions are satisfied. By Lemmas 3.1-3.2, we put

1 30+1—4af 3+60—4a%
Dyp= qa2:0< a1 < -, 0<az <min * al, * = )
2 2 5
1 14360 346
Dlz{agzogaléi, ag < * —af, 2a2+a3<1+972a’{,2a2+3a3<%72af},
1 1-6 1430 — 4o
D= qa3:0< a1 < -, a2 < , a3 < + A ,
2 2 8
1 30—-1 146
Dj=qo2:0< 01 < =, 0< a2 <min 7i )
2 2 5
1 30 —1 146
Dﬁ:{a3:0<a1<§, a3 < ———, 202+ a3 <0, 2012+3043<4; }v
1 1—-6 30 —1
Dj = 0<a1 < -, aa < ——, a3 < ;
2 {ag ai 5 g 5 as S }

D* = {oy : (a1, 02,03, a4,a4) can be partitioned into (m,n) € Dj or (m,n,h) € Dy UD5},
D** = {a6 : (a1, 02,a3, a4, a5, a6, a6) can be partitioned into (m,n) € Dy or (m,n,h) € D] U D'Q} s
D' = {ay : a4 can be partitioned into (m,n) € Do or (m,n,h) € Dy U Ds},

D = {a4 oy € DT, (1—a1 —a2 — a3z —ag,a2,a3,04) € D‘L}7

where the sets Do, D1 and D2 correspond to conditions on variables that allow a further decomposition (that is, we apply
Buchstab’s identity twice), D/, is a simplified version of D; for i € {0,1,2}, D* and D** allow two and three further decompo-
sitions respectively, and D¥ allows two further decompositions with a variable role-reversal. For example, if we have ay € D*
after applying Buchstab’s identity twice, we can apply Buchstab’s identity twice more because we can obtain an asymptotic
formula for S (Ap, popspaps,x”) for all v < a5 < as. The definition of a role-reversal can be found in [5] at the bottom of page
533 and at the top of page 534. It can be seen as “an application of Buchstab’s identity on large prime variables”. In regions
corresponding to neither G nor D, we sometimes need role-reversals to perform further decompositions.

We remark that if (a1, a2, a3, a4, a4) can be partitioned into (m,n) € Do with m < n or one element a4 is partitioned
into n, then we still have this ay € D* even if (a1, a2, 3,04, a4) cannot be partitioned into (m,n) € Dy. This is because
sometimes we can group (a1, @2, as,aq,aq) into (m,n) € Do but cannot group (a1, a2, as,as,as) into (m,n) € Do for some
v < as < ag due to the involvement of a*(m) in the upper bound of n. That is, if we group (a1, a2, a3, as,aq) into (m,n)
which lies in the areas above the line n = MT_l (see the protrusions at the top of the region Dy in Figure 1 in Appendix
1) and all of two elements a4 are partitioned into m (note that m is a constant in this partition), then we cannot group all
(a1, 2, a3, a4, a5) with v < as < as because some values of as may leads to some smaller m where the new (m,n) lies in
the concave areas on the left of the original (m,n). Otherwise we have at least one a4 is in n, and we can let this a4 to be
the variable as runs over values less than a4. In Dj the function a* is replaced by an upper bound %, and the shape of Dj
is a rectangle with bounds 0 < m < % and 0 < n < 39771 Thus, we can group (a1, o2, a3, as,as) into (m,n) € D{ for any
v < as < ay if we can group (a1, a2, a3, a4, aq) into (m,n) € Dj. However, if m < n, we can change the role of m and n so
that at least one element oy is in n, hence we can group (a1, a2, as, a4, as) into (m,n) € Dg for any v < as < ag. The similar
phenomenon holds for D**.

Now we split the region defined by >4 into three subregions A, B, C' corresponding to the different techniques that should
be applied. The plot of these regions can be found in Appendix 1.

1 2 1
A=<az:-<a1< -, —(1—a1) <az <min(a1,1 —2a1) ¢;
4 5 3
1 1 1 1
B = agzgéalgi, max 5a1,1—2a1 <a2<§(1—a1) ;

1 1
C = {ag :v(0) <ar < > vior) < az émin(al,i(l—al)), oo ¢AUB}.
We note that (a1,a2) € A< (1 — a1 — ag,a2) € B. Since in AU B only products of three primes are counted, we have
Z S (Apipa,p2) = Z S (Apips,p2), (10)
azEA a2€B

hence

Z =2 Z S (Apips,p2) + Z S (Apipa»P2)
3 azEA axeC
11



=2 4> . (11)
A C

We first consider ) ,. Discarding the whole of }_ , leads to a loss of

2 min(tp,1—2t1) W (1_t17_t2>
5 15 1 2 d

_ — todt1 < 0.240227. (12)
1 1% t1ts

For Theorem 2 we use the bound (12) directly. However, we shall give a method on how to make possible savings over this sum
(and we will actually use this process as the first step in our decomposition in region C'). Let A’ denote a part of region A that
satisfies ag < 3‘92—_1. By Buchstab’s identity, we have

Z S (Apipa,p2) = Z S (Apypo,0) — Z S (Apipaps-P3) - (13)
asc Al ase Al agseA’
V0$a3<min(a2,%(1fa17a2))

We can give an asymptotic formula for the first sum on the right-hand side. For the second sum, we can perform a straightforward
decomposition by applying Buchstab’s identity twice more if we can group a3 into (m,n) € Dg or (m,n,h) € D1 U Ds. For

the remaining part of the second sum, we note that a; + ag > % and a3 < az < % < 39“%. Let p1p2psB denote the
numbers counted by S (Ap,psps,P3), we have 5 ~ gl—e1—a2-a3  Thus, we can perform a role-reversal on the ramaining part
because we have ((1 — a1 — a2 — a3) + a3, a2) € Dy in this case. Altogether, we have the following expression after the first

decomposition procedure:

Z S (Apipa,p2) = Z S (Apips, x0) — Z S (Apyp2p3:P3)
agceAl ag A’ aseA’
V0§a3<min(a2,%(1fa17a2))

= Z S (Apypz,70) — Z S (Ap1p2pssP3)

azcA’ aseAd’
u0<a3<min(a2,%(1—al—o¢2))
azeG3
N Z S (Ap1paps,P3)
azcA’
V0<a3<lllin(a2,%(1—&1—&2))
a3¢G3
a3 can be partitioned into (m,n)€Dg or (m,n,h)€D1UDy
- Z S(-Ap1p2p37p3)
ascA’
V0§a3<min(a2,%(lfa17a2))
azZGs

a3 cannot be partitioned into (m,n)€Dg or (m,n,h)eD1UDy

= Z S (Apipy, 270) — Z S (Ap1p2pssP3)

azc Al ascA’
u0§a3<min(o¢2,%(lfoqfcx2))
a3zeG3
= Z S (Ap1paps> 27°)
ascA’
u0<a3<min(a2,%(1—al—a2))
az¢Gsy
a3 can be partitioned into (m,n)€Dg or (m,n,h)€D1UDo
+ Z S (Ap1p2psparPa)
ascA’
u0§a3<min(a2,%(1—a1—a2))
a3¢G3

ag can be partitioned into (m,n)eDO or (m,n,h)eD1UD>
vo<ay<min(az, 3 (l—a1—az—ag))
ayse€Gy

+ Z S(Ap1p2psp47p4)

ascA’
V0<a3<min(a2,%(lfa17042))
azZGg
a3 can be partitioned into (m,n)€Dg or (m,n,h)€D1UDy
V0§a4<min(a3,%(lfalfazfag))
aygGy

- Z 5 ('Aﬁpzm’myo)
az €A’
y0<a3<min(a2,%(1—a1—02))
az¢G3
a3 cannot be partitioned into (m,n)€Dg or (m,n,h)€D1UDy
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+ Z S ("4/3:02193104 ,p4)

aseA’
V0<a3<min(a2,%(17a17a2))
a3¢Gs
a3 cannot be partitioned into (m,n)€Dg or (m,n,h)eDjUDy
1/0<OL4<%&1
aQEG4

+ Z s (A5P2P3P47p4)

ascA’
V0<a3<min(a2,%(17a17042))
az¢Gg
a3 cannot be partitioned into (m,n)€Dg or (m,n,h)€D1UDy
V0<a4<%041
oy ¢Gy

= So1 — So2 — So3 + So4 + To1 — Sos + Sos + To2, (14)

where (8, P(p3)) =1 and
o)y =(1—0a1—az—a3, a, az, o).

We can give asymptotic formulas for Sp1—Soe. For Tp1 we can perform Buchstab’s identity twice more to reach a six-
dimensional sum if oy € D*, and we can use Buchstab’s identity in a different way (which will be explained later) to make
some savings on the remaining parts. After the second decomposition procedure on Tp;, we have

To1 = Z S (ApipapspasPa)

ageA’
vo<az<min(ag,i(1—a;—asz))
as¢G3
a3 can be partitioned into (m,n)€Dg or (m,n,h)€D1UD>
vo<ag<min(ag, L (l—ay—az—a3))
ay Gy

= Z S (Ap1papspasPa)

azeA’
V0§a3<min(a2,%(1—a1—a2))
az¢Gg
a3 can be partitioned into (m,n)€Dg or (m,n,h)ED1UDo
u0<a4<min(a3,%(1—&1—042—03))
o ¢Gy, ay¢ D™

+ Z S (Apipapspas T°)

ascA’
vo<ag<min(ag,1(1-a;—as))
az¢Gg
a3 can be partitioned into (m,n)€Dg or (m,n,h)€ED1UDg
V0<a4<min(a3,%(170¢17a27a3))
o 8Gy, axgeD™

- Z S(Ampzpsmvm)

axc A’
Voga3<min(a2,%(1fa17a2))
az¢Gs
a3 can be partitioned into (m,n)€Dg or (m,n,h)€D1UD>
V0§a4<min(oz3,%(170417(127(13)
4Gy, g ¢ D™

+ Z S (Apipapspas°)

aQEA'
u0§a3<min(a2,%(lfa17a2))
a3¢Gs
a3 can be partitioned into (m,n)€Dg or (m,n,h)ED1UDo
u0§a4<min(a3,%(l—al—ag—ag))
a4¢Gy, aygeD”

n Z S (Apipapspaps: P5)

azeA’
u0§a3<min(a2,%(l—a1—a2))
a3¢Gg
a3 can be partitioned into (m,n)€Dg or (m,n,h)€D1UDg
vo<ay<min(asz, 3 (1—a;—az—ag))
a4¢Gy, ay€D”
vo<as<min(ag, 3 (1—a;—ag—ag—ay))

a5€Gs
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- Z S (Apipapspaps>°)

QQEA/
V0§Q3<min(a2,%(lfa17a2))
az#Gs
a3 can be partitioned into (m,n)€Dg or (m,n,h)€D1UDy
I/0<Q4<min(a3,%(17(1170(27&3))
oy ¢Gy, ag€D*
V0§a5<min(a4,%(l—al—az—ag—a4))
a5¢Gs

+ Z S (Ap1 papspapspe > P6)

ascA’
V0§a3<min(a2,%(lfa17a2))
az¢Gg
a3 can be partitioned into (m,n)€Dg or (m,n,h)€D1UDy
V0<a4<min(a3,%(170&170&27&3))
ay¢Gy, ageD”
V0§a5<min(a4,%(lfoclfazfagfou;))
a5¢Gs
u0<a6<min(o¢5,%(17a170¢27a37a57a6))
ageGe

+ Z S (Ampzpsmps,psvpﬁ)

ascA’
V0§a3<min(a2,%(lfa17a2))
azZGs
a3 can be partitioned into (m,n)€Dg or (m,n,h)€D1UDy
Voga4<min(0t3,%(17(1170&270&3))
o1 ¢Gy, ay€D™
uoga5<min(a4,%(17a17a27a37a4))

a5¢Gs
vo<ag<min(as, 5 (l1—a1—az—az—as—ag))
asGe
= To11 + So7 — Sos — Sog + S10 + To12. (15)

We can give asymptotic formulas for Sp7—S109. The sum Tp11 can be further decomposed to

To11 = Z S (ApipapspasPa)

azcA’
vo<az<min(ag,i(1—a;—asz))
a3¢Gg3
a3 can be partitioned into (m,n)€Dg or (m,n,h)€ED1UD>
y0<a4<min(ag,%(1fa1704270@))
ay¢Gy, oy ¢ D*

= Z S(AP1P2P3P47P4)

axc A’
V0§a3<min(a2,%(1fa17a2))
a3¢Gg
a3 can be partitioned into (m,n)€Dg or (m,n,h)€D1UD>
V0<a4<min(a3,%(1fa170427(13))
0y @Gy, ay@D*, ay>L(1—a1—az—az—oay)

+ Z S(AP1P2P3P4»p4)

QQEA/
V0§a3<min(a2,%(lfa17a2))
az#Gs
a3 can be partitioned into (m,n)€Dg or (m,n,h)€D1UDo
1/0<(¥4<min(0¢3,%(1701170427043)
s @Gy, aygD*, au<t(l—a1—az—az—ay)

= Z S (Ap1papspasPa)

aseA’
V0§a3<min(a2,%(1fa17a2))
az¢G3
a3 can be partitioned into (m,n)€Dg or (m,n,h)€D1UD>
u0<a4<min(a3,%(1—a1—a2—0¢3)
042Gy, aggD*, ay>3(1—a1—az—ag—ay)

1
€T 2
+ Z S AP1P2P3P47 (7)
Y Pp1p2p3p4
vo<ag<min(ag,1(1-—a;—as))
a3¢G3
a3 can be partitioned into (m,n)€Dg or (m,n,h)€D1UDg
Vg<a4<min(o¢3,%(170¢17a27a3))
04 @Gy, as¢D*, ag<i(l—aj—ag—agz—ay)
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+ Z S (Ap1p2pspaps>P5)

QQEA/
V0§Q3<min(a2,%(lfa17a2))

az¢Gs

a3 can be partitioned into (m,n)€Dg or (m,n,h)€D1UDo
I/0<Q4<min(a3,%(17(1170(27043))
4¢Gy, asg¢ D"

a4<a5<%(1—a1—a2—a3—a4)

a5¢Gs

+ Z S (Apipap3paps: P5) - (16)

agcA’
V0§a3<min(a2,%(lfa17a2))
azZGs
a3 can be partitioned into (m,n)€Dg or (m,n,h)€ED1UDy
V0<a4<min((l3,%(170&170&270&3)
ay¢Gy, ag¢ D™
a4<a5<%(17a17a27a37a4)
as5€G5
The decomposing process (16) can be viewed as a “splitting” argument: the numbers Tp11 counts is of the form p1p2p3pamo,
where the smallest prime factor of mg is larger than ps. If ag > %(1 — a1 —az — az — aq), we know that mg cannot have

two or more prime factors and therefore must be a prime. Otherwise mp may have more than one prime factor, which means
1
that we can “split” the smallest prime factor of mg and consider it separately. The sum S (Ap1p2p3p4, (m) 2) counts

numbers of the form pipapspsp’, where p’ = mg. The sum S (Ap, popspaps,P5) counts numbers of the form pipap3ps(psmi),
where psmi = mg, ps > pa and all prime factors of m are larger than ps. In this sum we have a new variable a5, which means
that part of this sum may have an asymptotic formula. In this situation, we can give an asymptotic formula for the last sum
on the right-hand side of (16), hence we can subtract its contribution from the loss from Tp11. Again, for the remaining part
of S (ApypapspapssP5), we can do a similar process as (16) to subtract the contribution of the numbers p1p2p3paps(psm2) that
have asymptotic formulas. The above process can be rewritten as

1
T 2

Z S AP1P2P3P4: (7)

o P1P2pP3P4

ag<i(l—on—az—az—ay)

= Z S (Ap1p2psparPa) — Z S (Apip2p3papss P5) - (17)
gy oy
ag<F(l—a1—az—az—ay) ag<as<gz(l-oai—as—ag—oyg)

Since (17) is a direct application of Buchstab’s identity, we shall call this process “Buchstab’s identity in reverse” or “reversed
Buchstab’s identity” in the rest of our paper. The same process can also be used to deal with Tp2, but we choose to discard all
of it for the sake of simplicity. There are also many possible decompositions in some subregions, but we don’t consider them
here. In fact, we shall consider some of them when decomposing > .

Combining all the sums above with remaining parts of A we get a loss from »_ , of

1—ty—ty
/ w( t2 >dt dt
———5—>dtadty
to€Uar tlt%

w (141424344 )
ty
—+ / dtadtsdtodty
( t €U 40 titatst?

w (14142?34445)

_ 5 dtsdtydtsdtodty

/t5€UA3 titotatyt?
w (1—t1—t2—t3—t4—t5—t6>
te
—+ / dtgdtsdtydtsdtodty
( tgEU A4 t1totatatst?
ty—t 1—t) —tg—ts

w(1t44)°"( 1t32 3)

+ o) dtqdtsdtadty | , (18)

t4€Uxgs tatsty
where
/ 1 . 1
Uai(az):= qaz € A\A’, vyp < a1 < 3 v(a1) < a2z < min | aq, 5(1 —a1) ,
’ . 1
Ups(ag) := a2 € A", vp < a3 < min | ag, 5(1 —a1 —a2) ], as ¢ Gs,

a3 can be partitioned into (m,n) € Dg or (m,n,h) € D1 U D,
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1
vo < a4 < min (043, 5(1 — a1 —ag — ag)) , a4 ¢ Gy, ag ¢ D*,
1 . 1
y0<a1<§, v(a1) < az < min al,g(l—oq) ,

1
Uas(as) = {az € A, vp < a3 < min (012, “(l—a1— 042)) , a3 ¢ Gs,

2
a3 can be partitioned into (m,n) € Do or (m,n,h) € D1 U Da,

1
vo < ag < min (ag,i(lfalfagfag)), as ¢ G4, ag ¢ D*,
1
Ol4<015<5(1—041—042—043—044)7 as € Gs,

1 . 1
u0<a1<5, v(a1) € ag < min 061,5(1*041) ,

1
Uag(ag) := {az € A, vp < a3 < min (ag, 5(1 — o1 — 042)) , a3 ¢ Gs,

a3 can be partitioned into (m,n) € Dg or (m,n,h) € D1 U D2,

1

1o < ag < min (a3,§(1—a1 —az—ag)), ay ¢ G4, ag € D*,
R 1

1o < a5 < min 044,5(17041704270437044) , as ¢ Gs,
X 1

Vo < ag < min a5,§(17a17a2*043*044*045) , ag ¢ G,
1 . 1

I/()<011<§, v(a1) € ag < min 011,5(1—041) ,

1
Uas(o) := {ag € A, vg < a3 < min (ag, 5(1 — o1 — ag)) , a3 ¢ Gs,
a3 cannot be partitioned into (m,n) € Dg or (m,n,h) € D1 U Da,

1
vo < ag < S0 aly ¢ Gy,

1 . 1
u0<a1<§, v(a1) < az < min 06175(1—061) .

Note that the above integrals arise from sums Tp11, To12, To2 and the two-dimensional sum over region A\A’, and one can
compare our integrals to those in [5] and [20]. For example, one can see the integrals corresponding to Ua2 and Uas as an
simple explicit expression of the function w(e4) defined in [[20], Chapter 7.9]. In [5] and [20] reversed Buchstab’s identity has
been used many many times, but we do not consider using it repeatedly since the savings over high-dimensional sums produced
by this technique are very small. We have tried some acceptable region A’, but the total loss in (18) exceeds the original
two-dimensional loss from A’. Some small savings may be obtained by using more careful decompositions and more powerful
supercomputers to calculate the loss integrals.

Remember that we have ag < ag < 3‘92—_1 < w and at least one of a1 +a9 and 1 — a1 —ag is < % when (a1, a2) € C,
further decompositions in region C' are possible. For } . we can redo the above decomposition procedure (15) on the entire
region C to reach two four-dimensional sums

Toz == Z S (ApipapspasPa) (19)
azeC, az¢Ga
u0<a3<min(a2,%(1fa17a2))
a3¢Gs
a3 can be partitioned into (m,n)€Dg or (m,n,h)€D1UD>
V0§a4<min(a3,%(lfa170(27043))
ay¢Gy

and

Tos := Z S (A/szpapup‘l) : (20)
az€C, a2¢Ga
V0§a3<min(a2,%(lfa17a2))
azd¢Gsy
a3 cannot be partitioned into (m,n)€Dg or (m,n,h)eD1UDy
u0§a4<%o¢1
o, ¢Gy

For Tpz, we can perform Buchstab’s identity twice more if as € D*, and we can use Buchstab’s identity twice with a role-
reversal if oy € D¥. Again, we can apply Buchstab’s identity in reverse to gain some savings by making almost-primes visible.
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>

S (Ap1p2pspasPa)
az€C, az¢Ga
V0§a3<min(a2,%(1—a1—a2))
azZGg
a3 can be partitioned into (m,n)€Dg or (m,n,h)eD1UDo
V0<a4<min(a3,%(1—&1—012—&3))
ays#Gy

>

S (Ap1p2pspasPa)
az6C, azfGa
V0§a3<min(a2,%(1fa17a2))
ag?Gg
a3 can be partitioned into (m,n)€Dg or (m,n,h)€D1UD>
V0§a4<min(a3,%(1704170427(13)

a4#Gy, as¢D*, ay¢ DY
+

>

S(Ampzp:spupél)
azeC, az¢Gy
vo<ag<min(ag,1(1-a;—as))
az¢Gg
a3 can be partitioned into (m,n)€Dg or (m,n,h)€ED1UDg
V0<a4<min(a3,%(17a17a27a3)
o 8Gy, axyeD™
+

>

S (Ap1papspas Pa)
azeC, az¢Gy
<a3<min(a2,%(170¢17a2))
az¢Gg
a3 can be partitioned into (m,n)€Dg or (m,n,h)€D1UDg
V0<a4<min(0t3,%(170(17(127043)

042Gy, ay¢D*, ayeD?

>

S(Aplpzp3p4vp4)
azeC, az¢Gay
u0<a3<min(a2,%(1—a1—a2))
a3¢G3
a3 can be partitioned into (m,n)€Dg or (m,n,h)€D1UD>
u0<a4<min(a3,%(1—041—042—04;)

as#Gy, as¢D*, ay¢ DY
+

>

S (Ap1papspas 27°)
a26C, ax¢Ga
<a3<min(a2,%(l—a1—a2))
az¢Gsy
a3 can be partitioned into (m,n)€Dg or (m,n,h)eD1UDg
u0§a4<min(a3,%(l—al—az—ag))

a ¢ Gy, ag€D™

>

S (Ap1p2pspaps>P5)
a26C, ax¢Ga
§a3<min(a2,%(l—a1—a2))
az¢Gsy
a3 can be partitioned into (m,n)€Dg or (m,n,h)eD1UDg
u0§a4<min(a3,%(l—al—ag—ag,)

Similar to the decomposition procedure (15), we have the following expression after the decomposition of Tp3:
Toz =

ay¢Gy, ay€D”
u0<a5<min(a4,%(l—al—ag—ag—a4))
as5€G5

>

S (Ap1p2pspaps> )
260, ax¢Ga
§a3<min(a2,%(l—a1—a2))
a3¢Gs
a3 can be partitioned into (m,n)€Dg or (m,n,h)eED1UDg
u0§a4<min(0¢3,%(l—al—ag—ag,)
as¢Gy, aeg€D™
u0<a5<min(a4,%(l—al—ag—ag—a4))
as5¢Gs
+

>

S (Ap1p2p3papsper P6)
azeC, az¢Ga
VD<Q3<IH1D(D¢2,%(17(1170&2))
az¢Gg
a3 can be partitioned into (m,n)€Dg or (m,n,h)€D1UDy
Voga4<min(a3,%(17(1170(27(13)
a4¢Gy, ay€D”
V0§a5<min(oc4,%(lfoclfa27a37a4))
a5¢Gs
vo<ag<min(as, 3 (1—a1—az—ag—ag—as))
ageGe
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+ Z S (Ap1p2pspapspe s P6)
ageC, az¢Ga
V0§a3<min(a2,%(lfa17a2))
a3¢G3
a3 can be partitioned into (m,n)€Dg or (m,n,h)€D1UDg
U0§a4<min(o¢3,%(17(1170427043))
a1 ¢Gy, ay€D™
uoga5<min(a4,%(17a17a27a37a4))
a5¢Gs
u0<a6<min(a5,%(l—al—ag—ag—a4—o¢5))
as¢Ge

+ Z S (Ap1papspas ©7°)
az6C, ax¢Ga
V0§a3<min(a2,%(lfa17a2))
az¢Gsg
a3 can be partitioned into (m,n)€Dg or (m,n,h)€D1UDo
V0<a4<min(a3,%(170(170(27043)
1¢Gy, asgD*, ayeDF

- Z S (Ap1p2p3paps, P5)
ag€eC, az¢Ga
V0§a3<min(a2,%(lfa17a2))
az¢Gg
a3 can be partitioned into (m,n)€Dg or (m,n,h)€ED1UDg
Voga4<min(0t3,%(17(1170&270&3))
ay¢Gy, as¢D*, aseD?t
V0<a5<min(a4,%(lfa17&270&37@4))
a5€Gs

- Z S (Aypapspaps T7°)
axeC, as¢Ga
vo<ag<min(az,1(1-—a;—as))
az¢Gg
a3 can be partitioned into (m,n)€Dg or (m,n,h)€D1UDg
V0<a4<min(o¢3,%(170¢17a27a3))
ay¢Gy, as¢D*, ageD?t
vo<as<min(ay,i(1—a;—az—ag—ay))
a5¢Gs

+ Z S (Avp2pspapsper P6)
as€C, az¢Ga
V0§a3<min(a2,%(lfa17a2))
az¢Gg
a3 can be partitioned into (m,n)€Dg or (m,n,h)€D1UDg
V0<a4<min(a3,%(170&170&27&3))
1¢Gy, aygD*, ayeD?¥
V(J<045<min(a4,%(170(170(270(370(4))
a5¢Gs
u0<a6<%a1
aéeGs

+ Z S (Aypapspapspe» P6)

azeC, asgGa
V0§Q3<min(a2,%(lfa17a2))
a3¢Gs
a3 can be partitioned into (m,n)€Dg or (m,n,h)€D1UDy
I/0<Q4<min(a3,%(170(170(27&3)
«1¢Gy, asgD*, ayeDF
uoga5<min(a4,%(17a17a27a37a4))
a5¢Gs
vo<ag<ial
al¢cs

= To31 + S11 — S12 — S13 + S14 + T032 + S15 — S16 — S17 + S18 + T033, (21)
where y ~ gl—@1-@2-az—a4—as (~ P(ps)) =1 and
al=(1—a1 —as— a3z —as —as, a2, as, a1, as, ag).

We can give asymptotic formulas for S11-S14, S16 and Sig. For S15 we note that as € Dt yields an asymptotic formula. For
S1i7, the variables (v, p2, ps, pa, ps) correspond to the variables (1 — a1 — g — a3 — ag — as, @z, as, a4, as). Combining
the first and the last variables, we obtain a new set of variables (1 — a1 — ag — a3 — a4, @2, a3, as). Now by the condition
(1—a1 —az—as—aq, az, ag, ag) € D', we know that S17 also has an asymptotic formula. For Tp3; we can use Buchstab’s
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identity in reverse to subtract the sum

Z S (Ap1p2p3paps>Ps) (22)

azeC, az¢Ga

V0<a3<min(a2,%(1fa17a2))

a3¢Gg

a3 can be partitioned into (m,n)€Dg or (m,n,h)€D1UD>
V0§a4<min(o¢3,%(lfa170(27043))
042Gy, aygD*, ay¢ D?

ag<as<i(l—ai—az—az—oy)

as€G5

from the loss, and for Ty32 we can perform a straightforward decomposition if ag € D**, leading to an eight-dimensional sum

Z S (Ap1papspapspoprps -P8) (23)
axeC, aa¢dGa
V0§a3<min(a2,%(1fa17a2))
a3¢G3
a3 can be partitioned into (m,n)€Dg or (m,n,h)€D1UDy
V0§a4<min(a3,%(170{17()&270&3))
o1 ¢Gy, ay€D™
V0$a5<min(a4,%(lfalfagfagfou;))
as¢Gs
u0<a6<min(a5,%(l—al—ag—ag—a4—oz5))
ag¢Gg, ageED™™
u0<a7<min(a6,%(1—0(1—042—0@—0(4—045—046))
ar¢Gr
u0<a3<min(o¢7,%(170417&27a37a47a5faﬁfa7))
ag¢Gs

Note that in Tp33z we counts numbers of the form ypap3papspeyr with two almost-prime variables v and 1 ~ z¥1~%6 hence
we can perform a straightforward decomposition if either a; € D** or aé' € D**, where

’
al = (a1 —as, a2, as, as, as, as).

That is, we write

Tosz = Z S (Avyp2pspapspe s P6)

as€eC, argGa
V0<a3<min(a2,%(lfa17a2))
a3¢Gs
a3 can be partitioned into (m,n)€Dg or (m,n,h)eD1UDo
V0<a4<min(oz3,%(lfoqfagfag)
«y¢Ga, as¢D*, ayeD?
V0<a5<min(a4,§(17a17(127&37054))
a5¢Gs
vo<ag<3al
al¢ag

= Z S (Ayp2p3papspe s P6)

a€C, az¢Ga
u0<a3<min(a2,%(1—a1—a2))
az¢Gs
a3 can be partitioned into (m,n)€Dg or (m,n,h)eD1UD3o
u0§a4<min(a3,%(l—al—a2—a3))
ay¢Gy, ay¢D*, aseD?
u0§a5<min(a4,%(1*04170427(237114))
as¢Gs
V0<C¥6<%Oé1
aé%GG, aégD**, aé,QD**

+ Z S (Aypap3papsps P6)

ax€C, a¢Gay
u0<a3<min(ag,%(l—al—a2))
a3z¢ Gy
a3 can be partitioned into (m,n)eDg or (m,n,h)eD1UDg
u0<a4<min(a3,%(l—al—ag—ag))
oy €Gy, asg D™, (146[)i
V0§a5<min(a4,%(1—&1—042—(13—044))

a5 ¢G5

V0§a6<%oz1

aéQGg, aéGD**
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+ Z S (Aypzpspapspe  P6)

ageC, az¢Ga
V0<a3<min(a2,%(lfa17a2))
asz?Gg
a3 can be partitioned into (m,n)€Dg or (m,n,h)€D1UD3
V0§a4<min(oc3,%(170417(127043))
as¢Gy, ay¢D*, aseD?t
u0<a5<min(a4,%(lfalfagfa;;foq))
as5¢Gs
u0<a6<%a1
ale¢cs, algD*, al'eD**

= To331 + To332 + T0333- (24)

We discard the whole of Tpz31. For Tpz32 we perform a straightforward decomposition to reach an eight-dimensional sum

Z S (Ayp2pspapspeprps P8 5 (25)

az6C, as¢Ga
V0<a3<min(a2,%(1fa17ag))
a3¢Gs
a3 can be partitioned into (m,n)€Dg or (m,n,h)eD1UD>
V0<a4<min(a3,%(17a17(127(13)
ay¢Gy, as¢D*, ageD?
V0§a5<min(a4,%(lfalfazfagfou;))
a5¢Gs
u0§a6<%a1
al¢Ge, ateD*
u0§a7<min(a6,%(a17a6))
a$€G7
V0<08<min((l7,%(0617(167047))
O%QGS

where

a$ =(1-a1—a2—a3z3—oaq4 —as, az, a3, a4, a5, ap, o7)

and

aé =(1—-a1—az—a3—a4—as, az, az, a4, a5, ag, a7, Ag).
For Tps33 we reverse the roles of v and «; to get

To33s = Z S (Avyp2pspapspe s P6)
az€C, az¢Ga
vo<ag<min(az,i(1—a;—asz))
a3¢G3
a3 can be partitioned into (m,n)€Dg or (m,n,h)€D1UD>
V0<a4<min(a3,%(17alfa27a3))
oGy, oy ¢ D™, 0(4EDI
vo<as<min(ay, L (1—a;—as—agz—ay))
as¢Gs
u0§a6<%a1
aééGG, aéeD**, ag/ED**

= Z S (Ay1pap3papsper P5) 5 (26)
azeC, a¢Ga
V0<a3<min(0¢2,%(17&17&2))
az¢Gs
a3 can be partitioned into (m,n)€Dg or (m,n,h)€eDUD>
V0§a4<min(a3,%(1704170427(13)
as¢Gy, ay¢D*, aseD?t
V0<a5<min(a4,%(1fa1704270(370@))
a5¢Gs
u0§a6<%a1
aééGe, aégD**, ag/ED**
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where we can perform a straightforward decomposition on the sum on the right hand side to reach an eight-dimensional sum

Z S (Av1papspapspeprpss P8) s (27)

az€C, az¢G2
u0<a3<min(a2,%(lfalfa2))
az¢Gs
a3 can be partitioned into (m,n)€Dg or (m,n,h)ED1UDo
u0§a4<min(a3,%(l—al—az—ag,))
ay¢Gy, ay¢D*, ayeD?
uoga5<min(a4,%(17a17a27a3—a4))
a5¢Gs
u0<a6<%a1
aé%GG, aé%D**, aéleD**
ug<a7<min(a5,%(l—al—ag—ag—a4—a5))

al'¢Gy
V0§a3<min(a7,%(1*&17(3@70437&47&57&7))
ag/éGs
where
a? = (a1 — a, a2, a3z, a4, as, ag, A7)
and

!
al = (a1 —as, as, az, a4, as, as, a7, ag).

We can also use Buchstab’s identity in reverse on those sums, but the corresponding savings are quite small.

For Ths we can also use the devices mentioned earlier to take into account the savings over this sum. Note that there are
two almost-prime variables counted by this sum, so the use of straightforward decompositions is just like the case in Tp33. The
sum Tps counts numbers of the form BpapspaBi, where B ~ xl=*17*2=23 (3 P(p3)) =1, B1 ~ 217 and (B1, P(ps)) = 1.
Here we can decompose either § or 31, leading to the six-dimensional sums

Z S (Appzpspapspe>P6) (28)
az€eC, a2¢ G2
V0§a3<min(a2,%(1foqfa2))
az?Gg
a3 cannot be partitioned into (m,n)€Dg or (m,n,h)€D1UDy
V0§a4<%a1
a, ¢G4, aeD*
vo<as<min(ay, S (a1 —ay))

a5 ¢Gs
: 1
V0$a6<m1n(a5,§(a17a47a5))
o¢Ge
and
Z S (AE1P2P3P4P5P67PG) ) (29)
a2€C, as¢Ga
u0<a3<min(a2,%(1—a1—a2))
az¢Gs
a3 cannot be partitioned into (m,n)€Dg or (m,n,h)eD1UDy
vo<as<ia
@) ¢Gy, aj¢ D", a)eD*
Vo<a5<min(a3,%(1704170427(13))
af ¢Gs
ug§a6<min(a5,%(l—al—ag—a3—a5))
ag ¢Gs
where
’
as=(l—a1 —az —as, az, az, a4, as),
/
ag=(1—0a1 —az—as, a2, az, a4, as, ag),
7
ay = (o1 —ou, az, as, ag),
"
ap = (a1 — o4, a2, a3, a4, as)
and

1"
ag = (a1 — o4, az, a3, o, as, ag).

On the remaining of T4 (with o) ¢ D* and o) ¢ D*) we can use Buchstab’s identity in reverse to make savings, and the

use of reversed Buchstab’s identity over this sum can be seen as the following: the remaining sum counts numbers of the form
Bp2p3pafBi1, hence we can decompose either 5 or 1, leading to the savings of numbers of the forms

Bp2papa(psB2) where fa ~ z*1 7175 (85, P(ps)) =1, ag € Gs
and
(B3ps)p2pspaPBi  where B3 ~ ! T1792795 705 (34 P(ps)) =1, af € Gs.
Here, the numbers of the form

(B3pe)p2p3pa(psP2) where af € G5 and af’ := (a1 — a4, a2, a3, 04, 06) € G
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are counted twice, hence we need to subtract them from the savings. For simplicity we omit the sieve iteration process of this
sum. One can see the second part of the estimation of ®7 in [33] to understand this decomposing procedure.
Altogether we get a loss from )~ of

17t17t27t37t4)

w( :
4
dtydtsdtodty
A4€U001 tlt2t3ti

1—ty—ty—tg—ty—t
UJ( 1 2 3 4 5

wy (tl—ts) w1 <17t17t27t37t4*i5>

t t

/ s 5.3 5 dtedtsdtydtsdtodty
te€Uco4 tatstatsty

ts
_ dtsdtadtsdtodty
(/t5eUcoz titotstyt?
1—ty—to—tg—ta—ts—tg
+ / “ ‘o dtsdtsdtsdtsdtadt
edtsdladlzdtadty
te€Uco3 t1t2t3t4t5t%
w (t1;t6> w (17t17t2;t37t47t5>
+ / s 5 dtedtsdtadtsdtadty
te€Uco4 t2t3t4t§t§
w ( 1—t]—to—ta—ty—ts—tg—tr—tg )
tg
+ / dtgdt7dtedtsdtadtsdiodiy
ts€Ucos titatstatstetrt]
t1—tg—tr—tg 1—ty—tg—ta—ta—ts
+ / w( s )w< s )dtdtdtdtdtdtdtdt
gdlrdledtsdtsatzdtadly
ts €Ucos totstatZtetrts
w (zlt—t6> w <l—t1—t2 t3;t4—t5—t7—t8>
+ / s 8 dtgdt7dtedtsdtydtsdtodty
ts€Ucor totatatstgtrts
w(t17t4)w<17t17t2 t3)
4 i3
+ / 53 dtadtsdtodty
ty€Ucos latsty
w (i1—§4—t5) w (l—tlth—tS)
5 3
_ dtsdtadtsdtodty
/t €Ucoo tzt%t;;t%
w (tl—t4> (1 tl—tz—tg—tr>
— / ta ts dtsdtydtsdtodty
tscUc1o t2t3t421t§
w (tl *§4*t5 ) w ( 1*751*7;2*753*756 )
5 6
+ / dtedtsdtadtsdtadity
te€Uc11 t2t3t4t§t§
w (tl—t4t—t5—t6) w <17t12t27t3)
6 3
+ / dtgdtsdtadtsdtadty
s€UC1a tottatsts
w (tlt—t4> w <l—t1—t2;t3—t5—t6)
+ / 4 s dtedtsdtsdtsdtadty
te€Uc13 t2t3t421t5t§
w1 ( 1—tq 72715371&4)
< / 3 dtydtsdtodty
ty€Uco1 titatsty
wo (171:171&2;;371&445
— / 5 dtsdtadtsdtodty
ts€Uco2 t1tatataty
w1 ( 1—t1—t2—tt36—t4—t5—t6 )
+ / 5 dtedtsdtydtsdtadty
te€Uco3 t1t2t3t4t5t6

tg
max(l— g e e s ,0.5672)
/ t1—tag—tz—tg—t5—1g 2157 tg dtsdt7dt6dt5dt4dt3dt2dtl
ts€Ucos titotstatstetrty
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/tSGUcoa

tg
ti—tg—t7—tg

max ( ,0.5672)

max ( t5

T—ty—to—tgz—ts—ts

,0.5672)

totstatitetrts

max (%, 0.5672) max (
1—ts

ts

1—t]—tog—tzg—tg—ts—t7—tg

70.5672)

totstatstitrt?

w1 (tllzlt4) w1 <17t1;3t27t3>
+ 5.5 dtadtsdtadty
ty€Ucos totzty
wo (tlfigfts) wo (171&1;;243)
— 5733 dtsdtadtsdtadty
ts€Ucog lotgtaty
— 1—t1 —to—ta—
0 (tlt“m) wo( . ttz"’ . t5>dt dtadtzdtadt
- oY) s5dtadtzdiadly
totatyty
w1 (tl_ﬁﬁ_t‘r’) w1 <1—t1—tt26—t3—t6>

+

totatatt2

1—t]—to—t3

t1—tg—t5—te ) w1 (

t3

w1 ( =
tot3tatst2

dtedtsdtydtsdtodty

) dtedtsdtadtsdtodty

dtgdtrdtgdtsdtsadtsdtodt

dtgdtrdtgdtsdtsdtsdtadty

1—ty—to—tz—ts—tg
te

t1—ta
ta

dtgdtsdtadtsdtadty

NGO e )

totst3tsts
< 0.21 — 0 4+ 0.015 + 0.05 4 0.001 + 0.001 + 0.001 + 0.22 — (0 4 0 — 0) + 0.015 + 0.001

<
<
(
(
(L
(
(
<

= 0.514, (30)
where
1
Ucoi(au) == {az €C, a2 ¢ G2, vo < a3 < min (a2, 5(1 —ay — 0!2)) , a3 ¢ G,
a3 can be partitioned into (m,n) € Dg or (m,n,h) € D1 U Day,
1
vo < aq < min (ag, 5(1 —a1 —ag — ag)) , a4 & Gy, g ¢ D", oy ¢ D*,
1 . 1
y0§a1<§, v (1) < a2 < min al,g(l—oq) ,
1
Ucoz(as) = {02 €C, a2 ¢ G2, vy < az < min (az, 5(1 —ay — az)) , a3 ¢ Gs,

a3 can be partitioned into (m,n) € Do or (m,n,h) € D1 U Da,
1
o < a4 < min (ag, 5(1 —a1 —az — ag)) , a4 € Guy, s € D, s ¢ DY,
1
ag < as < 5(1—(11—042—0[3—044), as € Gs,
1 K 1
u0<a1<5, v(a1) € ag < min 011,5(17041) ,

1
Ucos(as) = {az €C, az ¢ G2, vgp < @3 < min (a2, 5(1 —ar — az)) , a3 ¢ Gs,

a3 can be partitioned into (m,n) € Dg or (m,n,h) € D1 U Da,

1
Vo < aq < min (oc3,§(1—041 —ag—ag)), ay ¢ Gy, ay € D,
. 1
1o < a5 < min a4,§(1—a1—o¢2—o¢3—a4) , as ¢ Gs,
s 1 * kK
1o < ap < min 04575(17a17a27a370¢470¢5) , ag & Gg, ag ¢ D™,
1 . 1
V0<a1<5,1/(a1)<a2<m1n 011,5(1—041) ,

1
Ucosa(ag) := {az €C, a2 ¢ G2, vp < ag < min (ag, 5(1 —aq — az)) , a3 ¢ Gs,
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a3 can be partitioned into (m,n) € Do or (m,n,h) € D1 U D2,
1
1o < ag < min (ag, 5(1 — a1 —ag — ag)) , ay & G4, ayg ¢ D*, oy € D,
K 1
Vo < as < min a4,5(17a17a27a37a4) , as ¢ Gs,
1
vy < ag < 50&1, cxé ¢ Ge, aé ¢ D**, aé/ D**,
1 . 1
I/0<Ot1<5, v(a1) € ag < min al,i(l—al) ,

Ucos(ag) := {ag €C, a2 ¢ G2, vy < ag < min (ag, %(1 —a1 — a2)> , as ¢ Gs,
a3 can be partitioned into (m,n) € Dg or (m,n,h) € D1 U D3,
vy < ag < min (043, é(l —a1 —ag — ag)) , a4 ¢ G4, as € D,
vo < a5 < min a4,%(1—a1—a2—a37a4)>, as ¢ Gs,
vy < ag < min (l—al—ag—a3—a4—a5)),a6¢G6, ag € D",

(1—041—042—043—0&4—0&5—046))7 o7 ¢ Gr,

Yo < ag < min

v < a7 < min (0467

N = D= N

(1—041—062—063—064—065—066_047))7 as ¢ Gs,
1 K 1
vo <a < > v(a1) < az < min 041,5(17(11) ,

1
Ucos(ag) := {az €C, a2 ¢ G2, 1y < a3 < min (az, 5(1 —a1 — az)) , a3 ¢ Gs,

a3 can be partitioned into (m,n) € Dg or (m,n,h) € D1 U Dy,

1
vo < ag < min (cxg, 5(1 —a1 —ag — ag)) , a4 & Gy, ag ¢ D*, oy € D*,

1
Vo < a5 < min (a4,§(1—a1 —ocg—ocg—oe4)), as ¢ Gs,

N

1
vo < ag < Eal’ ag ¢ Ge, aé € D**,
. 1 1
1o < a7 < min | ag, 5(041 —ag) |, oz ¢ Gr,
. 1 1
Vo < ag < min | az, 5(041 —as—ar) ), aj ¢ Gs,

1 . 1
u0<a1<5, v(a1) € ag < min 011,5(17041) ,

1
Ucor(ag) := {ag €C, a2 ¢ G2, vy < ag < min (ag, 5(1 — oy — az)) , a3 ¢ Gs,

a3 can be partitioned into (m,n) € Dg or (m,n,h) € D1 U D,
1
vy < a4 < min (Oc:;7 5(1 — a1 —ag — ag)) , o0 8 Gay, s ¢ D*, a4 € Di,
. 1
vo < a5 < min 044,5(17041704270437044) , as ¢ Gs,
1
v < ag < 5051, aé ¢ Gs, aé ¢ D**, aé' € D**,
1
v < a7 < min (a5,5(1 — Q] — Q2 — Q3 — Qg 7045)> , a’iYI ¢ Gr,
. 1 11
vo < ag < min a7,5(1—a1—ag—ag—a4—a5—a7) , of ¢ Gg,
1 . 1
y0<a1<5, v (1) < a2 < min al,g(l—oq) ,

1
Ucos(aa) := {az €C, a2 ¢ G2, vo < a3 < min (az, 5(1 — a1 — az)) , a3 & G,
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a3 cannot be partitioned into (m,n) € Do or (m,n,h) € D1 U D2,
1
vo < ay < 5041, o)y ¢ Gy, o) ¢ D*, off ¢ D*,
1 X 1
u0<a1<5, v(a1) < ag < min 041,5(17041) ,
X 1
UCOQ(QS) = qag €C, as ¢ G2, 19 < a3 < min | as, 5(1 — Qa1 70{2) , O3 ¢ G3,
a3 cannot be partitioned into (m,n) € Do or (m,n,h) € D1 U D3,
1
Vg S ag < 5041, afl ¢ Gy, aﬁl ¢ D*, OLZ ¢ D,
1
ayg < oz < 5(041 —044), a’5 S (;57
1 . 1
u0<a1<5, v(a1) € ag < min 011,5(17041) ,

1
Ucio(as) = {a2 €C, az ¢ G2, vp < a3 < min (ag, 5(1 — o — a2)> , a3 ¢ Gs,

a3 cannot be partitioned into (m,n) € Do or (m,n,h) € D1 U Da,

1
vy S ag < 50417 0421 ¢ Ga, ai; ¢ D™, aill ¢ D*,

1
a3z < as < 5(17&17&27&3), ag € Gs,

1 . 1
V0<a1<5, v(a1) € ag < min al,g(l—oq) ,

1
Uci1(oe) = {a2 €C, oz ¢ G2, vgp < a3 < min (az, 5(1 — a1 — 012)) , a3 ¢ G,

o3 cannot be partitioned into (m,n) € Do or (m,n,h) € D1 U D2,
1
vo < ay < Eal’ o)y ¢ Gy, o) ¢ D*, off ¢ D*,
1
ag < ag < 5(a1 —ayg), of € Gs,
1
a3z < ag < 5(1 — o] —az —ag), ag” € Gs,
1 X 1
I/0<O¢1<§7 v(a1) < a2 < min a1,§(1—o¢1) ,

1
Uciz2(ag) := {Oéz €C, a2 ¢ G2, vy < az < min (Ozz, 5(1 —ay — 012)) , a3 ¢ G3,

a3 cannot be partitioned into (m,n) € Do or (m,n,h) € D1 U D2,

1

vo S ay < joau, o) ¢ Gy, oy € D¥,
. 1 ,

vo < a5 < min | aq, 5(041 —aq) |, a5 ¢ Gs,

. 1 ,
g < ag < min as,g(a1—&4—015) ) 0‘6¢G6’

1 . 1
y0<a1<§, v (1) < a2 < min al,g(l—oq) ,

. 1
Ucis(o) = {Ocz €C, a2 ¢ G2, 1o < az < min (az, 5(1 —a1 — az)) , a3 & Ga,
a3 cannot be partitioned into (m,n) € Do or (m,n,h) € D1 U D2,
1
vy < ag < 5041, o) ¢ Ga, oy ¢ D*, of € D*,
. 1
Vo < as < min (0437 5(1 —a1] —ag — ag)) , af ¢ Gs,

X 1
Vo < ag < min (a5,§(17a1 70427(137045)), af ¢ G,

1 X 1
V0<a1<5, v(a1) € ag < min 011,5(1—041) .



One can also see the integrals corresponding to Ucos—Uc11 as an simple, explicit expression of the function w*(a4) defined in
[[20], Chapter 7.9]. We remark that a small part of C is actually covered by G2. If we discard the whole of ), we would have
a loss larger than 1 which leads to a trivial lower bound.

Finally, by (11), (12) and (30), the total loss from ) is less than

2 x 0.241 + 0.514 < 0.996

and we conclude that
0.52

(x) —w(x —2952) = § (A,ac%) > 0.004? .
ogzx

The lower constant 0.004 can be slightly improved by more careful decompositions and accurate calculations. The lower bounds
for other values of 8 between 0.52 and 0.525 can be proved in the same way, so we omit the calculation details. One can check
our code for them to verify the numerical calculations.

6. THE FINAL DECOMPOSITION II: UPPER BOUND

In this section, we ignore the presence of ¢ for clarity. Let w(u), wo(u) and wq(u) denote the same functions as in Section
5. We still use the idea of decomposing S (A, z) explained in Section 2 with (6)—(8) to prove our upper bound results. We note
that for the upper bound problem, we can only drop negative parts. Fix 6 = 0.52, v9 = Vppin = 20 — 1 = 0.04 and let p; = 2%J.

By Buchstab’s identity, we have
s (A1) >

v(0)<a1 <3

S (A2 - 8 (Aps,p1)

(31)

/

1 2
We can give asymptotic formulas for ) ;. For 2/2, We need to split the whole summation range over p; into different ranges
and consider further decompositions in each range because we can only drop negative parts on the upper bound problem. The

sets G and D with same superscripts and subscripts as in Section 5 represent the same asymptotic regions. We shall define
some new sets and subsets using Lemma 3.3 and partition technique. Put

7 3
D3 = {az:agécxl, 201 + a2 < 1, az < 59—5},
D" = {as: (a1,a2,a3,a3) can be partitioned into (m,n) € D{ or (m,n,h) € D] UD4},
Dt = {as : (a1,a2,a3,a4,a5,a5) can be partitioned into (m,n) € Dy or (m,n,h) € D} U Db},
D# = {a3 : both a3 and (1 —a; — as — a3, az,a3) can be partitioned into (m,n) € Do or (m,n,h) € D1 U D3},

2 2

where D3 correspond to conditions on variables that allow a further decomposition, Dt and DT allow two and three further
decompositions respectively, and D# allows two further decompositions with a role-reversal. In the sum corresponding to
region H, we need to discard the whole of it because we cannot use Lemmas 3.1-3.3 to give an asymptotic formula for the
two-dimensional sum with ag > %9 — % after a Buchstab iteration. We remark that H is empty when 6 > % ~ 0.5238.

Next, we shall define some subregions of A and B defined in Section 5. The plot of these regions can also be found in

H= {a1:30—§<a1 <4—79},

Appendix 1.
0—1 1486
Alz{a2ia2€A, a2<min(3 ,i>};
2 5
0—1 1+86
A2:{O¢2:0¢2€A,0[22min<32 ,%)};
30—1 146
Bli{a25a2€B,a2<min( 7i)};
2 5
30—1 1+6
Bz={021a263,a22min( ,L)};
2 5
A’1: {az:(1—01—az,a2) € By, (1—01—az2) ¢ H};
Ay = {ag: (1 —a1 —az,a2) € By, (1 -1 —a) ¢ H}.
Hence, by Buchstab’s identity, we have
/
_Z:_ Z S(Apy,p1) = — Z S (Ap,,p1) — Z S (Ap,,p1)
? v(0)<a1<3 v(0)<a1<3 v(0)<ar1<i
a1 €EH a1 ¢H
== > S — Y S (Apy,eten)

v(0)<a1< 3
a1 €EH

v(0)<a1< 3
a1 ¢H
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+ Z S (Apipzsp2)
v(0)<a1 <3
a1 ¢H
u(a1)§a2<min(a1,%(l—a1))

= - Y S > S (Ap,eten)

V(0)<a1<% u(0)§a1<%
aj€H a1 ¢H
+ Z S (Apipa,p2) + Z S (Apipzsp2)
a1 ¢H a1 ¢H
ag €A, as €Ay
+ Z S (Apips,p2) + Z S (Apipzsp2) + Z S (Ap1pz:P2)
a ¢ H a1 gH a1 ¢H
ag€B; ag€B2 ageC

= _i_i+z/:+i+i+i+i. (32)

3 A1 Ay By

By a similar discussion as in Section 5, we know that

D=2 = D S(Appp2) (33)

By Al a €Al
and
’ ’
Z:Z = Z S(Aplpz’p2)7 (34)
B2 Al as€AL
hence

! / / ’ / ! / /
D S DED LD DED IS DED 9F @
2 H 3 Aq Ao A’1 A/2 C
We have an asymptotic formula for Zg For Z;I which cannot be decomposed anymore, we discard the whole of the sum
leading to a loss of

4-70 w <1;1t1>
/ —— 1 Ldt; <0.183. (36)
Zo-3 4

For Z:‘h we can use Buchstab’s identity to reach

’

Z: Z S (Apipssp2)

Aq a1 ¢H
€A
= Z S (Apipy, 270) — Z S (Ap1papssP3) - (37)
a1 ¢H a1 ¢H, az€A;
a€A V0§a3<min(a2,%(1fa17a2))

By Lemma 3.1, we can give an asymptotic formula for the first sum on the right-hand side. For the second sum, we can perform
a straightforward decomposition if we have az € DY, and we can perform a role-reversal if we have ag € D#. We can also use
Buchstab’s identity in reverse to gain some four-dimensional savings. Altogether, we have the following expression after this
decomposition procedure:

- E S (Ap1p2pss P3)
a1 ¢H, ag€A;
V0§a3<min(a2,%(1fa17a2))

= - Z S (Apipaps:P3) — Z S (ApipapssP3)
a1¢H, as€A; a1¢H, ag €A
u0§a3<min(a2,%(17a17a2)) u0§a3<min(a2,%(1falfa2))
a3z€eGg as¢Gs, az¢g¢D™T
- Z S (Ap1p2ps,>P3)

a1 ¢H, g €Ay
V0§a3<min(a2,%(1—a1—a2))
a3¢Gs, azeDT

= - E S (Ap1paps: P3) — E S (Ap1paps: P3)
a1¢H, ag€Ay a1¢H, ag €Ay
u0§a3<min(a2,%(1—al—a2)) ug§a3<min(a2,%(1—a1—a2))

a3z€eGs az3¢Ga, az¢Dt
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- Z S (Ap1papss 27°) + Z S (Ap1papspas P4)

aj¢H, ag€A; a1 ¢H, ag€Aq
V0§a3<min(a2,%(1fa17a2)) V0§a3<min(a2,§(lfa17a2))
a3¢G3, azeDT a3¢G3, ageD™T
V0§a4<min(a3,%(17a17a27a3))
as€Gy
+ Z S (Apipapsps, ) —
a1 ¢H, ag €A a1 @H, ag €Ay
V0§a3<min(a2,%(1fa17a2)) Voéa3<min(a2,%(1fa17a2))
a3¢G3, azeD™T @3¢G3, azeD™T
u0§a4<min(a3,%(1*(1170427043)) u0§a4<min(a3,%(1*&17Q270¢3))
ay¢Gy a1 ¢Gy
V0<a5<min(a4,%(1fa170427(137&4))
as€G5
- Z S (Ap1p2p3p4p57p5)

a1 ¢H, ag€A;
vo<ag<min(ag,i(1—a;—asz))
a3¢Gs, azeDT
V0§a4<min(o<3,%(17041*(12*0‘3))
ay#Gy
vo<as <min(a4,%(1—(11—a2—a3—a4))
as¢Gs

= —So1 — To1 — Soa + Soz + Soa — Sos — Toe-
We can give asymptotic formulas for S{;-S(5, and we can subtract the contribution of the sum

S (Ap1p2psparPa)
a1 ¢H, az€Ay
u0§a3<min(a2,%(1fa17a2))
a3¢Gs, aggDT
a3<a4<%(1—a1—a2—a3)
s €Gy
from the loss from Tél by using Buchstab’s identity in reverse.
To sum up, the loss from 2241 can be bounded by

1—ty—to—tg
“ ( t3 )
————Z dtsdtadt;
t3eVaq

t1tat?
1—t1—to—tz—ty
/ ‘”( : 4 : >dtdtdtdt
- qdtzdtadly
t4EV A t1t2t3t421
1=ty —tg—ta—ty—ts
+ / “ s dtsdtadtsdtadt
sdtadtzdiadiy
t5€Vas t1t2t3t4t§
w1 (1—t1;3t2—t3
< / 5 dtsdtadty
tz3eVa, titats
wo <17t17tt247t37t4>
— / 5 dtadtsdtadty
t4€V A titotaty
w1 (14142;;34445)
+ / 3 dtsdtydtsdtodty
t5€Vas t1tatataty

< (0.19 — 0.005 + 0.07) < 0.255,

where
1
VAl(OL3) = {al $ H, as € A1, 19 < a3z < min (ozg, 5(1 — o] — 042)) R
a3z ¢ Gs, az ¢ DT,

1 . 1
v0<a1<5, v(a1) €< a2 < min al,i(l—al) R

1
Vaz(oy) == {041 ¢ H, az € A1, vg < a3 < min (a2,§(1 —a; — 042)) ,

a3 ¢ Gs, asg ¢ DY,
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(38)

(39)
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1
a3<a4<5(1—a1—o¢2—o¢3), ay € Gy,
1 X 1
V0<a1<5, v(a1) €< a2 < min 01,5(1—011) R
. 1
Vas(as) := o ¢ H, oz € A1, 19 < a3 < min a2,§(1 —a1 —a2) |,
as ¢ Gs, as € D"’7

1
o < a4 < min (ag,i(l—al—ag—a3)>, ay ¢ Gy,
. 1
Yo < a5 < min a4,§(1—o¢1—o¢2—a3—a4) , a5 & Gs,
1 X 1
u0<a1<§, v(a1) < az < min 011,5(1*0(1) .

By the essentially identical decomposing process, the loss from 214/ is less than
1

1—ty —to—ts
v < t3 )
————Z dtsdtadt;
t3€Vay

t1tat?
1—t]—ty—tg—ty
/ S >dtdtdtdt
- adtzdtadiy
t4E€V 45 t1tatst?
1—t]—to—tz—ts—ts
+ / “ s dtsdtadtsdtadt
sdtadtzdiadiy
t5€Vag titatstat?
w1 (1—t1;3t2—t3>
< / —_— dtsdtaodty
t3€Vas titaty
wo (17t17tt247t37t4>
— / 3 dtadtsdtadty
t4€V 45 titotaty
w1(1*t1*t2;5t3*t47t5)d i
+ / tsdtadisdtadty
t5€Vag t1t2t3t4t§

< (0.32 —0.01 4 0.07) < 0.38,

where
1
Vas(a) == {(12 € A}, vo < a3 < min (ag, 5(1 —aq — ag)) ,
o3 ¢ Gs, as ¢ DT,
1 . 1
u0<a1<§, v(a1) €< az < min 011,5(1*061) R
, . 1
Vas(ag) := qaz € A, vo < a3 < min | ag, 5(1 —a1 —a2) ),
o3 ¢ Gs, as ¢ DT,
1
az < ayg < 5(1—041—042—053), ay € Gy,

1 X 1
V0<a1<§, v(a1) < a2 < min 01,5(1*011) R

1
Vas(as) == {ag S All, vo < a3 < min (ag, 5(1 — o — ag)) s

as ¢ Gs, as € D+7

—

Vg < a4 < min (ag, —(1—a1 —az— ag)) , ag ¢ Gy,

N = N

1o < a5 < min (a4,7(1—a1—o¢2—o¢3—a4)>, os ¢ Gs,

1 R 1
V0§a1<§, v(a1) < a2 < min 011,5(1*041) .
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For Z/sz we apply Buchstab’s identity as in (37) to get

’

Z: Z S (Ap1pz:P2)

Ao a ¢H
ag€A2
= Z S (Apipz,20) — Z S (Ap1papssP3) - (42)
a1 ¢H a1 ¢H, ag€Ag
oa2€A2 u0<a3<min(a2,%(1—a1—a2))

Although Lemma 3.1 is not applicable in this case, we can use Lemma 3.3 to give an asymptotic formula for the first sum on
the right-hand side. For the second sum, we cannot perform any further decompositions because we cannot give asymptotic
formula for the four-dimensional sum after applying Buchstab’s identity twice. Thus, the loss from Z/Az is just

1—t]—tg—t3
/ “ s dtzdtodt
——— 5 dtzdtadty
t3€Vaz t1t2t§
w1 <l—t1—t2—t3>
14
g/ ———— L dtgdtadt; <0.12, (43)
t3eVaz titaty

where

1
Var(as) := {al ¢ H, oz € Az, vo < a3 < min (ag, 5(1 — o1 — ag)) , az ¢ Ga,
1 . 1
V()<O!1<§, v(a1) < az < min 06175(1—061) .

Similarly, the loss from Y/, is
2

w <l—t17t27t3>
/ '3 dtsdtodt

— 5 dtadtadt;
t3€Vas tlt?t%

w1 (17t17t27t3>

3
< / ———— L dtadtadt; < 0.22, (44)

t3€Vas titaty

where
1
Vag(a) = {042 € A5, vo < a3 < min (0427 5(1 —a1— 012)) , o3 & Ga,
1 X 1
u0<a1<§, v(a1) €< az < min 041,5(1*011) .

For the remaining Y (,, we have

/

>

Z S (Apyps,p2)

c a1 ¢H
azeC
= Z S (Apipg,x0) — Z S (Ap1papssP3) - (45)
a1 ¢H a1¢H, ageC
azeC ug§a3<min(a2,%(l—al—a2))

We can give an asymptotic formula for the first sum on the right-hand side. For the second sum, we need to consider role-
reversals because we may have a large o in this case. We can perform a straightforward decomposition if we have az € DT,
and we can perform a role-reversal if we have a3 € D#. Using Buchstab’s identity, we write

- Z S (Apipaps:P3)

a1¢H, azeC
V0§a3<min(a2,%(1fa17a2))

= - Z S (Ap1papssP3) — Z S (Ap1p2pssP3)
a1 ¢H, azeC a1 ¢H, ageC
u0<a3<min(a2,%(lfa17a2)) u0§a3<min(a2,%(17alfa2))
a3€G3 a3¢Gs, az¢DT, az¢D?
- Z S (Ap1papsrP3) — Z S (Ap1p2pssP3)
a1 ¢H, azeC a1 ¢H, azeC
V0§a3<min(a2,%(1fa17a2)) V0§a3<min(a2,%(lfa17a2))
a3¢Gs, azeDT az3¢Ga, az¢DT, azeD#
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>

a1 ¢H, azeC
V0$a3<min(a2,%(lfa1 70(2))
a3zeG3

>

a1 ¢H, azeC
vo<az<min(ag,i(1—a;—asz))
a3¢Gs, azeDt

>

a1 ¢H, azeC
vo<ag<min(az,i(1—a;—asz))
a3¢Gs, azeDT
V0§a4<min(o¢3,%(17&1*042*‘13))
ay#Gy

>

a1 ¢H, aeC
V0§a3<min(a2,%(l—a1—a2))
a3¢G3, azeDT

S (ApipapssP3) —

S (Apipaps: ®7°) +

Z S (Ap1papssP3)
a1 ¢H, azeC
V0§a3<min(a2,%(lfa1*042))

a3#Gs, az¢ DT, aggD¥

>

a1 ¢€H, azeC
u0§a3<min(a2,%(l—a1—ag))
as¢Gs, azeDt
V0<a4<min(a3,%(17a17a27a3))

a1 €Gy
>

a1 ¢H, azeC
vo<ag<min(az, 3 (1—a1—az))
a3¢Gy, azeD™T
V0§a4<min(o¢3,%(17&1*042*‘13))
ay#Gy
u0<a5<min(a4,%(1—a1—(12—ﬂ3—a4))
a5 €Gs

>

ai1¢H, azeC
V0§a3<min(a2,%(1—a1—a2))
a3¢Gs, az¢DT, azeD?

S (AP1P2P3:D4 ) P4)

S (Apipapspas ®°) — S (Apipapspaps: P5)

S (Apipapspaps:P5) — S (Apipaps > z7°)

vo<ag<min(ag,§(l—ay1—az—as))

as¢Gy
u0§a5<min(a4,%(1*&170427(137
a5ZGs

>

a1 ¢H, azeC
vo<ag<min(ag,i(1—a;—asz))
a3¢Gs, az¢D', ageD#
V0<a4<min(a3,%(1—&1—042—013))
oy €Gy

>

a1 ¢H, azeC
V0<a3<min(o¢2,%(lfalfag))
«3¢G3, az¢DT, azeD#
u0<a4<min(a3,%(l—al—ag—a;;))
ay#Gy
V0<a5<%a1

a?6G5

= — Sh6 — Toz — Sor + Sos + Soo —

where n ~ gl —@2-a3—a (n P(py)) =

#
a5

ay))

>

a1 ¢€H, azeC
u0§a3<min(a2,%(l—a1—a2))
a3¢Gs, CX3€D+, asED#
u0<a4<min(a3,%(l—al—ag—ag))
as¢Gy

>

a1 ¢H, aseC
Vg<a3<min(a2,%(lfa17a2))
a3¢G3, az¢Dt, azeD#
u0<a4<min(a3,%(l—al—ag—ag))
ay¢Gy
u0§a5<%a1
a?§5G5

S1o — Toa — S11 + S12 + S13 — S1a — Tos,

S (ApipapspasPa) + S (Anpapspa: T°)

S (Anpapspaps s P5) — S (Anpapapaps s P5)

(46)

1 and

(I -1 —az —az —ag, az, az, a4, as).

We can give asymptotic formulas for S{;—S7,. For T/, we can use Buchstab’s identity in reverse to subtract the contribution

of the sum

Yo

from the loss. For the remaining

r_
Tos =

Z S (Ammpspmpél) (47)
a1 ¢H, azeC
Sag<min(asz,3(1—a;—a3))
a3¢Gs, azgDT
ag<ag<i(l—ai—asz—as)
ays€Gy
Z S (Apipapspaps+P5) (48)

a1¢H, aseC
u0§a3<min(a2,%(1—a1—a2))
a3¢Gg3, ageD™T

u0<a4<min(a3,%(1—a1—ag—ag))

o<

ays#Gy
a5<min(a4,%(1704170427(137(14))
as¢Gs
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and

/ j—
Tos = Z S (Anpapspaps: P5) (49)
a1 ¢H, azeC
vo<ag<min(az, 3 (1—a;—az))
a3¢Gs, az¢ DT, azeD#
V0<064<min(a3,§(1704170427113))

ays#Gy

vo<as<fai
a?¢Gs

we can perform a further straightforward decomposition on T}, if as € DV, and on T} if either a? € Dt or (a1 —

as, a2, a3, as, a4) € DT, Note that for T3z and To33 in Section 5 we use similar discussion. This leads to the loss of three
seven-dimensional sums

Z S (Apipapspapsperrs PT) 5 (50)
a1 ¢H, azeC
y0<a3<min(a2,%(1fa17a2))
a3¢Gs, azeD™T
V0§a4<min(a3,%(1704170427043))
s ¢Gy
y0§a5<min(a4,%(l—al—a2—a3—a4))
as¢Gs, aseD1T
u0<a6<min(a5,%(1—a1—a2—a3—a4—a5))

asg¢Gse
u0§a7<min(a6,%(l—al—ag—a3—a4—a5_a6))
ar7¢Gr
Z S (Anpapspapspepr: P7) s (51)

a1 ¢H, ageC
ug§a3<min(a2,%(l—a1—a2))
a3¢Gs, az¢Dt, ageD#
1/0<(¥4<min(0¢3,%(1701170(27043))
ay ¢Gy
u0<a5<%a1
a?QGLr” as#ED+Jr
vo<ag<min(as, 3 (a1—as))
afglce
vo<ay<min(ag, 3 (a1 —as—ag))
af€G7
and

Z S (Anipapspapspepts P7) 5 (52)
a1 ¢H, azeC
u0§a3<min(a2,%(17a17a2))
a3¢Gs, az¢Dt, ageD#
Vo<a4<min(a3,%(1704170427(13))
s ¢Gy
vo<as<ial
0‘5#¢G5a as#%D++v a?&/eD-H—
ug§a6<min(a4,§(l—al—ag—ag—a4))
aﬁ/¢06
V0§a7<min(a6,%(lfalfazfozgfazlfaﬁ))
af'¢Gr

where 01 ~ 217, (1, P(ps)) = 1,
a =(1—a1—az—a3 — a4, as, az, a1, as, ag),

#o_
al =(1—-a1 —az —az —ag, a2, a3, o4, as, ag, a7),

!
a?’ = (a1 - as, az, as, as, ai),
#r_
of' = (1 —as, a2, a3, a4, as, og)
and
#1_
ol = (a1 —as, a2, a3, a1, as, ag, ar).

Again, the loss from Y (, is no more than
w (141;;243 )
/ Wdtg}dtgdtl
t3eVer 1t2t3
141424344)

w( :
4
— dtadtsdtadty
/t4 EVea t1totat]
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where

1—ty—ty—tg—ty—t
UJ( 1 2 3 4 5)

ts
+ / dtsdtydtsdtodty
tseVes titatstst?
t1—ts 1—t)—tg—t3—ty
+ / w( s >w( & )dtdtdtdtdt
sdtadtzdiadty
ts€Vea t2t3tz21tg

w (1414243444546%7)
4
+ / dt7dtgdtsdtsdtsdtodty
( treVes titatstatstet?
w <t17t57t57t7> w (1—t17t27t37t4)
tr tq
+ / dtrdtgdtsdtadtsdtodty
tr€Ves totstItstet?
t1—ts 1—t)—tg—t3—tg—tg—tr
+ / w( s >w( i )dtdtdtdtdtdtdt
7dtedtsdtadtzdtadty
treVer totatatitet?
w1 (1—t1;3t2—t3)
< / —_— = dtsdtadty
taeVe t1tats
wo (1417?44344)
— / 3 dtadtsdtodty
t EVEo titotaty
wl(l—tl—tzzstg—t4—t5 e
+ / tsdtadtzdiadty
tseVes titotatst?
w1 <%> w1 (M—?%>
—+ 5.3 dtsdtydtsdtodty
t5€Voa totstyty
t7
max (=== e 0.5672)
+ / fitats Al ;6 7 dt7dtgdtsdtadtsdtodty
treVes titatatatstets

t t
/ max (m 0.5672) max (m 0.5672)
t7€Vesg

+ dtrdtgdtsdtsdtsdtadt
t2t3tit5t6t$ Tategatsatqatzat2aty
ts tr
+ / — <t17t5 : 05672) = <17t17t27t37t47t67t7 : 05672) dtrdtedtsdtsdtsdtadty
treVor totatatZtet?

< (0.31 — 0+ 0.13 4 0.25 4 0.02 4+ 0.005 + 0.001) < 0.716,

1
Veor(as) : {a1 ¢ H, az € C, 19 < ag < min (ag, 5(1 — o1 — ag)) ,
a3 ¢ G3, as ¢ DT, a3 ¢ D¥,
1 . 1
v <a; < > v(a1) < a2 < min (041, 5(1 —041))},
1
Voa (o) = {al ¢ H, oz € C, 19 < ag < min (ag, 5(1 — a1 — ag)) ,
a3z ¢ G, as ¢ DV, as ¢ D¥,

1
o¢3<oc4<§(1—a1—a2—a3), ay € Gy,

1 . 1
V0<a1<5, v(a1) € ag < min 041,5(1—041) ,

1
Ves(as) : {a1 ¢ H, az € C, 19 < ag < min (ag, 5(1 - —a2)> ,
as ¢ Gs, a3z € D+,
1
Vo < ag < min (ag, 5(1 — o1 — g —a3)> , aq ¢ Gy,
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1
vg < a5 < min (a4,§(1—a1 —ag—a3—a4)), as ¢ Gs, as ¢ DT,
1 . 1
y0<a1<§, v(a1) € a2 < min 04175(1_041) ,
1
Vealas) :== S ¢ H, oz € C, 1vp < a3 < min ag,g(l—al—ag) ,
a3z ¢ G, as ¢ DV, as € D¥,
1
vy < a4 < min (04375(1_@1 —az—as)), oy ¢ Gy,
1
vo < as < 2a1, cx5 ¢ Gs, ?¢D++, oaf“iDJr+
1 X 1
u0<a1<5, v(a1) € ag < min 041,5(1—a1) ,
1
Veos(ar) = {a1 ¢ H, az € C, vp < a3 < min (ag,i(l—al—a2)>,
ch%Gg, s €D+

1o < a4 < min | as, 1—041—042—043)), ay ¢ Gy,
1—a1—a2—a3—a4)), as ¢ Gs, as € DT,

as,

Vo < as < min (a4,

1*041*042*043*044*045)), ag ¢ Gé,

N | M\H w\)—l w\»—t

Q
e

V0<a7<min( (l—al—ag—ag—a4—a5—a6)),a7¢G7,

1 1
y0§a1<§, v(a1) € a2 < min 06175(1_041) ,
1
Ves(ar) := {al ¢ H, oz € C, 19 < ag < min (ag, 5(1 —ay — 012)) ,
a3z ¢ Gs, as ¢ DV, as € D¥,
1
1o < ag < min (ag, 5(1 — a1 — a2 7043)) , ag ¢ Gy,

1
vy < as < 501 045# ¢ Gs, C!5# e Dt

1
(o1 — a5)) ) af ¢ Gé,

v < ag < min (a5,

= N

o < a7 < min (ag, (a1 —as — ag)) , af ¢ G,

1 . 1

V0<Oé1<§7 v(a1) < a2 < min 041,5(1—041) ,
1
Verlar) := S ¢ H, ag € C, 1vp < a3 < min ag,i(lfalfaz) ,
[ %} ¢ Gg, 3 ¢ D+, a3 € D#,
1

1o < aq < min (a3, 5(1 —a; —az —a3)) , g ¢ Ga,

1
vp < as < 501 OL? ¢ Gs, ‘1? ¢ DV, 045#/ e Dt

1

g < ag < min (a4, l—a1—a2—as —oc4)> , a?/ ¢ Ge,

N = N

uoga7<min(o¢6, (1—041—062—063—044—066))7 a’f/géGm

1 X 1
V0§a1<5, v(a1) < az < min a1,5(17a1) .

Finally, by (35), (36), (40), (41), (43), (44) and (53), the total loss from > 5 is less than

0.183 + 0.255 + 0.38 4 0.12 + 0.22 4 0.716 < 1.874
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and we conclude that
0.52

m(x) — w(x —2052) = § (A,:c%) < 2.874% .
logx
The upper constant 2.874 can be slightly improved by more careful decompositions and accurate calculations. We remark that
we can also use Lemma 3.3 together with a variant of [[5], Lemma 17] on the lower bound problem, but the new four-dimensional
loss after using them on ) , exceeds the original two-dimensional loss when 6 = 0.52. Our upper bound result is weaker than
Iwaniec’s upper constant ﬁ = 2.6316 when 6 = 0.52, but our sieve approach gives better results for slightly longer intervals
(of length 29-522 20-523 3nd so on, see the values in following table). In fact, the upper constant rises rapidly as 6 increases.
The upper bounds for other values of 8 between 0.52 and 0.525 can be proved in the same way, so we omit the calculation

details. One can check our code for them to verify the numerical calculations.

0 New UB(6) | Iwaniec’s UB(0)
0.520 < 2.874 o5 < 26316
0.521 < 2.700 ot < 2-6299
0.522 | < 2.583 o < 26282
0.523 | < 2.536 Tro.505 < 2.6264
0.524 | < 2.437 Tro.501 < 26247
0.525 | < 2.347 Tro.505 < 2-6230

7. APPLICATIONS

Clearly our Theorem 1 has many interesting applications (just like the previous BHP’s result), and we state some of them
in this section. Note that we ignore the presence of £ because we can use the same method to prove Theorem 1 with a slightly
smaller 0, such as 0.52 — 107100, The first application is about primes in arithmetic progressions in short intervals, which
improves upon the result of Harman [[20], Theorem 10.8].

)K

Theorem 3. For all ¢ < (logx and any a coprime to q, we have

20-52

¢(q)logz’
Another application is about bounded gaps between primes in short intervals, which improves the result of Alweiss and Luo
[[1], Corollary 1.2].

m(x;q,a) — m(z — 2925 ¢,a) > 0.004

0.

Theorem 4. There exist positive integers k,d such that the interval [x—x°-52, z] contains > x0-52(log ) ™% pairs of consecutive

primes differing by at most d.

The third application is about primes with prime subscripts (or prime-primes) in short intervals. By using the numerical
bound in Theorem 2, we can derive the following theorem.

Theorem 5. We have

2052

(logz)?”

The bound for the number of prime-primes in interval of length 29-52% was obtained by Broughan and Barnett [8], where they
also proved the analogs of Prime Number Theorem and weak Dirichlet’s Theorem for prime-primes.

The next two applications focus on Goldbach numbers (sum of two primes) in short intervals. By replacing [[20], Theorem
10.8] by our Theorem 3 in the proof of the main theorem in [14], we can easily deduce the following result.

n(n(x)) — m(m(z — z0-52)) > 0.004

13
225

Theorem 6. Almost all even numbers in the interval [z, z + x225] are Goldbach numbers.

By combining our Theorem 1 with the main theorem proved in [35], we can easily show the following result.

Theorem 7. The interval [z,z + 13?5} contains Goldbach numbers.

Note that 5-= ~ 0.0578 and 120 ~ 0.0242. Previous exponents 145 =~ 0.0583 [[14], Theorem 1.1] and &5 ~ 0.0244 [[35],
Theorem 8.1] come from BHP’s 0.525. We remark that if we focus on Maillet numbers (difference of two primes) instead of
Goldbach numbers in short intervals, Pintz [47] improved the exponent in Theorem 7 to any € > 0.

The next four applications of Theorem 1 are not direct corollaries of Theorem 1 and Theorem 2. However, since the
arithmetic information inputs are quite similar, we can easily get these results with a slight modification of our calculation. We
remark that we can only get an exponent 0.5248 in these applications since the corresponding arithmetic information is weaker
than that in Section 3 and 4. The first one is about the distribution of prime ideals of imaginary quadratic fields.

Theorem 8. Let d < 0 be the discriminant of an imaginary quadratic field K = Q(\/d), and let Q(z,y) € Z[x,y] be a positive
definite quadratic form with discriminant d. Then, for every pair (s,t) € R2, there is another pair (m,n) € Z> for which
Q(m,n) is prime and
Q(S -—m,l— n) < Q(Svt)0.5248 +1L
Specially, For every z € C, one can find a Gaussian prime p # z satisfying
|Z _ p‘ < |Z|0A5248 +1.
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Theorem 8 improves previous results of Lewis [34] and Harman, Kumchev and Lewis [22], who got exponents 0.528 and 0.53
respectively.
The second one focuses on primes in arithmetic progressions valid except for a small set of exceptional moduli.

Theorem 9. There exists a C > 0 such that if q is large, all prime factors of q is less than ¢€, and we have
1 3
——, |t <exp(c(oga)?)
(loggq)4
for every d | ¢ with x a primitive character mod d, then for any a coprime to q, we have
x
©(q)log

L(s,x) #0 for Res > 1 —

w(z; q,a) >

whenever q < z9-4752,

The third one is a corollary of Theorem 9, which concerns the number of Carmichael numbers less than z. By combining
our exponent 0.5248 with [[36], Theorem 1.1], we know that

Theorem 10. Let Carm(z) denote the number of Carmichael numbers less than x. Then we have

Carm(z) > £(1-0.2844)(1-0.5248) - ,0.34

Theorem 10 improves previous results of Lichtman [36] and Harman [21] [19], who got exponents 0.3389, % and 0.33 respectively.
The fourth one is another corollary of Theorem 9, which focuses on Linnik’s constant for prime power moduli with a fixed
prime and improves the result of Banks and Shparlinski [7].

Theorem 11. For any q = p® with a large integer R and any a coprime to p, we have

n<x
n=a( mod q)

1
for any x > q0:4752 . Specially, we can bound Linnik’s constant by ﬁ < 2.1044 if q is a power of a fixed prime.

The tenth application of Theorem 1 concerns the work of Erds and Rényi [12] on Turdn’s problem 10. By applying the
methods in [2] together with our Theorem 1, we can obtain the following upper bound of the power sum of complex z:

Theorem 12. We have

inf  max Z 20| = vn+ O (n%25).

>1lv= 2
|zk|>1v=1,...;n 1$hen

Theorem 12 improves upon the result of Andersson [2], which has an error of O (n0-2625).

Next application of Theorem 1 gives a better lower bound for the pairs of “symmetric primes”, which was first considered
by Tang and Wu [50]. By applying our Theorem 1 directly, we can get the following bound.

Theorem 13. We have

w‘»~
o

> sl

1 .
p<w ogx
Ip’ such that [z/p']=p

9
Note that % = ;:8:23. Theorem 13 improves upon the result of Tang and Wu [50], which has a lower bound x%(log x)~ !

comes from BHP’s 0.525.
The twelfth application of Theorem 1 focuses on the size of a Sidon set and the sum of elements in it. By applying Theorem 1

together with the methods in [11], we can get the following result.

Theorem 14. Let S be a Sidon set in {1,2,...,n} with |S| = Sy, then we have
Sn=n% +0 (n )

for positive integers n, and

g
ol

)

221
The second part of Theorem 14 improves upon the result of Ding [[11], Corollary 1.3], where he proved an error of O (nﬁ).

Za:én%—i—O(n

acsS

The first part of Theorem 14 is a direct corollary of Theorem 1. One can see [[11], Lemma 2.3] for a proof with § = 0.525.
The last application of Theorem 1 is Waring—Goldbach problem in short intervals, which improves the previous result of
Wang [[52], Corollary 2]. Using our new Theorem 3 together with [[52], Theorem 1], we can get the following result.

Theorem 15. Let v = v(p, k) denote the integer such that p¥ | k but p*T1 { k. Define

v+2, ifp=2andv >0,
y=y(p k)= ,
v+ 1, otherwise
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and

Ry = H pY.

(p—1)|k
Then, when k > 2, > 0.52 and s > max (1215300, k(k+ 1)), for all sufficiently large n = s(mod Ry ), there are primes
1

1
n\ r 2] n\ r 6
Pl,...,Ps € [(*)" fnf,(f)’“ +n%]
S S

n=pk btk

such that

12500 _ 2 ~
Note that 13 = 0005053 ~ 961.5.
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APPENDIX 2: VALUES OF INTEGRALS

o 0.52 0.521 0.522 0.523 0.524 0.525
Loss from A <0.241 | <0.241 | <0.241 | <0.241 | <0.241 | <0.241
Uco1 < 0.21 < 0.19 <0.17 | <0.155 | <0.135 | <0.12
Uco2 0 0 0 0 0 0
Ucos < 0.015 | <0.01 | <0.005 | <0.005 | <0.005 | < 0.005
Ucoa < 0.05 < 0.03 <0.02 | <0.015 | <0.01 | <0.005
Ucos < 0.001 | <0.001 | <0.001 | <0.001 | <0.001 | <0.001
Ucos < 0.001 | <0.001 | <0.001 | <0.001 | <0.001 | <0.001
Ucor < 0.001 | <0.001 | <0.001 | <0.001 | <0.001 | <0.001
Ucos <022 | <02 | <0.18 | <0.165| <0.15 | <0.13
Ucog 0 0 0 0 0 0
Ucio 0 0 0 0 0 0
Uc11 0 0 0 0 0 0
Uci2 < 0.015 | <0.01 | <0.005 | <0.005 | <0.005 | < 0.005
Ucis < 0.001 | <0.001 | <0.001 | <0.001 | <0.001 | <0.001
Loss from C <0514 | <0443 | <0.384 | <0.349 | <0.309 | < 0.269
Total Loss < 0.996 | <0.925 | <0.866 | <0.831 | <0.791 | < 0.751
Lower Bound | > 0.004 | > 0.075 | > 0.134 | > 0.169 | > 0.209 | > 0.249
Table 1: Values for LB(0) (C++)
0 0.52 0.521 0.522 0.523 0.524 0.525
Loss from H | <0.183 | < 0.134 | <0.086 | < 0.039 0 0
Va1 < 0.19 < 0.23 < 0.26 < 0.3 < 0.33 < 0.33
Vo > 0.005 > 0.01 > 0.01 > 0.015 > 0.03 > 0.035
Vas < 0.07 < 0.05 | <0.035 | <0.03 < 0.02 | <0.015
Loss from A; | <0.255 | <0.27 | <0.285 | <0.315 | <0.32 < 0.31
Vaa < 0.32 < 0.32 < 0.32 < 0.33 < 0.33 < 0.33
Vas > 0.01 > 0.01 >0.01 | >0.015 | >0.03 | >0.035
Vae < 0.07 < 0.05 | <0.035 | <0.03 < 0.02 | <0.015
Loss from A'1 < 0.38 < 0.36 < 0.345 | < 0.345 < 0.32 < 0.31
Loss from A» < 0.12 < 0.11 < 0.13 < 0.14 < 0.17 < 0.16
Loss from AJ < 0.22 < 0.2 < 0.19 < 0.18 <0.17 < 0.16
Ver < 0.31 < 0.31 <0.3 < 0.3 < 0.3 < 0.29
Voo 0 0 0 0 0 0
Ves < 0.13 < 0.09 < 0.07 < 0.06 < 0.04 < 0.03
Vou < 0.25 < 0.21 < 0.17 < 0.15 < 0.11 < 0.08
Ves < 0.02 < 0.01 | <0.005 | <0.005 | <0.005 | < 0.005
Ves < 0.005 | < 0.005 | <0.001 | <0.001 | <0.001 | <0.001
Ver < 0.001 | <0.001 | <0.001 | <0.001 | <0.001 | <0.001
Loss from C | <0.716 | < 0.626 | < 0.547 | < 0.517 | < 0.457 | < 0.407
Total Loss < 1.874 < 1.7 < 1.583 | <1536 | < 1.437 | < 1.347
Upper Bound | < 2.874 <27 < 2583 | <2536 | <2437 | <2.347

Table 2: Values for UB(0) (C++)
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0 0.52 0.521 0.522 0.523 0.524
Loss from A | < 0.240227 | < 0.240227 | < 0.240227 | < 0.240227 | < 0.240227
Uco1 < 0.197907 | < 0.178493 | < 0.158194 | < 0.136616 | < 0.119466
Uco2 > 0.001607 | > 0.001789 | > 0.001688 | > 0.001790 | > 0.001787
Ucos < 0.020936 | < 0.014611 | < 0.010405 | < 0.005868 | < 0.003499
Ucoa < 0.065033 | < 0.043988 | < 0.037108 | < 0.014831 | < 0.007705
Ucos < 0.000101 | < 0.000043 | < 0.000018 | < 0.000006 | < 0.000002
Ucos < 0.000131 | < 0.000106 | < 0.000073 0 0
Ucor 0 0 0 0 0
Ucos < 0.201090 | < 0.181571 | < 0.165022 | < 0.143845 | < 0.128240
Ucog > 0.000693 | > 0.001054 | > 0.001193 | > 0.001259 | > 0.001338
Ucio > 0.000222 | > 0.000251 | > 0.000286 | > 0.000295 | > 0.000293
Uc11 < 0.000048 | < 0.000040 | < 0.000029 | < 0.000028 | < 0.000265
Uci2 < 0.008809 | < 0.005143 | < 0.004523 | < 0.001541 | < 0.000727
Ucis 0 0 0 0 0
Loss from C | < 0.491533 | < 0.420901 | < 0.372205 | < 0.299391 | < 0.256486
Total Loss < 0.971987 | < 0.901355 | < 0.852659 | < 0.779845 | < 0.736940
Lower Bound | > 0.028013 | > 0.098645 | > 0.147341 | > 0.220155 | > 0.263060
Table 3: Values for LB(0) (Mathematica, Error Added)
0 0.52 0.521 0.522 0.523 0.524
Loss from H | < 0.182012 | < 0.133815 | < 0.085930 | < 0.038334 0
Vai < 0.179773 | < 0.217159 | < 0.254821 | < 0.292355 | < 0.323686
Va2 > 0.004874 | > 0.007200 | > 0.010359 | > 0.017561 | > 0.023389
Vas < 0.043475 | < 0.035114 | < 0.027426 | < 0.020820 | < 0.015243
Loss from A; | < 0.218374 | < 0.245073 | < 0.271888 | < 0.295614 | < 0.315540
Vaa < 0.310609 | < 0.313652 | < 0.316896 | < 0.320119 | < 0.323686
Vas > 0.008299 | > 0.010006 | > 0.012635 | > 0.019583 | > 0.023389
Ve < 0.051108 | < 0.038581 | < 0.028772 | < 0.021186 | < 0.015243
Loss from A} | < 0.353418 | < 0.342227 | < 0.333033 | < 0.321722 | < 0.315540
Loss from A2 | < 0.102865 | < 0.109021 | < 0.122256 | < 0.140969 | < 0.155383
Loss from A} | <0.201264 | < 0.195899 | < 0.187831 | < 0.173941 | < 0.155383
Ver < 0.261034 | < 0.260555 | < 0.257913 | < 0.254700 | < 0.249854
Ve > 0.000575 | > 0.000787 | > 0.000850 | > 0.000815 | > 0.000795
Ves < 0.128160 | < 0.107541 | < 0.092325 | < 0.070907 | < 0.055342
Vea < 0.307367 | < 0.249849 | < 0.210236 | < 0.163109 | < 0.128740
Ves < 0.004722 | < 0.002606 | < 0.001446 | < 0.000670 | < 0.000322
Ves < 0.003889 | < 0.002529 | < 0.000965 | < 0.000461 | < 0.000512
Ver < 0.000013 0 0 0 0
Loss from C | < 0.704610 | < 0.622293 | < 0.562035 | < 0.489032 | < 0.433975
Total Loss < 1.762543 | < 1.648328 | < 1.562973 | < 1.459612 | < 1.375821
Upper Bound | < 2.762543 | < 2.648328 | < 2.562973 | < 2.459612 | < 2.375821

Table 4: Values for UB(0) (Mathematica, Error Added)
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6 = 0.52 C++ C++ Bounds Mathematica | Mathematica Error
Loss from A —— < 0.241 < 0.240227 0
< 0.205494
< 0.204864
Uco1 < 0.202968 < 0.21 < 0.179029 +0.018879
< 0.202764
< 0.204471
Uco2 —— 0 > 0.002844 +0.001237
< 0.00867172
< 0.00852254
Ucos : 8882;2322 < 0.015 < 0.011131 +0.009805
< 0.00595708
< 0.00668194
< 0.0331034
< 0.0250261
< 0.0281436
< 0.0307910
< 0.0257140
Uco4 i 88;3??83 < 0.05 < 0.043774 +0.021259
< 0.0262677
< 0.0313978
< 0.0312939
< 0.0354621
< 0.0341336
Ucos —— < 0.001 < 0.000087 +0.000015
Ucos —— < 0.001 < 0.000066 +0.000065
Ucor —— < 0.001 0 0
< 0.206760
< 0.207967
Ucos < 0.210592 < 0.22 < 0.182786 +0.018305
< 0.212729
< 0.212458
Ucoo — 0 > 0.002623 +0.001930
Ucio —— 0 > 0.000844 +0.000623
< Ucog 0
Uci11 § 03@%%%%954 (Ucos + Ucro — Uct1 > 0) < 0.000015 +0.000033
< 0.00567703
< 0.00520828
Uci2 i ggggggiég < 0.015 < 0.005207 +0.003603
< 0.00644211
< 0.00713637
Ucis 0 < 0.001 0 0
Loss from C —— < 0.514 < 0.491533 —_
Total Loss —— < 0.996 < 0.971987 —_—
Lower Bound —— > 0.004 > 0.028013 ——

Table 5: Values for LB(0.52) (Comparison)
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LB(0) Code
0.520 https://notebookarchive.org/2025-04-3pjf0Ohd
https://notebookarchive.org/2025-04-9plonby
0.521 https://notebookarchive.org/2025-04-3pjudml
https://notebookarchive.org/2025-04-9p1t3hj
0.522 https://notebookarchive.org/2025-04-3pk3cy5
https://notebookarchive.org/2025-04-9p1xmq7
0.523 https://notebookarchive.org/2025-04-3pmvmzo
https://notebookarchive.org/2025-04-9p4hloi
https://notebookarchive.org/2025-04-48d2pum
0.524 | https://notebookarchive.org/2025-04-9p4m3bt
https://notebookarchive.org/2025-05-2swdynw
UB(0) Code
0.520 https://notebookarchive.org/2025-04-3pjlgxi
https://notebookarchive.org/2025-04-9p1qy87
0.521 https://notebookarchive.org/2025-04-3pk0dpg
https://notebookarchive.org/2025-04-9plva6j
0.522 https://notebookarchive.org/2025-04-3pmmkfv
https://notebookarchive.org/2025-04-9p4d187
0.523 https://notebookarchive.org/2025-04-48cy9rw
https://notebookarchive.org/2025-04-9p4jsrs
0.524 https://notebookarchive.org/2025-04-48d5k5h
https://notebookarchive.org/2025-04-9p4o9kp

Table 6: Mathematica code websites
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