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Abstract

We study the distribution of Piatetski-Shapiro primes, or primes of the form [n¢], in
short intervals of length 2. We give an asymptotic formula of the number of such
primes in short intervals under certain restrictions on 6 and ¢, which is better than a
previous result of Guo and Guo (2026) when 6 > % We present two proofs of our
Theorem based on different sieve decompositions, using Buchstab’s identity and the
Heath-Brown—Linnik identity respectively.
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1 Introduction

One of the famous topics in number theory is to find prime numbers in short intervals. Let
x be a sufficiently large integer, m(x) is the prime counting function and 0 < 6 < 1. The
Riemann Hypothesis implies that for all sufficiently large z, the asymptotic formula

$6

m(z + 2%) — n(x)

~ log x (1)
holds for every 6 > % In 2026, Guth and Maynard [3] proved this asymptotic formula holds
for every 6 > é—g unconditionally.

In 1953, Piatetski-Shapiro [5] has proposed to investigate the prime numbers of the form
[n°], where ¢ > 1 and [n°] denotes the integer part of n®. Clearly [n¢] can be regarded as
“polynomials of degree ¢”. Define

me(x) :=[{p <z :p=[n}],

then he has shown that y

(2)

holds for any 1 < ¢ < % ~ 1.0909. This range has been improved by many authors, and the
best record now is due to Guo, Guo and Lu [2], where they proved that (2) holds for any

l<e< 18%38168282? ~ 1.1612. We call this type of primes Piatetski-Shapiro primes.

me(@) ~ log x




In 2026, Guo and Guo [1] considered a mixed problem. They studied the distribution of
Piatetski-Shapiro primes in short intervals and proved the following asymptotic formula
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In this paper, we shall prove the following result.
Theorem 1.1. We have (3) when
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Clearly our Theorem 1.1 is better than [[1], Theorem 1.1] when 6 > 5.
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(3)

We will use

sieve method to prove our Theorem 1.1, and we shall give two proofs based on different sieve
decompositions: in the first proof we use Buchstab’s identity directly, while in the second
proof we apply the Heath-Brown-Linnik identity. The proof of these two identities can be
found in [4]. In the proof of [[1], Theorem 1.1] another version of the Heath-Brown identity

is used, and that is why they need the extra condition % > %.
Let C denote a finite set of positive integers and put
=[[pr. Ci={n:ndec}, ScC2= > 1
p<z neC
(n,P(2))=1

Let 2 ¢ +10e < 0 < 1, where ¢ is a sufficiently small positive number. Define

a = [n°]},

Since 4f < 2, by Prime Number Theorem in short intervals [3], we have

S( 2$%> lelogx

In order to prove our Theorem 1.1, we only need to show that

A={a:a€Z, v <a<z+a’ B={b:beZ, x<b

5 (A, 20)}) = (1+ o)

clogz

We also need the following important result.
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Lemma 1.2. For any a,, < z°, if we have

—4 1 1
§<0<1, ) 9<—<1 and 2—9——+6<39+§—7—5,
4 6 c c c

then for M < x39+%_7_5, we have

xl/c—l

Z a9 (Am, x49+%’9’5> == Z a5 (Bm’$49+%f975) L0 (xl/chGflfs) .

Proof. This is a special case of [[1], Lemma 5.3(ii)].

Remark. When ¢ > 1, % +10e <0 <1 and % > 151’069 + £, we have

9—49<15—69< 1<1
6 10 c

and

15 — 660 15 — 66
+e<30+5- 10

1 5
2—0——4+e<2—-60-— —T—e<30+-—-7—c¢.
c c

Hence all conditions in Lemma 1.2 are satisfied. Moreover, we have

5 1
30+—-—T7T—¢>—-+4¢
c 2
and 6 15 — 60 1
1l—-e=44+6—-9—e>404+—-—-—9—>40 +6- — —9—eg>—-+e.
c 10 3
If

x49+%7975 > (21,)% :

S (A, x49+g_9_5> = Z 1=S5 (A, (21:)%)

peA

S (B, x49+%*9*€) ~Y1=5 (B, (233)%) ,
peEB

and Theorem 1.1 follows immediately from Lemma 1.2 and (5). Thus, we assume that

then we have

and

N

p0+E-9—= (22)2.



2 The first proof: Buchstab’s identity

Buchstab’s identity is the equation

S(C,Z) = S(Caw) - Z S(Cp,p),

wLp<z

where 2 < w < z.
We apply Buchstab’s identity twice to get

S(ua)-s(aemi) . 8 s(aen)
7349+g_9_5<p1<(2x)%
+ > S (Apipa: p2) - (7)
3349+%_9_E<p2<p1<(2:c)%
Note that the last sum on the right-hand side of (7) counts numbers of the form pypsf € A,

where 242797 < p, < p; < (22)2 and the least prime factor of 3 is larger than p,.

However, we have
2 3(40+8—9—
pip2 = pipy > 220t

making a contradiction with the fact that pips5 € A (p1p2f < 2x). Thus, we have

Z S (Ap1p27p2) =0, (8)

6 1
st e pr<pi<(22)2

and 5 (4 @nt) =5 (4 0420-0) - 3 5 (e ) . ()
x49+%_9_5<p1<(2“?)%

Similarly, we have

> S (Byipy, p2) = 0, (10)
m49+%7975<p2<p1<(2x)%

and by Buchstab’s identity twice,

S (B.(20)}) = 5 (B,a+57077) - Z S (B, aE0-7)

6 1
1’46+57975<p1<(2$)7

+ Z S (Bp1p2>p2)

6 1
g0t 9"t pram< (2z)2

- g <B, $49+%—9—5> _ Z IS (Bpl’x49+g—9—a> ‘ (11)

6 1
x40+57975<p1<(2x)7
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Since z30+<~7=¢ > z2%4 by Lemma 1.2 we have

1/e—1

s (A $49+g—9—g> _T g (B, x49+%—9—a> L0 ($1/c+9—1—a) (12)

Cc

and

Z S <Ap1, x49+%—9—€>

6 1
x49+E—9—E<pl<(2x)7
:Cl/c—l

_ Z g (Bp17$49+%_9_8> 10 ($1/c+9—1—£) . (13)

C

6 1
x40+57976<p1<(21)?

Now, by (5), (9) and (11)—(13), we have

S(AGH) =s(Aat) = 3 S (Anatri)

6 1
x49+57975<p1<(23v)7

1/c—1

=T | s (Bt S S (B e

6 1
x48+z—9—6<p1<(2x)g

10 (xl/c—i—ﬁ—l—a)
l,l/c—l

=— S (B, (23:)%) +0 (xl/”g’l’g)

1/c+6-1

= (1+0(1)

14
clogz ’ (14)

and the proof of Theorem 1.1 is completed.

3 The second proof: Heath-Brown—Linnik identity

Heath-Brown—Linnik identity is the equation

s(c.@ni) =3 Vg (0,2) 40 (#1).

Gk

where k € Z, zF > 2z and C? = {ny---n; € C}.

6 6
49+E 494’;

—9-¢ Now we have

) _ Z (—1?1*18 <Aj,$40+g_9_6> L0 (x%>

1</

— g (A, x46+279—5> _

. 9 1
Since x 9=¢ > 15%¢ we can take k=3 and z =z
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S (A, (22)
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| =

+ 38 <A3,$40+%_9_6> +0 ([E%>
_ 46048 -9—¢ 1
= 5 (Aatrrimee) - 3 1
ning€A
(nlng,P(x‘er%’g*E)):l
1
+3 3 14—()(x%>. (15)

ninang€A
49+%797€)) 1

(ningns,P(z =
Note that the last sum on the right-hand side of (15) counts numbers of the form nynong € A,

40+8-9—¢)

where the least prime factors of ny, ny and ng are all larger than 3¢ . However, we

have

6_g_
ninans > x3(49+c 9—¢) > $1+35,

making a contradiction with the fact that ninong € A (ningns < 2z). Thus, we have

> 1=0, (16)

ninasnz€A

6
(ningns, P(z*0te—97))=1

and

5 (A (20)8) =5 (40720 - % 3 1vo().  an

n1n2€6A
(ning,P(z*FTc97%))=1

> 1=0, (18)

ninans€B
4e+%—9—e)):1

Similarly, we have

(ninans,P(z
and by Heath-Brown-Linnik identity,

S (B, (zx)%) =5 <B, $49+%_9_5) - % 3 1+0 (a:) . (19)

nins€B
6
(ning,P(z*%tc—97))=1

. 5 1 . 1 . . .
Since z30+¢~77¢ > 237 and min(ny, ny) < (27)2, taking m = min(ny, ny) in Lemma 1.2,
we have

1/e—1
> =t ) DI eI C s BN C'0
nanEG.A ¢ nanEGB
(ning,P(z*¥tc—9=¢))=1 (ning,P(z*%tc—9=))=1

Now, by (5), (12), (17) and (19)—(20), we have

s(en)=s(aet) LT o)

n1n2€6A
(ning,P(z*Tc=97%))=1
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xl/c—l

-—|s (B, a0 —% 3 1

nins€B
6
(ning,P(z*¥+c—9=¢))=1

L0 (:L,l/c+0—1—5) L0 (ﬁ)
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11

. 5 1 1 9 | 5 _ 1
smcewehave9>6>§andz—|—0—1>ﬁ—|—6—1—15

completed.

> % The proof of Theorem 1.1 is

4 The connection

Let €2(n) denote the number of prime factors of n counted with multiplicity. Consider the

sum Z 1 2

nins€B
6
(ning,P(z*Te979))=1

occurred in Section 3. If Q(nynge) > 3, then

1+43¢

6_g_
3(40+-—9—¢) > :

ning = T
making a contradiction with the fact that nyny € B (nyny < 2x). Thus, we have Q(ning) = 2,
which means that both n; and ny are prime. Now, the sum (22) can be rewritten as

> oL (23)

pP1D2 %B
p1 2I49+E —9—¢

6
P2 2I49+E —9—¢

Z s (Bp“ m46+%—9—5> (24)

6 1
x49+5_9_5<p1<(2x)?

Counsider the sum

occurred in Section 2. This sum counts numbers of the form p;5 € B, where gAf+e—9—< <

p1 < (21‘)% and the least prime factor of 3 is larger than z40+¢=9-¢, If Q(B) = 2, then

3(460+8—9— 143
p1f > o300t e—0me) 5 gl



making a contradiction with the fact that p;f € B (p15 < 2z). Thus, we have Q(5) = 1,
which means that 3 is a prime. Now, the sum (24) can be rewritten as

> 1. (25)

p1p2€B )
6
x40+57978<p1<(2$)7

6
P2 2I49+E —9—¢

It is obvious that the part of the sum (23) with p; < (2z)2 is equal to the sum (25). The
remaining part of the sum (23) is
> oL (26)

p1p2€B

p1>(2x)2

6
P2 21‘49+E —9—¢

Since p1py < 2z, we have py < (2%)% if pp > (Qx)%. Swapping the roles of p; and py, we get

Yoo1= > 1. (27)

P1P2€Bl p1p2€B )
1 6 g 1
p1>(22)2 220t e 97 p <(22) 2
6 1
pazaiftc—9-¢ p2>(2z)2

Since p1ps > x and p; < (Qx)% imply ps > (%)%, we know that the difference between the
sum (25) and the sum (26) is

0

S 1< — (28)

log x)?"
. p1p2€B . ( & )
a0t e T97 <p1<(20) 2
1 1
(£)2<pa<(2m)2

Combining these two parts we get

> 1=2 > S (Bpl, x49+%—9—6> —0 ((102 x)Q) . (29)

6 1
n1n2€§B AT 9—ep <(22) %
(nan,P(a:49+ c —9—5)):1

Thus, the decompositions used in the two proofs are essentially same.
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