The explicit expressions for the Buchstab
function w(u) (3 <u < 4)
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Let w(u) denote the Buchstab function determined by the following differential-difference
equation

Explicitly, we have
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In many applications of the sieve methods, we need to numerically calculate integrals
involving w(u). For 1 < w < 3 the explicit expressions for w(u) are simple and easy to
compute, and for u > 4 we can use the known bound

0.5612 < w(u) < 0.5617
for w(u). For 3 < u < 4 we also have a bound
0.5607 < w(u) < 0.5644
for w(u), but sometimes we decide to use another expression for w(u):

1 +log(u —1)
u

w(u) =

1 2
+ = (71T2 +log(u — 2)log(u — 1) + Liy(2 — )) for 3 <u<4,

where Lis(z) is the dilogarithm function. This expression is very useful when performing
calculations using Mathematica, and we shall prove that these two expressions are equivalent.
We only need to prove that
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Let x =t — 1, then
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For z € C\[1, 00), the dilogarithm function Liy(z) satisfies

Lis(2) = — /OZ Md&

Thus,
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Then

1
dv = de’ w = log(z + 1).

Integration by parts gives

logz log(x + 1)
/x+1dx—logxlog(x+1) /de

Since p | . | .
— Liy(—x) = —1- (_M) — _M’
dz —x x
we have | .
/%dm = —Lig(—2) + C
and 1
ogw :
/ " i 1dx = logzlog(z + 1) + Lig(—x) + C.
Now,
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= log(u — 2)log(u — 1) 4+ Lig(2 — u) — Lis(—1)
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= % +log(u — 2) log(u — 1) + Lis(2 — u),
since Lip(—1) = —7{—;. The proof is completed.
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