REMARKS ON ADDITIVE REPRESENTATIONS OF NATURAL NUMBERS

RUNBO LI

ABSTRACT. For two relatively prime square-free positive integers a and b, we study integers of the form ap 4+ bPs and give a
new lower bound for the number of such representations, where ap and bPy are both square-free, p denote a prime, and Py
has at most two prime factors. We also consider some special cases where p is small, p and Py are within short intervals,
p and Ps are within arithmetical progressions and a Goldbach-type upper bound result. Our new results generalize and
improve previous results.
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1. INTRODUCTION

Let N, denote a sufficiently large even integer, p and ¢, with or without subscript, denote prime numbers, and let P denote
an integer with at most r prime factors counted with multiplicity. For each N > 4 and r > 2, we define

Dir(Ne):=|{p:p< Ne,Ne —p=Pr}|. 1)
In 1966 Chen [8] announced his remarkable Chen’s theorem: let N be a sufficiently large even integer, then
C(Ne)Ne
Di2(Ne) 2 0.67T—— 2
1a(Ne) > 0670 o @)
where
p—1 1
o= T2 T (1= 52 4) ©
pIN. P T4 p52 P

p>2
and the detail was published in [9]. The original proof of Chen was simplified by Pan, Ding and Wang [29], Halberstam
and Richert [16], Halberstam [15] and Ross [32]. As Halberstam and Richert indicated in [16], it would be interesting to
know whether a more elaborate weighting procedure could be adapted to the purpose of (2). This might lead to numerical
improvements and could be important. Chen’s constant 0.67 was improved successively to

0.689, 0.7544, 0.81, 0.8285, 0.836, 0.867, 0.899
by Halberstam and Richert [16] [15], Chen [12] [10], Cai and Lu [7], Wu [39], Cai [2] and Wu [40] respectively.
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In 1990, Wu [36] generalized Chen’s theorem and showed that
C(Ne)Ne

D Ne) > 0.67T——
Lr(Ne) (log Ne)?

(loglog N )" 2. (4)

Kan [17] also proved the similar result in 1991:
DoV 5 07T CNN.
(r —2)! (log N¢)2
which is better than Wu’s result when r = 3. Kan [19] proved the more generalized theorem in 1992:
0.77 C(Ne)Ne
(s — D!(r — 2)! (log Ne)?

(loglog Ne)™ 2, (5)

Ds,r(Ne) 2 (IOgIOgNe)s-H_S: (6)

where s > 1,
Ds,r(Ne) := |{Ps : Ps < Ney, Ne — Ps = P,.}|. (7
Furthermore, for two relatively prime square-free positive integers a and b, let N denote a sufficiently large integer that is
relatively prime to both a and b, a,b < N¢ and let N be even if a and b are both odd. Let R, ;(/N) denote the number of
primes p such that ap and N — ap are both square-free, b | (N — ap), and N_bap = P>. In 1976, Ross [[33], Chapter 3] got a
similar result without the square-free restrictions on ap and N — ap. In 2023, Li [26] established that
C(abN)N
ab(log N)2'

In this paper, we improve the result by using a delicate sieve process similar to that of [2] and prove that

Rau(N) > 0.68 (®)

Theorem 1.1.

N)N
Rap(N) > 0.8671 C(@NIN
’ ab(log N)?2

It is easy to see that when we take a = 1 and b = 1, Theorem 1.1 implies Cai’s result on Chen’s theorem [[2], Theorem 1];
when we take a = 1 and b = 2, Theorem 1.1 improves Li’s result related to the Lemoine’s conjecture [[25], Theorem 1]. When
we take a = q1g2 - - qs and b = ¢ ¢} - - - q;. where ¢, ¢’ denote prime numbers satisfy

s,r > 1, qi,q; < N°¢, (qi,N):(q;-,N) =1 forevery 1<i<s,1<j<m,

Theorem 1.1 generalizes and improves the previous results of Kan [[17], Theorem 2] [[19], Theorem 2] and Wu [[36], Theorems
1 and 2]. Clearly one can modify our proof of Theorem 1.1 to get a similar lower bound on the twin prime version. For this,
we refer the interested readers to Ross’s PhD thesis [33] and [[14], Sect. 25.6], as well as [18], [20] and [22] for some interesting
applications.

Chen’s theorem with small primes was first studied by Cai [1]. For 0 < 6 < 1, we define

DY (Ne) :ZHp:pgNg,Nefp:PTH. (9)
Then it is proved in [1] that for 0.95 < 6 < 1, we have
C(Ne)NE
(log Ne)?

Cai’s range 0.95 < 6 < 1 was extended successively to 0.945 < 6 < 1 in [4] and to 0.941 < 6 < 1 in [3].
In this paper, we generalize their results to integers of the form ap 4+ bP>. Let RZ b(N) denote the number of primes p < N?

such that ap and N — ap are both square-free, b | (N — ap), and N;ap = P». In 1976, Ross [[33], Chapter 5] got a similar result
without the square-free restrictions on ap and N — ap and showed that 0.959 < € < 1 is admissible. Now by using a delicate
sieve process similar to that of [3], we prove that

DY 5(Ne) > (10)

Theorem 1.2. For 0.9409 < 6 < 1 we have

C(abN)N?

RO (N)> 2
ap(N) > ab(log N)2

For similar results on the twin prime version with small primes, we refer the interested readers to [27], [41], [13] and [28].
Chen’s theorem in short intervals was first studied by Ross [34]. For 0 < k < 1, we define
D1,r(Ne,k) :=|{p: Ne/2 — NF <p, P < Ne/2+ NJ,Ne =p+ Pr}|. (11)
Then it is proved in [34] that for 0.98 < k < 1, we have
C(Ne)Ne

D1 o(Ne, ,
1,2(Ne, k) > (log N2)?

(12)

The constant 0.98 was improved successively to
0.974, 0.973, 0.9729, 0.972, 0.971, 0.97
by Wu [37] [38], Salerno and Vitolo [35], Cai and Lu [6], Wu [39] and Cai [2] respectively.
In this paper, we generalize their results to integers of the form ap + bP2. Let R, (N, ) denote the number of primes

N/2— N*® < p < N/2+ N* such that ap and N — ap are both square-free, b | (N — ap) and N;ap = P». In [34], Ross mentioned
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that his method can be used to prove similar results of R, (N, «) with 0.98 < & < 1 and a detailed proof was given in [[33],
Chapter 5]. Now by using a delicate sieve process similar to that of [2], we prove that

Theorem 1.3. For 0.97 < k < 1 we have
C(abN)N*®

R, (N, L)V
(N, 1) > ab(log N )2

From our Theorems 1.1-1.3, it can be seen that the first aim of this paper is to improve the old results on the natural
numbers of the form ap + bP» to be consistent with or better than the results on the even numbers of the form p + P». Before
our work, all results on this topic are weaker than those of binary Goldbach problem. For Theorem 1.1, the constants 0.608 in
[33] and 0.68 in [26] are smaller than 0.867 in [2]. For Theorems 1.2-1.3, Ross’s exponent 0.959 and 0.98 are again weaker than
those in [3] and [2].

Chen’s theorem in arithmetical progressions was first studied by Kan and Shan [23]. If we define

Di,r(Ne,c,d) := [{p: p < Ne,p = d(modc), (¢,d) = 1,(Ne —p,c) = 1, Ne —p = Pr}|, (13)

then it is proved in [23] that for ¢ < (log Ne)© where C' is a positive constant, we have

0.77 p—1 C(Ne)Ne _2
D1 (Ne,c,d) > log log Ne )2, 14
e “‘2”£E(p—2)¢@a%wa“°g% 8 ()
PINe
p>2

where ¢ denote the Euler’s totient function. Clearly their result (14) generalized the previous results (2) and (5). They also
got the similar results on the twin prime version (or even the ”safe prime” version, see [21]) and Lewulis [24] considered the
similar problem. However, their results are only valid when ¢ is ”small”. In 1999, Cai and Lu [5] considered this problem with

L L
”large” ¢ and proved that for ¢ < N27, except for O (Ne37 (log Ne)_A) exceptional values, we have

p—1 C(Ne¢)Ne
Dy 2(Neyc,d) > ( ) 15
vaeed > ITG=5) Soog vz 1
pPINe
p>2

and they mentioned that the exponent % can be improved to 0.028. In this paper, we further generalize their results to integers
of the form ap+bP>. Let R, (N, ¢, d) denote the number of primes p = d(mod c) such that ap and N —ap are both square-free,

b| (N —ap), and N;ap = P». Then by using a delicate sieve process similar to that of [2], we prove that

Theorem 1.4. For ¢ < (log N)©, we have

Rq (N, c,d) >0.8671 | |

ple
ptN
p>2

(p - 1) C(abN)N
p—2) ¢(c)ab(log N)2'

Theorem 1.5. For ¢ < N%028  except for O (NO'O28 (log N)_A) exceptional values, we have

p—1\ C(abN)N
Ra,b(N7 G, d) > g{ (p _ 2) ¢(c)ab(10gN)2 ’

ptN
p>2

Now we combine Theorem 1.4 with Theorems 1.2-1.3. Let R? , (N, ¢c,d) denote the number of primes p = d(modc) such
that p < N?, ap and N — ap are both square-free, b | (N — ap), and N_bap = P. And let R, (N, c,d, k) denote the number of

primes p = d(modc) such that N/2 — N* < p < N/2+4 N*, ap and N — ap are both square-free, b | (N — ap), N;“p = P5, and

N/2 — N* < w < N/2 4 N*. Then by using a delicate sieve process similar to that of [2] and [3], we prove that

Theorem 1.6. For ¢ < (log N)c and 0.9409 < 6 < 1, we have

-1\ C(abN)N?
R ,(N,c,d) > (p ) .
e > 1 (=3) Soatog vy

ptN
p>2

Theorem 1.7. For ¢ < (log N)c and 0.97 < k < 1, we have

Rap(N,c,d, k) >> ] (
ple

ptN
p>2

p— 1) C(abN)N*
p—2) o(c)ab(log N2



Clearly our Theorems 1.6-1.7 focus on the case when ¢ is "small”. For ”large” ¢, we need to control the size of both 6 (or
k) and ¢, and it seems hard to say what is ”optimal”. For example, we can show that for some 0 < §1 < 0.028, 0.9409 < 62 < 1
and ¢ < N9, except for O (N51 (log N)*A) exceptional values, we have

1\ C(abN)N?%2
R%2 (N, c,d) ) 16
ap Ve, >>ﬂ(p 3) Seiiog N -
ptN
p>2

but we cannot say what choice of §; and d2 are the optimal values.

From our Theorems 1.4-1.7, it can be seen that the second aim of this paper is to construct some new results on the natural
numbers of the form ap + bP> that generalize the results on the even numbers of the form p + P», p + P and Ps + Py.

The last theorem in this paper is a Goldbach-type upper bound result. Similar to [[26], Theorem 1. (2)], we also improve
the upper bound of the number of primes p such that ap and N — ap are both square-free, b | (N — ap), and N;ap is also a
prime number. By using a delicate sieve process similar to that of [[30], Chap. 9.2], we prove that

Theorem 1.8.
> 1< 7‘928%.
ap1+bp2=N ab(log N)
p1 and p2 are primes

In fact, Lemmas 5.1-5.6 are also valid for the sets A3—Ag in section 2 if we make some suitable modifications. Since the
detail of the proof of Theorems 1.3-1.8 is similar to those of [6], [23], [5], [30] and Theorems 1.1-1.2 so we omit them in this
paper.

In this paper, we do not focus on Chen’s double sieve technique. Maybe this can be used to improve our Theorems 1.1-1.8.
For this, we refer the interested readers to [11], [39], [40] and Quarel’s thesis [31].

It is worth to mention that if we relax the number of prime factors of N—9P from two to three, we can extend the range of
6 in Theorems 1.2 and 1.6 and « in Theorems 1.3 and 1.7 to 0.838 < 8 < 1 and 0.919 < k < 1 respectively. This improvement
partially relies on the cancellation of the use of Wu’s mean value theorem (see [37], this is because we don’t need Chen’s

switching principle to prove such results that involve integers of the form ap + bPs).

2. THE SETS WE WANT TO SIEVE

We first list the sets that we will work with later. Let 8 = 0.9409 in the following sections. Put

N — N
Al:{ bapip<*» (p,abN) = 1,
a

p=Nag' +kb(modb?), 0<k<b—1, (k,b):l},

_ N"
Ay = { ap . —, (p,abN) =1,
a
p=Nag,' + kb(modb?), 0<k<b—1, (k,b)zl},
_ N 2—N0 97 N/2 N0A97
A3:{ ap / <p< / + ) (pzabN):L
a a
p = Na, +kb(modb2) 0<k<b-1, (k,b):1}7
N — N
A4 :{ e p X T (p’ abN) = 17 p= d(modc),(c, d) = 1’
a
Nf d
< a4 ) p=Na,' +kb(modb?), 0<k<b—1, (k,b)=1},
N — N?
A5:{ —— 2 p< =, (p.abN) =1, p = d(modo), (c,d) =1,
a
ad

(55

, ):1, p=Nay,' +kb(modb®), 0<k<b—1, (k,b):l},

N — N/2 — NO-97 N/2 + NO-97
A6:{ 2. 2 <p< M2 » (p,abN) =1, p = d(modc),
b a a
N —ad
(e,d) =1, ( @ ,c) =1, p= Nag,' +kb(modb?), 0<k<b—1, (k,b)=1},

B

N —b
= {ﬂ : (p1p2ps3,abN) =1, p3 < )
a bp1p2

N ﬁ< N\ 3 N\3
- S < - \ < 3
<b) P (b) bz (bp1>

ps = N (bp1p2) 2 + ja (moda®) , 0<j <a—1, (j,a) = 1} ,
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N
N

: (p1p2p3,abN) = 1, < p3
a bp1p2 bp1p2

N ﬁ< N 3%< N\ %
- < < - X < T b
(b) n (b) b2 (bpl)

ps = N (bpip2) 3 + ja (moda?), 0<j<a—1, (j,a) =1},

1 1
N — bm 4 N\ 132 N\ 812
C = {W : (p1p2pa, abN) =1, (*) Sp1<ps<p2< (?) )

B _{N—bplpzps N —N°¥ N
y = 4 = OP1P2P3 NN

a b
N
1 < m < 7 2 (mvpflabNP (p4)> = 17
bp1p5pa

p3 = N (bmpipepa) 5 + ja (moda®), 0<j<a—1, (ja) =1,

_((/N\51 N
p2 < p3 < min - y T s
b bmp1p2pa
58

1
N — bmpi1p2pspa N\ 14 N 8
Cz{ipppi(mpzmm:ab]\f)l, (;) <p1 <p2 <p3<ps< (;) ,

mp1p2p3ps = Nb(;1 + ja (modaQ) ,0<j<a—-1, (j,a) =1,

N — N? N
m < (m,pflabNP(p2)> :1}7

- < ~ 77
bp1p2p3pa bp1p2p3pa
4.5863

1 1

N — bmp1pap3pa N\ 14 N\ &8 N\ S

CSZ{ai(PlpzpszM,abN):L T <p1 <p2 <p3< " <pa < " p3t,
mp1papspa = Nb 5 + ja (moda?), 0<j<a—1, (ja) =1,

N — N N
———<m<L —, (m,pflabNP(p2)> = 1}7
bp1p2p3pa bp1p2p3pa

1
N\ 132 N\3 N
&1 =4 p1p2 : (p1p2,abN) =1, (*) <p1 < (*) <p2 < (*)
b b bp1

& = {mpz : (p1p2,abN) =1, (?

N[

b

2

N———
=
/

K

A\

VRS

> =2

N——
W)
N

3

N

A

VS

o

S|=

N———
[SIE

N\ 132 N\ 51
F1 = mp1p2pa : (p1p2pa,abN) =1, " <p1<ps<p2< " ,
N
1<m< 5 s (m,pl_labNP(p4)> = 1} s
bp1p3p4

S

N\ 11 N\ 55
F2 = { mp1p2p3p4 : (P1p2p3pa,abN) = 1, " <p1<p2<p3<ps<|— ,

N — N? N 1
T . — <m,p1 abNP(pg)) =1\,
bp1p2p3pa bp1p2p3pa
= 1 4.5863
N\ 14 N\ 88 1
F3 = mp1p2pspa : (P1p2pspa,abN) =1, > <p1 <p2<p3< N <ps < n P3

N — N? N
— <m<——
bp1p2p3pa bp1p2p3pa

where a;zl is the multiplicative inverse of a mod b2, which exists by our assumption (a,b) = 1.

(m,pflabNP (pg)) = 1} ,

3. PRELIMINARY LEMMAS

Let A denote a finite set of positive integers, P denote an infinite set of primes and z > 2. Suppose that |A| ~ X 4 and for
square-free d, put
P={p:(p,N)=1}, P(r)=A{p:peP,(p,r) =1},
P(z)=[]p, Aa={a:adc A}, SAP,2)= > 1

pEP acA
p<z (a,P(z))=1

Lemma 3.1. ([[19], Lemma 1]). If
1 1
Z @:10g0gz2+0( ), 29 > 21 = 2,
p

log 21 log 21

z1<p<z2



where w(d) is a multiplicative function, 0 < w(p) < p, X > 1 is independent of d. Then

S<A;P,z>>x,4w<z>{f(lfgf)+o< 1D>}— > (X

1
log3s n<D
n|P(z)
log D
S(A;P,2) < XAW(2) (i)Jro + 3 m(Xan
log 2 log3 D n<D
n|P(2)
where
we = 1 (1— @) D onXam) = - S =y e
p n n
p<z acA
(p,N)=1 a=0( mod n)
~ denote the Euler’s constant, f(s) and F(s) are determined by the following differential-difference equation
F(s)= 22, f(s) =0, 0<s<2,
(sF(s)) = f(s=1), (sf(s)) =F(s—1), s=2
Lemma 3.2. (2], Lemma 2]).
2¢7
F(s) =25, 0<s<3;
s
2¢e7 5=1 Jog(t —1
F(s):i(1+/ og(t )dt)’ 5<s<s
s 2

2¢7 s=1 Jog(t — 1 573 Jog(t — 1 s -1
F(s):i(1+/ %dm/ Mdt/ Zlog & du), 5<s<T;
S 2 2

t t+2 U t+1

2¢e7 log(s — 1) 9¢ s < a:

flo =2 cy
f(s) :E (10g(s—1).|_/s_1£/t_1 Mdu), 4<5<6;

) = ‘ (log(5_1+/91dt/tllogu—l)d

=4 Jog(t — 1) s=2 -1
+/ Og7dt/ log log Ldu), 6 <s<8.
t t+2 U t+1 u+ 2

Lemma 3.3. ([[2], Lemma 4]). Let
z>1, Z:xiz Q(Z):Hp

p<z
Then for u > 1, we have
> om0 ()
e og z log= 2z
(n,Q(2))=1
where w(u) is determined by the following differential-difference equation
w(u) = L, 1<u<?,
u
(uw(w)) = w(u — 1), u>2
Moreover, we have
w(u) < ﬁ, u 2,
w(u) < 0.5644, u > 3,
w(u) < 0.5617, wu >4.

Lemma 3.4. ([[4], Lemma 2.6], [|6], Lemma 4]). Let

19
I>17 x24+6<y1<

3 1
gz °° <yp<z, z=zv, Q@) =]]pr

Then for u > 1, we have

3 I:w(u)lyl +O( v )

ogz
T—Y1SN<T &

(n,Q(2))=1

S i=uw o (4),
rz<n<zr+y2 0g 2 0g” 2z
(n,Q(2))=

where w(u) is defined in Lemma 3.3.



Lemma 3.5. If we define the function w as w(p) =0 for primes p | abN and w(p) = p]%l for other primes and N&—¢ < z<

1
N« , then we have

2ae~7C(abN)(1 4+ o(1))

W(z) = log N

Proof. By [[26], Lemma 2] we have

o= T () () 5 (o))
(lo;z))

Since 2 | abN, we have

o= T (-2 (-2) i oo

e(N) (, N)=1 log 2
TG0

1 - ]
-IE5I0-5) I () 0-5) =

(p—2)
I1,%511,7 HP>2<ppp1>2 2a¢=7(1+ o(1))

_ -2
oy P plan P ey G5 08
p>2 p>2
_ 2ae”7C(abN)(1 +o(1 ))
N log N ’

4. MEAN VALUE THEOREMS

Now we provide some mean value theorems which will be used in bounding various sieve error terms later. The first two
lemmas come from Pan and Pan’s book [30] and they were first proven by Pan, Ding and Wang.

Lemma 4.1. (/[30], Corollary 8.2]). Let

w(z; k,d, 1) = Z 1

kp<z
kp=Il( mod d)

and let g(k) be a real function, g(k) < 1. Then, for any given constant A > 0, there exists a constant B = B(A) > 0 such that

T

Z max max Z g(k)H(lﬁkyd»l) < A

d<al ) g )= y<z (I,d)=1 k<E(x) log® x
(k,d)=

where

1 1
H(y; k,d,1) = m(y; k, d, 1) — @ m(yik, 1,1) = > 1_@21’
kp<
kpzl(p;gdd)

1
3 < E(z)<z'™®, 0<a<l, B(A)= 2A+ 17.

Lemma 4.2. ([[30], Corollary 8.8 and 8.4]). Let r1(y) be a positive function depending on x and satisfying 1 (y) < = for
y < x. Then under the conditions in Lemma 4.1, we have

x
k)H (k ik, d,l .
212;((1%?):{1 Z g H (kri(y); b, d, 1)) < log?
d<z1/2(log z)— B k<E(zx)
(k,d)=1

Let ro(k) be a positive function depending on x and y such that kra(k) < x for k < E(z) , y < . Then under the conditions
in Lemma 4.1, we have

T
S g(k)H (kra(k); k,d,1 :
V| 2 W 2R D) <o
d<zl/2(logz)—B f]ff)(z)

The next two lemmas were first proven by Wu [37], and they are the ”short interval” version of Lemmas 4.1-4.2. These will
help us deal with the sieve error terms involved in evaluation of S} and S7.

7



Lemma 4.3. ([[37], Theorem 2]). Let g(k) be a real function such that

2(k
> IF) 106 a
k<z k

for some C > 0. Then, for any given constant A > 0, there exists a constant B = B(A,C) > 0 such that

t

T

max max max Z g(k)H1(y, h, k,d,l)| < =

dgzt71/2<logz)73I/?Sygz(l,d)ilhgzt k<z? log” @
(k,d)=1

where
Hl (y» h» k7 d’ l) = (ﬂ-(y + h; ky d» l) - 71'(y; ky d» l))

Ly ek 1,1) — (g k,1,1))

w(d)
1
= > l-—= > L
y<kp<y+h (d) y<kp<sy+h
kp=Il( mod d)
3 5t —3
g<t<1, 0<B< 7 B(A,C)=3A+C + 34.

Lemma 4.4. ([[3], Lemma 7], [[6], Remark]). Let g(k) be a real function such that
Z @ < log® z
k<=
for some C > 0. Let r1(k,h) and ro(k, h) be positive function such that
y < kry(k,h), kra(k,h) <y + h.
Then, for any given constant A > 0, there exists a constant B = B(A,C) > 0 such that

t

T

Z max max max Z g(k)Ha(y, h, k,d,l)| < -

dgzt71/2<logz)73I/2<y<z(l,d):1h<rt h<a? log” z
(k,d)=1

where
H2 (y7 hy kv d» l) = (ﬂ-(kTQ (k7 h): k: d7 l) - 71‘(]6‘1”1 (kr h)a kv d’ l))

— L (m(kra(k,h); k,1,1) — (w(kri(k, h); k,1,1))

©(d)
1
= > I=—5 > 1
k71 (k,h) <kp<kra(k,h) #(d) kry(k,h)<kp<kra(k,h)
kp=l( mod d)
3 5t —3
5 <t<1l 0<B8< 7 B(A,C)=3A+C + 34.

In [3], Cai said that we faced the difficulty that cannot be overcome by our Lemmas 4.3-4.4 which are not sufficient to deal
with some of the sieve error terms involved. Actually, the function g(k) cannot be well defined to control the sieve error terms
59773 < %) So we need a new mean value theorem to overcome that. The next lemma
is a new mean value theorem for products of large primes over short intervals and it was first proven by Cai [3]. This lemma

will help us deal with the sieve error terms involved in evaluation of Sf.

occurred in the evaluation of Sg. (i.e.

Lemma 4.5. For j = 2,3 and any given constant A > 0, there exists a constant B = B(A) > 0 such that

0

1 x
> (e, > = o@ > W< ay
,d)= ogx
d<zf—1/2(logx)—B mp1p2p3pa€F; ® mp1p2p3pa €F; S
mp1p2p3pa=l( mod d) (mp1p2pzpa,d)=1

Proof. This result can be proved in the same way as [[3], Lemma 8] by showing that for j = 2,3 and 5 < r < 14, the bounds

1 0
O IR DI EE= S D L=
=1
d<m9*1/2(1ogz)*3(’ ) p1p2:PrEF; #(d) P1p2-PrEF; g
p1p2---pr=l( mod d) (p1p2---pr,d)=1

hold. O



The following lemmas are the ”arithmetical progression with almost all large ¢” versions of the above lemmas, and they will
help us prove Theorem 1.5. We can also obtain variants of Theorems 1.6-1.7 with ”large” ¢ by using the following lemmas.

Lemma 4.6. ([[5], Lemma 4]). For any given constant A > 0, under the conditions in Lemmas 4.1-4.2, there exists a constant
B = B(A) > 0 such that for ¢ < £°928 | except for O (x0'028 (log x)*A) exceptional values, we have

21—0.028
Ry = K)H (y; k, de,1)| < ———,
1 max s, | 2, oW H Gk deD) < oo
dg(zl/Q(logz)*B)/c k<E(x)
(k,d)=1
xl—OA028
Ry = Z max (l1335x1 Z g(k)H (kr1(y); k,de, )| < TorAa
y<z (l,dc)= og™x
1/2 —-B k<E(x
dg(oc (log x) )/c (k,d)(=i
z170A028
R3 = k)H (kr2(k); k, dc, 1 _—
3 Z I’;lga;((lfggil Z g( ) ( TQ( )7 , aC, ) < IOgA:l‘
dg(zl/Q(logz)*B)/c ﬁff)(fi

Proof. We prove Lemma 4.6 in the case R; only, the same argument can be applied to the cases Rz and R3. Let 7(d) denote

the divisor function, By Lemma 4.1 and similar arguments as in [[28], Lemma 3], we have

> m- Yy %

max max
y<z (l,de)=1

> g(k)H(y; k,de, 1)

<N0.028 SN0-028 g (p1/2() -B k<E(x)
c c (a: (log @) )/c (h D
xr
< > T(dmax max | > g(W)H(yik,d )| < g,
T El =
d<z1/2(log z)—B v k<E(x) ogT @
(k,d)=1
lOgA T £0-028
1<<m Z Rl < logAx.
C§N0'028 c<N0'028
21—0.028
Ry>- logA x

Now the proof of Lemma 4.6 is completed.

O

Lemma 4.7. For any given constant A > 0, under the conditions in Lemmas 4.3—4.4, there exists a constant B = B(A,C) > 0
such that for ¢ < 29928 except for O (x0‘028 (log a:)_A) exceptional values, we have

£t—0.028
Ry = a; a a kYH1(y,h,k,dc,l)| K ————,
4 > o B RX | max > g(k)Hi(y e, 1) ogi s
dg(w‘*1/2(logw)*3)/c k<P
(k,d)=1
£t—0.028
Rs = a a a k)Ha(y, h, k,dc, )| K ————.
5 > ok EX max > g(k)Ha(y e, 1) Y
dg(ztfl/z(logz)*B)/c k<z?
(k,d)=1

Proof. We prove Lemma 4.7 in the case R4 only, the same argument can be applied to the case R5. By Lemma 4.3 and similar

arguments as in [[28], Lemma 3], we have

> -

c<N0.028

>

c<N0.028 dg(xtfl/Q(log a:)—B)/c

< max

>

d<zt=1/2(logz)— B

(d)

max
z/2<y<z (I,dc)=1 h<at

max maXx
z/2<y<z (I,d)=1 h<at

max max

kgzﬁ
(k,d)=1

k<a?
(k,d)=1

> g(k)Hi(y, h,k,d,1) < “’”
O,

> g(k)Hi(y, b, k,dc, 1)

t

gQAx’



lo A.’I? 330'028
Z 1<— g0 028 Z Ry < 5.
zt—0- log™ =
e NO-028 c< N0-028
Ry tm0:028
> logAw
Now the proof of Lemma 4.7 is completed. O

Lemma 4.8. For j = 2,3, let

Fj = {mp1p2p3pa : mp1p2papa € Fj, (p1p2papa,c) = 1},

then for any given constant A > 0, there exists a constant B = B(A) > 0 such that for ¢ < 0928 except for O (:1:0'028 (log x)_A)
exceptional values, we have

1 x9_0‘028
R = Z max Z 1-— Z << —F
7 (I,dc)=1 p(dc) log? z
d<(2?=1/2(logz)=B)/c mp1p2p3pa €F; mp1p2p3paEF
mp1p2p3pa=Ll( mod dc) (mp1p2p3pa,dc)=1

Proof. We prove Lemma, 4.8 in the case R/ only, the same argument can be applied to the case R;. By Lemma 4.5 and similar
arguments as in [[28], Lemma 3], we have

> m= oy > max Dt I D

l,dc)=1 d
c<NO-028 e<NO-028 d<(19*1/2(logw)_3)/c( g mp1p2p3pa €F (de) mp1pap3pa €F
mp1p2p3pa=l( mod dc) (mp1p2p3pa,dc)=1
1 z?
< > 7(d) max, > =@ > U<
d<z?=1/2(logz)—B = mp1p2p3p4€F; v mp1p2p3pa€F; g T
mp1p2p3pa=l( mod d) (mp1p2p3pa,d)=1
log4 & , £0-028
Z 1 <<1,6—04028 Z Ry < logAz’
c<N0-028 c<N0.028
0-0.028
R/2>llogA:1:
Now the proof of Lemma 4.8 is completed. O
5. WEIGHTED SIEVE METHOD
Now we provide the delicate weighted sieves in order to prove our Theorems 1.1-1.8.
Lemma 5.1. Let A= A; in section 2 and 0 < a < B < % Then we have
N\ N\“®
2Rq 5(N) 225 (A;P, (3) ) - > S (AP;P, (3) )
(Er*<p<($)?
(p,N)=1
- > S (Apypai P(p1), p2) — 2 > S (Apy s P(p1), p2)
1 1
()< <(R)P <pa<() 3 ()7 <pr<pa<(z)
(p1p2,N)=1 (p1p2,N)=1
+ Z S(Ammpz;?}(pl),pﬂ+O(N1_a) :
(B *<p1<pa<ps<({)P
(p1p2p3,N)=1
Proof. Tt is similar to that of [[2], Lemma 5]. By the trivial inequality
N7
Rop(N) > 5 (4P, (;) - > S (Apypai P(p1), p2)
()P <pr< Ny}
b )" SP1<p2<(g,7)
(p1p2,N)=1

and Buchstab’s identity we have

N\7?
Rop(N) 28 <A;7’7 (;) ) - > S (Ap1p2; P(p1), p2)
(BB <pr<pa<(gi)
(p1p2,N)=1
10



s(an(3))- 2 s(am (D))

(Ere<p<(§)?

(p,N)=1
+ > S (Apypa; Pyp1) — > S (Ap1ps; P(p1),p2) -
(3% <p1<p2<(3)7 ()P <pr<pa<(zL)?
(Prp2,N)=1 (101192,N)=1p1
On the other hand, we have the trivial inequality
N «
Rop) 25 (47, (5)) - ) S (Apypas P01), 92)

[N

(%)a§p1<p2<(%)
(p1p2,N)=1

s (,4; P, (%)a) - 3 S (Apips; P(p1),p2)

(B o<pr<pa<(§)P

(p1p2,N)=1
- > S (Apipo; P(p1), p2)
(Ao <o <(B)P<pa< ()2
(p1p2,N)=1
- Z S (Ap1p2; P(p1),p2) -
(AP <pr<pa<() ¥
(p1p2,N)=1
Now by Buchstab’s identity we have
Z S (Ap1p2;Pyp1) — Z S (Apips; P(p1),p2)
(B <pr<pa<(§)? () <pr<pa<(f)P
(p1p2,N)=1 (p1p2,N)=1
= Z S(AP1P2P35P(171)7P2)+O(Nlia) )
(B <p1<pa<ps<({)?
(p1p2p3,N)=1
where the trivial bound
Z S('Apfm;,l)’pl) < N7
(Hy*<pr<pa< ()P
(p1p2,N)=1

is used. Now we add (17) and (18) and by (19), Lemma 5.1 follows.

Lemma 5.2. Let A= Az in section 2 and 0 < a < B < Then we have

1
5

a0 (a7, (3) )= 2 s(aen(5))

(Myegp< ()P

(p,N)=1
- Z S (Apips; P(p1),p2) — 2 Z S (Ap1pz; P(p1),p2)
()2 <pr<(X)P<pa<() 3 ()P <pr<pa<(h)
(p1p2,N)=1 (p1p2,N)=1
+ Z S (AP1P2P3?7)(p1)>p2) +0 (Nl_a) .

(B *<pr<pa<ps<({)P
(p1p2p3,N)=1

Proof. It is similar to that of Lemma 5.1 so we omit it here.

Lemma 5.3. Let A= A; in section 2, then we have

1

3 N
4R, »(N) 238 <A; P, (%) 13.2> i (A;P, (%) g.4>
N\ T8z
oo s(wwn (D))
1

1
(F) 132 <pr<pa<(f)8a
(p1p2,N)=1
11

(17)

(18)

(19)

(20)



1
Z N\ 132
+ S <AP1P2§P7 (;) >

1 1 4.6
1332 5.4 R
()2 <p1<(§)BA<pa<(F)13:2p]
(p1p2,N)=1

1
- s(wm ()T
1 4.1001 b

()12 <p<(f) 132

(p,N)=1
N
_ Z s (AP, ( ) 3.2
1 3.6 b
(B2 gp<(f)182
(p,N)=1
- Z S(Aplpz;P(pl)»pQ)
(W) 182 <pr< ()3 <pa< ()2
(p1p2,N)=1

(S

)

B > s (Aplpz;P(m% (bp]jm)

1 1
()83 <p1<(§) 3601 <p2<(55)
(p1p2,N)=1

B )

.1001 1
(F) 132 <p<(§)3
(p,N)=1

- > ) s <Ap;797 (]I\)[)Sl?

3.6
(F) 132 <p<(4f) 3602
(p,N)=1

- Z S (Ap1papspa; P(P1), p2)

N33 Nyglp
(5 ) 132 <p1<p2<p3<pa<(7 )8
(p1p2p3pa,N)=1

N Z S(Aplpzpsmﬂ)(m),m)

1 1 4.6
1 e a6,
(M) T32 <pr<pa<ps< (L) BA <pa< (L) T2 pj
(p1p2p3pa,N)=1

[N

12.2
-2 Z S(Ap1p2373(171)7p2)+0(le,z)
(%)3»504 <p1<p2<(%)%
(p1p2,N)=1

= (3511 + S12) + (S21 + S22) — (S31 + S32) — (Sa1 + Sa2)
— (S51 4+ S52) — (S61 + Se2) — 257 + O (N%)

=Sl+32*5375475575672S7+O<N%>,

Proof. Tt is similar to that of [[2], Lemma 6]. By Buchstab’s identity, we have

(am(3) ) (e (1))
RN CE Ol

1 1
(Fm2p<(f)Ea
(p,N)=1

N\ 132
+ Z S (Ampzép, (?) >

(%)Tl-Z<P1<P2<(%)8%
(p1p2,N)=1
- > S (Ap1paps; Pp1), (21)

1 1
(F) 132 <pr<pa<ps<(4)81

(p1p2p3,N)=1

12



N

1
13.2

S(Apmm, (%) >

S (Apipaps; Prp1),

(p1p2p3,N)

>

1 1 1
()83 <p1<(F) 3:603 <pa<(57]) 2
(p1p2,N)=1

>

1 1
(F)8agpi<(§)s60a <p2<(%)
(p1p2,N)=1

R P>

1
N N\ 3 N
)84 <p1<(5) 3604, (5570)3 <p2<(gp7)
(p1p2,N)=1

S (Ap1p2§7)(p1)7p2)

S (Ap1p2§7)(p1)7p2)

ol

+
(

S (Aplpz;P(p1)7p2) .

o=z
Nl

Wl
[NE

and by Buchstab’s identity we have

>

1 Nk
)84 <p1 < (%) 3.604 <pa<(
(p1p2,N)=1

>

1 1
(F) 83 <py < (&) 3607 <pa<(
(p1p2,N)=1

>

1 1
N N N 3
(483 <p1<(§) 57607 <pa<pa < (552 ) 2

b
(p1p2p3,N)=1

If p2 < (%) , then p2 < (—bpjlvm)

S (Apyps; P(p1), p2)

N

1
bpr) >

(

oz

))

S (Apyipaps; P(P1p2),p3) -

S <A;D1p2 ) P(pl)v (b
N P1P2

%
bm)

+

1
2
) and we have

bp1

1
On the other hand, if pg > ( ) 3 , then pg >

>

S (Ap1pa; P(p1),p2)

1 1 1
()8 a<pi<(4f) 3604, (%)3 <p2<<%)2
(p1p2,N)=1
%
s Z S| Apipo; Pp1),
! . 1 1 bp1p2
(35T <pr1<(§) 5607, ()5 <pa<(555)2
(p1p2,N)=1
By (23)—(25) we get
Z S(A101P2;P(p1),172)
1 1
(353 <p1 <(§1) 5607 <pa< (5B 3
(p1p2,N)=1
%
< Z S| Apipz; Pp1),
s s 1 bp1p2
()53 <pr <(A) 3007 <py < () 2

(p1p2,N)=1

(22)

(23)

(24)

(25)

) |



* Z S (Apyipaps; P(p1p2),p3) - (26)
(%)ﬁémd%)?’-éﬁ@xmqﬁ)
(p1p2p3,N)=1

N|=

By Buchstab’s identity we have
Z S (Ap1paps; P(p1), p2)

1
(F) B2 <pr<pa<ps<(¥)
(p1p2p3,N)=1

N Z S (Ap1paps; P, p1)

1 a1
(B)T32 <py <pa<pa<(§) 51
(p1p2p3,N)=1

N Z S (Apipaps; P,p1)

1 1 4.6
1 1 46,
() B2 p1<pa< ()BT <p3<(§) 182 p;
(p1p2p3,N)=1

- Z S (Apypaps; P(P1p2),p3)
1
(

=

1 N 1 N
)84 <p1<(5)3.604 <P2<;D3<(W) 2
(p1p2p3,N)=1

Z - Z S (Ap1papspa; P(P1), p2)

Ny Nyg
(5)13-2<p1<p2<p3<pa<(% )8
(p1p2p3pa,N)=1

12.2
- Z S (Ap1papspa; P(pP1),p2) + O (N 13'2> ) (27)

1 1 4.6
3.2 54 —1
(%) 13.2 <P1<p2<p3<(%)8-4 <p4<(%) 152 p;
(p1p2p3pa,N)=1

-z

where an argument similar to (20) is used. By Lemma 5.1 with (o, 8) = (ﬁ, %) and (o, 8) = (ﬁ, ﬁ) and (21)—(22),

(26)—(27) we complete the proof of Lemma 5.3. O

Lemma 5.4. Let A = As in section 2, then we have

“ 1
4Rf (N) 238 (A;p, (%) 14) +8 <A;7>, (%) 8.8>
N\ T
* Z s APIPQ;Py (*)
1

1
() 1 <p1<p2<(§)B3
(p1p2,N)=1

(=

(p,N)=1
- > S (Ap1pa; P(p1),p2)
()11 <pr < (A) 3T <pa< () 3
(p1p2,N)=1

) 5 S <Ap1pz%7°(p1)’ (bpjlvln)%)

1 1
(FHss<p<(§)37 <p2<(%)
(p1p2,N)=1

1

s

- s s(wn(D))
4.08631 b

()14 <p<( )%
(p,N)=1

[SEN

oz

14



1
N\ 838
_ ) s (AP;P, (—) “)
3.5863 b

(A1 <pe( )37
(p,N)=1

n Z S (Ap1papspa; P(P1):p2)

1 U
()14 <p1<p2<p3<pa<(5 )88
(p1p2p3pa,N)=1

- Z S (Ap1papspa; P(p1),p2)

1 1 4.5863
- == —1
()17 <p1<pa<pa<(H) BB <pa<(f) 12 pj

(p1p2p3P4a,N)=1

-2 Z S(AP1P2§p(pl),p2)
(33T <pr<pa<() 3
(p1p2,N)=1
13
-2 Z S(Ampz;P(m),pz)—&-O(NM)
(%)ﬁgpqu(%)%

(p1p2,N)=1
= (3511 + Si2) + (851 + S2a) — (S31 + S52) — (Siy + Sio)
— (Sh1 + Sk2) — (Sby + Sk2) — 2 (Shy + Sp2) + 0 (NT7)

:51+S§—Sg—sg—sg—sg—2S§+O(N%).

Proof. Tt is similar to that of Lemma 5.3 and [[3], Lemma 9] so we omit it here. O

1/2 -B
Lemma 5.5. See [2]. Let A= A; in section 2, D1 = (%) (log <%>> with B = B(A) > 0 in Lemma 4.1, and p = %.
Then we have

) Z S(AP;P,}QT%S)

1001 1
(F) 132 <p<(4)3
(p,N)=1

N
n
—~
P
.
N
S|
|
O~
3
foul
~—

() "3 <pe (43
(p,N)=1
1
-5 s S(Apm;P:Bﬁ)
1 1 1
(F)7132 <p<(4)3 p36T5 <p1<p2-5
(p,N)=1 (p1,N)=1
1 19
T3 Z Z S (App1p2ps; P(p1),p2) + O (NQO) .
N 4.1001 N 1 1 1
(%) 132 <p<(%)3 p3.675 <p1<p2<p3<p2:
(p,N)=1 (p1p2p3,N)=1
Proof. It is similar to that of [[2], Lemma 7]. By Buchstab’s identity, we have
S (AP;P,B;s) =S (AP;P,Bzé75’> — Z S (.APPI;P,BW%m)
p3.675 <P1<g%
(p1,N)=1
+ Z S (App1p2; Prp1), (28)
gﬁlm <m<m<gﬁ
(p1p2,N)=1
S (APQP@%) =S <.Ap;77,£3.é75) — Z S (.ApplgP,Eﬁ>
BWIZE <p1 <£2?5
(p1,N)=1
- Z S (Applpz;P(pl)vp2)v (29)
gﬁ SP1<P2<gﬁ
(p1p2,N)=1



Z S (App1p2; P,p1) — Z S (App1p2; P(p1); p2)

1 1 1 1
p3.675 <p1<p2<p2-5 p3.675 <p1<pa<p2-5
(p1p2,N)=1 (p1p2,N)=1
= E S (Appipaps; P(p1),p2) + E S (App§p2§73:pl) . (30)
1 1 1 1
p 3675 <p1 <p2<p3<p25 p3.675 <p1 <pz<p25
(p1p2p3,N)=1 (p1p2,N)=1

4.1001

1
Now we add (28) and (29), sum over p in the interval {(%) 53 (%> 3> and by (30), we get Lemma 5.5, where the trivial

inequality
19
Z S (Appfmﬂ)’pl) <N
(&) 132 <p<(%)% pFOTS <p1 <pr<pZ5
(p,N)=1 (p1p2,N)=1
is used. 0

N\ 072 N\ B D
Lemma 5.6. See [4]. Let A = Ay in section 2, Dy = <?> (log <7>) with B = B(A) > 0 in Lemma 4.1, and p’ = =z
Then we have

My RO
(p,N)=1
< S(AP;P,p/3é75)
4.08631 1
(%) 14 gp<(%)3 T
(p,N)=1
1 1
S S 5 (A )
4.08631 1, 1
(X 4 <p<(F)3T p'EETs <pi<p' 25
(p,N)=1 (p1,N)=1
1 _1
3 Z S(APP1P2P3§P(p1)7p2)+O(NG 20) .
2 4.08631 1 1 1
N | AOBB3L N 3t 5w 15t
(7)) 14 <p<(% )31 p 3.675<p1<pa<pz<p 2.5
(p,N)=1 (p1p2p3,N)=1
Proof. It is similar to that of Lemma 5.5 and [[3], Lemma 10] so we omit it here. O

Lemma 5.7. See [30]. Let A= A1 in section 2, then we have

> 1<S(A;’P,<];[)é>+O(N

ap1+bpa=N
N 2

e

)

p1 and py are primes

=~
N———

+% Z S(Ap1pzp3§7’(1>1)7p2)+0(Ng)

1 1
(F) 7 <p1<pa<ps<({)5
(p1p2p3,N)=1

1 1
=T1 -T2+ 5Ts+0(NF).
2 2
Proof. Tt is similar to that of Lemma 5.5 and [[30], p. 211, Lemma 5] so we omit it here. O

6. PROOF OF THEOREM 1.1

In this section, sets A1, B1, C1, &1 and Fp are defined respectively. We define the function w as w(p) = 0 for primes p | abN
and w(p) = ﬁ for other primes.

16



1/2 -B
6.1. Evaluation of S1,S52,53. Let Dy, = (%) <log (%)) for some positive constant B. We can take

N b)N N
Xay= D o« (—;bQ,Nab_zl +kb) N EON (31)
o<h<io1 a ap (b2)log N ablog N

1
so that |A1| ~ X 4,. By Lemma 3.5 for 24, = (%) “ we have

Wie) = 20N o), -

N;‘”’ in A; is relatively prime to b, so n (XA1 ,n) = 0 for any integer n that shares a
common prime divisor with b. If n and a share a common prime divisor 7, say n = rn’ and a = ra’, then % = Nb_fna,lp EZL
implies r | N, which is a contradiction to (a, N) = 1. Similarly, we have 7 (XAl,n) = 0 if (n,N) > 1. We conclude that
n(Xa,,n) = 0if (n,abN) > 1. For a square-free integer n < D4, such that (n,abN) = 1, to make n | N

w € A1, we need ap = N(modbn), which implies ap = N + kbn (moden) for some 0 < k < b— 1. Since (N_“p,b) =1,

To deal with the error terms, any

72 for some

bn
we can further require (k,b) = 1. When k runs through the reduced residues modulo b, we know kab_;n also runs through
the reduced residues modulo b. Therefore, we have p = Nab_zln + kbn (moden) for some 0 < k < b — 1 such that (k,b) = 1.

Conversely, if p = Nabgln + kbn + mb?n for some integer m and some 0 < k < b — 1 such that (k,b) = 1, then (Nb_nap,b> =

N—a.a_21 N—akbn—amb?n .
I ,b ] = (—ak,b) = 1. Therefore, for square-free integers n such that (n,abN) = 1, we have
bn

|77 (XAlfn)| = Z 17@)(%\1
ac Ay n
a=0( mod n)

N X
= E ﬂ(—;b2n,Na;21n+kbn) _ZA
ogk<b-1 ¢ ()
(k,b)=1

T (%;bz,Nal;l + kb)

N
= Z ks (;;b2n7 Nal;ln—i—kbn) —

0<k<b—1 ¢(n)
(k,b)=1
Z N .5 1 i %;1’1)
< W(—;b n, Na,, +kbn)77
o<k<b—1 a bin v (b2n)
(k,b)=1

+X
0<k<b—1 p(n)
(k,b)=1

T —N;bQ,Nazl-i-kb r(&:11
a b _
©

N1
< Y |n (g;an, Na,' +kbn) — M

0<k<b—1 ¢ (b%n)
(k,b)=1
N
1 N T(=;1,1
> ﬂ(;b2,Nab21+kb)<a2> : (33)
?(n) chh1 a @ (b%)
(k,b)=1
By Lemma 4.1 with g(k) =1 for k = 1 and g(k) = 0 for k > 1, we have
> n(Xa,,n)| < N(logN)~® (34)
ngDAl
n|P(24,)
and
> > |n(Xay.pn)| < N(log N)~°. (35)
P n< D'A1

nlP(za;)
17



Then by (31)—(35), Lemma 3.1, Lemma 3.2 and some routine arguments we have

S11>XA1W(ZA1){f(l/ll/;2)+o< ;1 )} > In(Xarm)]

log3 DA1 n<Da,
n|P(za,)

o N 2x132e77C(abN)(1 +0(1)) ( 2¢7 (10 5 6+/4~6 log(s — 1) loe 98 4 )
> — . B S
ablog N log N % s 9 s gs—i—l

8C(abN)N /4~6‘ log(s — 1) 5.6 )
>(1 1))——— | log5.6 ———~log ——d
(1+ o ))ab(logN)2 (og + 9 s Ogs—f—l ?
214.82216M,
ab(log N )2
1/2 1
s o) {1 (F) w0 ()} - 5 v
/8. log3 D4, n<D 4,
nl|P(za,)
5 2.2 _
> N  2x84e 7C(abN)(1+ o(1)) (logS 9 +/ log(s — 1) log 3.2 ds)
ablog N log N 2 2 s s+ 1
8C(abN)N /2-2 log(s — 1) 3.2 )
>(1 1)) ———= (log 3.2 ——1 d
(14 of ))ab(logN)2 (og + 9 s Ogs—l—l 3
N
>9.30064 O NI
b(log N)?
C(abN)N

S1 =3S11 + Si2 > 53.77312 (36)

ab(log N)2~
Similarly, we have

< N  2x13.2e77C(abN)(1+ o(1)) «
! /ablogN log N

1 11
> — (132 (- - B2
1 . bip2 2 log 4

)IB2 <pr<pa<(§)8a
(p1p2,N)=1

N 2x132e77C(abN)(1 +o(1))

“ablog N log N
2¢7 log <13.2 (l — logf’”’?) - 1)
2 logiy

>

pip2 1 log p1p2
1 1 13.2( L — logpipa
H)132<pi<pa<(f)84 (2 log &

(p1p2,N)=1
1 1

4C(abN 7 8.1 log (5.6 — 13.2 (t1 + t2))
Z( o) ab(log N)2 < t tita (5 — (t1 +t2)) dtldtz)

8C(abN)N 8.4 (5.6 —13.2 (¢ t
2(1 +O( ) (a 8 / 4 Og ( 1+ 2))dt1dt2 ,
ab log N)2 13 5 Jt1 ti1to (1 -2 (tl + tg))
N 2 x 13.2e7C(abN)(1 4+ 0o(1)) y
ablog N log N

1 1 1
3 JARERY ey 1t
| P1p2 2 log -

1 1 4.6 _
(P2 <p1<(§)Ba<pa<(§)13:2p]

(

@\2

(

IS

Sao >

(p1p2,N)=1
< N  2x13.2e 7C(abN)(1+ o(1)) o
“ablog N log N

o 1 _ logpip2 | _
1 2¢e” log (13 2( log ) 1)

Z p1p2 1 log p1p2

4.6 _ 132(1_—

1 .

(]\])132<171<(N)8 <pa<()13.2p] (2 log &
(p1p2,N)=1

AC(abN)N [ [sa [153t log (5.6 — 13.2 (t1 + t2))
>(1+0(1)) ab(log N)2 /ﬁ /7 tita (4 — (t1 +1t2)) dtldt2>

1
8.4
18




S0+ o1 ))SC(abN) /817 /%—tl log (5.6 — 13.2 (; +t2))dt1dt2
(10gN)2 ﬁ ﬁ ti1ta (1—2(t1 +t2)) ’
So =521 + S22

8C(abN)N { 51 [T55 1 log (5.6 — 13.2 (1 + t2))
>(1+o(1 ))W </ /t1 trta (1= 2 (61 + 12)) dt1dt2>

C(abN
>5. QOIQQGM, (37)
b(log N)?
N 2 x 13.2e77 N)(1 1 1 1 1
a1 < x 13.2e77C(abN)(1 + o(1)) Z 132(1_ og];\),
ablog N log N 1.1001 p 2 log?
(N)132<p<(N) 3.2
(p,N)=
N 2x132e7C(abN)(1+o(1)) (DT 1o
< x 13.2e (abN)(1 4 o(1)) b ) Fli30()_ logu du
ablog N log N (M)y132 ulogu 2 log%
8C(abN)N 4.1001(13.2 — 2 4.6 ] —1 5.6(5.6 —
14 o1y BCEN) 132-2) | [ lgto =), 5650-3),
ab(log N)2 13.2 — 8.2002 9 s s+1

2.6 ], -1 4.6 1 t—1 6(5.6 —t bN)N
+/ Mds/ “ 1o log 28(5:6 )dt> < 21,9016 LNV
2

s st2 t gs+1 o8 t+1 ab(log N)2’
N  2x13.2e77C(abN)(1 1 1 1 1
s < X 13.2¢~7C(abN)(1 + o(1)) 5 U an (L losp
ablog N log N . 36 P 2 log %
(B B2p<(f)isz
(va)*l
~ (N 13 2
< N  2x13.2e 7C(abN)(1+ o(1)) / 1 7139 1 10g11é du
ablog N log N (My132 w2 ulogu 2 log
8C(abN)N 3.6(13.2 — 2 4.6, -1 5.6(5.6 —
(14 o(1 5C(@N) (10 ( ) / og(s — 1) B6GE—5)
ab(log N)2 132 —17.2 2 s s+1

2.6 ], -1 461 t—l 5.6(5.6 —t C(abN)N
+/ log(s = 1) 4 / log 8¢ )dt> < 19.40136 (@M
+2 t s+1 t+1 ab(log N)2

C(abN)N
Sy =S31 + Sga < 41. 30296M (38)

ab(log N)2~
6.2. Evaluation of Sy, S7. Let Dp, = N'/2(log N)~B. By Chen’s switching principle and similar arguments as in [7], we
know that ) 1 .
N\ 3 N\ 3 N\ 3 1
1€1] < (?) , (;) <e< (?) for e € &1, 541<s(61;7>,D§1)+o(N%). (39)
Then we can take
Xp, = Z T ( ;a2 N (bplpz);z1 —I—ja) (40)
1 bp1p2
(N)13 2<z71<(N)3 <p2<(gp7)?2
0<j<a—1,(j,a)=1
1
so that |B1| ~ Xp,. By Lemma 3.5 for z5, = D;l = N%(log N)~B/2 we have
8e~7C(abN)(1 1
W(zp,) = — (“1 A+ o) - pgy = e, (41)
og N
By the prime number theorem and integration by parts we get that
ola) g
L= (1+0(1)) Z ﬁ
()2 gy <) et #1108 s
N 1
=(1+o0(1)— > P —
ab 1 1 1 p1p2 log( N )
() B2 <p1<() 3 <p2<(557)2 pipz
1 1
S 2R Ak du
=(1+o0(1 ))* 1 /N 1 TN
)132 tlogt J(¥)3 ylogulog (—t)
3
< ”1) ds. (42)
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To deal with the error terms, for an integer n such that (n,abN) > 1, similarly to the discussion for 7 (XA1 , n), we have
n(XBl,n) = 0. For a square-free integer n such that (n,abN) = 1, if n | %, then (p1,n) = 1 and (p2,n) = 1.
Moreover, if (%, a) = 1, then we have bp1paps = N + jan (moda?n) for some j such that 0 < j < a—1 and (j,a) = 1.
Conversely, if bp1paps = N + jan + sa®n for some integer j such that 0 < j < a and (j,a) = 1, some integer n relatively prime
to p1p2 such that an | (N — bp1p2ps), and some integer s, then <%,a> = (—j,a) = 1. Since jbpip2 runs through the
reduced residues modulo @ when j runs through the reduced residues modulo a and 7 (z;k,1,1) = 7 (%, 1, 1), for square-free
integers n such that (n,abN) = 1, we have

w(n) XB
|77 (X617n)| = Z 1- n X, | = Z 1- (nl)
a€By a€By ¥
a=0( mod n) a=0( mod n)
= Z ™ (N; bpipz,a’n, N +jan)
1 1 1
(5) 132 <p1<(F) 3 <p2<(5h7) 2 1 (p1p2,N)=1
(p1p2,m)=1,0<j<a—1,(j,a)=1

7 (525510% N (bpipe) 2+ ja)

- >

J Nl N L1 e(n)
() 13:2<p1<() 3 <p2<(gp,) 2
(p1p2,n)=1,0<j<a—1,(j,a)=1
< > (m (N3 bp1pa, a®n, N + jan)

1 1 1
(5) B2 <p1<(F) 3 <p2<(5h7) 2 . (p1p2,N)=1
(p1p2,n)=1,0<j<a—1,(j,a)=1

o (L; a?, N (bp1p2) 2 +ja)

bp1p2
w(n)

+ >

1 .
ﬂ' (bpzl\rpz ;a?, N (bp1p2) 5 +Ja>

Yo — Yo p(n)
(5) 132 <p1< () 3 <p2<(5,7) 2
(p1p2,nN)>1,0<j<a—1,(j,a)=1
‘ 7 (N;bpip2, 1,1)
< (ﬂ' N; bp1p2,a2n,N+jan - 5
> ( ) T @)

1 1 1
(F)B2Rpi<(§)3 <P2<(%) 2,(p1p2,N)=1

(p1p2,m)=1,0<j<a—1,(j,a)=1

™ <L;GQ,N(bp1p2);21 +ja> T (L 1, 1)

bp1p2 bpip2’
+ —
1 1 Z 1 o(n) v (a?n)
(F)B2pi<(§)3 SP2<(%) 2,(p1p2,N)=1
(p1p2,m)=1,0<j<a—1,(j,a)=1
+ N133 (log N)2
. T (N;b ,1,1
< Z (7r (N; bp1p2,a’n, N +]an) - %)
v (a®n

1 1 1
(5) B2 <p1<(F) 3 <p2<(5h7) 2 . (p1p2,N)=1
(p1p2,n)=1,0<j<a—1,(j,a)=1

N .
bpipz’

1 o
+ o(n) Z ™ ( a27N(bP1P2)a21 +Ja) -
(B) T2 <p1 <(2) 3 <pa< () 2, (prp2, N)=1
(p1p2,n)=1,0<j<a—1,(j,a)=1
20



+ N153 (log N)2. (43)

By Lemma 4.1 with
1, ifkeé&
g(k) = {

)
0, otherwise

we have

Z |77(X51,n)| <« N(log N)~°. (44)
n<Dp,

n|P(z,)
Then by (39)—(44) and some routine arguments we have

Sa1 < (l —+ 0(1))

3
8C(abN)N /122 log (2 - ?1) i
E—— —4as.
2

ab(log N)?2 s

Similarly, we have

3.604
8C(abN)N 7.4 log (2.604 —
S1z < (1 + o(1)) 2C(@PN) ( e )ds

ab(log N)2 2.604 S ’
3 3.604
8C(abN)N 12.2 log (2 — 5 7.4 log (2.604 — =35
S4 = Sa1 + Saz2 < (1_;.0(1))(“7)2 / (+>ds+/ Mds
ab(log N) 2 s 2.604 s
C(abN)N
< 1069152 SNV (45)
ab(log N)?2
8C(abN)N [2-604] -1 C(abN)N
v < (14 o(1)) 2 (a¥N) / o8(s =1 s < 0.5160672 C(@MN (46)
ab(log N)2 /o ab(log N )2

6.3. Evaluation of Sg. Let D¢, = N1/2(log N)~B. By Chen’s switching principle and similar arguments as in [2], we know

that
N % N ﬁ N % 1 12.2
|71 | < <?) , (?) <e< (?) for e € Fi, Se1<S (Cl;P,Dc21> +0 (Nm) (47)
1
By Lemma 3.5 for 2¢, = D&, = N%(log N)~B/2 we have
8e~7C(abN)(1 + o(1))
log N

Wi(zc,) = , F(2)=¢€. (48)

By Lemma 3.3 we have

cil= > > 1

mp1p2pa €F1 N\ g N
p2<pz<min((5-)8.4 ’(W))

PsEN(me1P2P4);21+ja( mod a?)
0<j<a—1,(j,a)=1

_ ) ) Aoy o (vi)

(%)ﬁ$p1<p4<p2<m<(1;¥)8%4 L<™S 5ipapara
(p1p2p3p4,N)=1 (m,pflabNP(m)):l
N 0.5617 .
< (14o0(1) = > e orionys FO(VEE)
ab ) P1p2p3palogpa

1

(F) 132 <p1<pa<pa<ps<(§)83

0.5617N [&1 di1 ﬁl(l 1)
to

ablog N oyt Jy

1
log ——dta. (49)
32 b 2

= (1+40(1)) 8.4t

To deal with the error terms, for an integer n such that (n,abN) > 1, similarly to the discussion for n (XB1 R n)7 we have
1 (|C1],m) = 0. For a square-free integer n that is relatively prime to abN, if n | %, then (p1,n) = 1,(p2,n) = 1

P1P2P3P4
)

and (p4,n) = 1. Moreover, if (N_bman a) = 1, then we have bmpipapsps = N + jan (modaQn) for some j such that

0<j<a—1and (j,a) = 1. Conversely, if bmpipapsps = N + jan + sa®n for some integer j such that 0 < j < a and (j,a) = 1,

N—bmp1pap3ps a) -
b

some integer n relatively prime to pip2ps such that an | (N — bmpip2pspa), and some integer s, then < vy

(—j,a) = 1. Since jbmpipapa runs through the reduced residues modulo a when j runs through the reduced residues modulo
aand w(z;k,1,1) =7 (%, 1, 1)7 for a square-free integer n relatively prime to abN, we have

w(n) |C1]
m(cln)=| > 1-——all= > 1- )
acCy n a€Cy i

a=0( mod n) a=0( mod n)

21



1

= Z Z 17W Z 1

©p

EF . 1 . 1
()21 | Pe<pa<min((F)F1,({)) p2<p3<min((§)F1,(£))
bepz=N+jan( mod a’n) P3=N(bmp1p2pa) 5 +ia( mod a®)
0<j<a—1,(j,a)=1 0<j<a—1,(j,a)=1
1
+ 1. (50)
oo 2 >

eeF1 . 1
(e,n)>1 p2<pz<min(({)8.1,(&))

pazN(bmp1pzp4);21+ja( mod a?)
0<j<a—1,(j,a)=1

Let
g(k) = > 1,
e=k
eeFy
0<j<a—1,(j,a)=1
then

1
In(IC1,m)] < > g(k) > - —— > 1
1 12.2 1 ¢(n) 1
()23 <k<(§)132 p2<ps<min(({)8.1,(&)) pa<pz<min((X) 51, (X))
(k,n)=1 bkps=N-+jan( mod a’n) p3EN(bmp1p2p4);21 +ja( mod a?)

1 E
+— > '
e(n) 1 12.2 !
(M) TT<kh<(F)182  po<ps<min((§) 87 ,(£))

1 21,
(k)= () 1372 P3EN(me1F2P4)a21+Ja(m0d a?)

1
(8" 2 N +1)

1
N 812
< Z gk) | <bk (?) bk, a’n, N +jan> - )
w(n
()33 <k<(B)5d
(k,n)=1
™ (%; a?, N(bmpipaps) ;' + j(l)
+ Z g(k) [ = (N; bk,azn,N—l-jan) - o)
w(n
()54 <k () 153
(k,n)=1
7r (P2; a2, N(bmpipaps) 5 + ja)
+ Z g(k) [ = (bkpg;bk,aQn,NJrjan) - o)
o(n
()77 <k< () T33
(k,n)=1

+ N33 (log N)?

+ > g(k) o) T ela?n)

™ ((%)ﬁ1 ;a?, N(bmpipaps) 5 +ja) ™ ((%) S, 1))

W(N;bk,l,l))

+ Z g(k) (7r (N; bk,a’n, N +jan) - o(a2n)

22



™ (%;GQ,N(bmplmm);zl +ja> ™ (%7 1, 1)
+ Z g(k) - 2
JoN N 122 ¢(n) ¢(an)
()84 <k<(4)13.2
(k,n)=1
bkpa; bk, 1,1
+ Z g(k) (7r (bkpg;bk,aZn7 N + jan) — 7r(p2772’7))
o o122 p(a?n)
(7)4.4 <k<(7) 13.2
(k,n)=1
2 -1 ;
W(m;a s N(bmp1paps) +J‘1) 7 (p2;1,1)
+ Z g(k) - 2
1 12.2 ¢(n) wla®n)
(%)4.4 <k<(%) 132
(k,n)=1

+ N 152 (log N)?

e(a?n)
() 7 ke () 5d
(kn)=1
N\ 57
1 ) ()
o(n) Z gk) | ™ " ;a”, N(bmpip2pa) » +ja | — ——
(M) 73 <k (N) &
(k,n)=1
N;bk,1,1
+ Z g(k) (7r (N;bk,a’n, N + jan) — %)
(%);%<k<(%)%
(k,n)=1

N
1 N B ) T L1
+— > g(k) (ﬂ (*;a{N(bmmpzm)azl +Ja) - M
. 12.2

bk ©(a?)

bkpo; bk, 1,1
p(a’n
()77 <k<()T33
(k,n)=1
1 L 1,1
| 2 o0 (et VO ) - T
(A7 <h<(§) 153
(kn)=1
+ N132 (log N)2. (51)
By Lemmas 4.1-4.2, we have
> In(ci],n)] < N(log N)~°. (52)
n<De
nlP(2¢,)

By (47)-(52) we have

Se1 < (1+0(1))

1
.561 N)N (383 84 1 1 1 1
0.5617 x 8C'(abN) 8.4 dt1/84 ( )log dis
t1

2
ab(log N) st
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C(abN)N (53)

< 0.0864362 ———F——.
ab(log N )2

Similarly, we have

So2 = Z S (Ap1papspa; P (p1) s p2)
(%)ﬁ<p1<pz<p3<<%)8ﬁ<p4<(%>%
+ Z S(AP1P293P4§P(P1)7P2)
(%)Tl-?<p1<pz<p3<(%)8ﬁ<(%)8133%<p4<(%)143%62p§1
3.

0.5617 x 8C(abN)N 13.2
x 8C(abN) 21.610g—4—9.6) log 1.4

<(1+40(1))

ab(log N)? 8.
1 1
0.5644 x 8C(abN)N [sa dt; [sa 1 (1 1 8.4 [ 46
+ (14 0(1)) x 8C(abN) /8471 84f<———)10g(— (——tz))dtz
ab(log N)2 Lot Sy, b \u b 1.4 \13.2
C(abN)N
<0.5208761 SN (54)
ab(log N )2
By (53) and (54) we have
C(abN)N C(abN)N
S6 = Se1 + Sez < 0.0864362 ZPNIN L s0g761 LNV
ab(log N)?2 ab(log N )2
C(abN)N
< 0.6073123 CLBPNIN (55)
ab(log N)?2

By Lemma 5.5 we have

1
S R Ok

(&) 83 <pa (4B
(p,N)=1
1
< Z S (Ap;’P,gZS
4.1001
()53 <pe(d)
(p,N)=1

)grl—%rﬁérwo(fv%). (56)

=

By Lemmas 3.1, 3.2, 3.5, 4.1 and some routine arguments we get

' = Z S(AP;P,B&ém)
(3% <pe(dB
(p,N)=1

8C(abN)N ( [ dt 2.675 Jog(t — 1)
<Ot tls </,1om i _Qt)) (1+/2 oeli= ) dt), (57)

13.2
_1
Ty = E E S (APPI;P,B&WS)
4.1001 1 1
(F) 132 <p<(4)3 p36T5 <p

1
(p,N)=1 (p1,N)

1 3.675
NN 5 + 2.675 log 2.675 —
8C(abN) </3 d ) / ( t+1 )dt . (58)
1

ab(log N)2 4.1001 ¢(1 — 2t) 5 t

13.2

> (1+0(1))

By arguments similar to the evaluation of Sg; we get that

T3 = Z 2 : S (APP1P2p3§P(p1)7p2)
N 4.1001 N 1 1 1
() 132 <p<(5)3 p3.675 <p1<p2<p3<p2

(p,N)=1 (p1p2p3,N)=1

8C(abN) p(a)
S (Ao =N > > > (@)
N 41001 N L 1 1 m<—N
(%) 132 <p<(%)3 p3.675 <p1<p2<p3<p2-5 Sbpp1p2pP3

(p,N)=1 (p1p2p3,N)=1 (m,pflabNP(m)):l




8C(abN)N 55 dt1dtodt
< (1+0(1))¥ S / / / 1 22 3
1.763ablog N 11001 N plogp t1 ¢ t1t5ts
(&) 132 <p<(§)3
(p,N)=1

1
16C(abN)N 3 dt
< (1 + o(1))—8C@NN /3 ) (6175108 257
1.763ab(log N)2 \ /41001 £(1 — 2t)

y (56)—(59) we have
1
N\ 132
e s (™)

4.1001 1
() 182 <p<(§)3
(p,N)=1

8C(abN)N [ [3 dt
< (1+o(1))m </41001 t(12t)> )

2.675 log(t — 1) 1 [2:675 log (2 675 — 31?—715)
1+ —= g — -
2 1

- 2.35) . (59)

dt
t 2

1 3.675
dt + (6.175 log =22 — 2.35)
5 1.763 2.5

Similarly, we have

1
N\ 814
Sgo = S| ApP, | —
> 3,62 1 <P (b> >

(F)182 <p< (L) 3604
(p,N)=1

8C(abN)N [ [5do7  dt
< (1+o(1))m </133'62 t(12t)> .

3.675
2.675 | _1 1 2675 log (2.675 — 1
1 +/ log(t = 1) 4 f/ < Ak )dt + (6 175 log 326;5 — 2.35)
2 1

t 215 ¢ 1.763
S5 = Ss51 + Ss2
1 1
8C(abN)N /3 dt /3.604 dt
< (14 o(1)) = — e | X
(1 +o(1)) ab(log N)2 < 4.1001 t(1 — 2t) + 28 t(1 —2t)
3.675
2.675 |oo(t — 1 1 [2:675 log ( 2. 1 3.675
1 +/ log(t—1) ., ,/ ( s )dt+ (6.175 log - 2.35)
2 t 2 )15 t 1.763
C(abN)N
< 1.87206 SN (60)
ab(log N)?2

6.5. Proof of theorem 1.1. By Lemma 5.3, (36)—(38), (45)—(46), (55) and (60) we get

C(abN)N

S1 4+ S3 > 58.974416 2
Lo ab(log N)2

C(abN)N

S S S S 257 < 55. 50598777
3+ 54+ S5+ 56 + 257 < ab(log N)?2

C(abN)N

4R, 1(N) > (S1 + S2) — (S5 + Sa + S5 + Se + 257) > 3.468429 —————,
’ ab(log N)2

C(abN)N

R N) > 0.867Tl ————.
a.p(N) ab(log N)?2

Theorem 1.1 is proved.

7. PROOF OF THEOREM 1.2

In this section, sets Az, Ba, Ca, C3, E2, F2 and F3 are defined respectively. We define the function w as w(p) = 0 for primes
p| abN and w(p) = 25 for other primes.



6/2 -B
7.1. Evaluation of S|,S5),55. Let Dy, = (%) (log (%)) for some positive constant B. We can take

N? b)N* N?
Xay= >, n(—;bQ,Nab—;Jrkb) ~ “‘;(2 )1 7~ TN (61)

0<k<b—1 a ap (b?) log aov log

(k,b)=1
1
so that |Asz| ~ X 4,. By Lemma 3.5 for 2.4, = (%) “ we have
2ae”YC(abN)(1 + o(1

Wea,) = (@20 + o). (62)

log N

To deal with the error terms, for an integer n such that (n,abN) > 1, similarly to the discussion for 7 (XA1 s n), we have

n (XAQ,TL) = 0. For a square-free integer n < D 4, such that (n,abN) = 1, to make n | N;“p for some N;ap € Az, we need

ap = N(modbn), which implies ap = N + kbn (modb2n) for some 0 < k < b— 1. Since (

N—ap
bn

,b) = 1, we can further require

(k,b) = 1. When k runs through the reduced residues modulo b, we know kab_zln also runs through the reduced residues modulo b.

Therefore, we have p = Nab_zln—&-klm (modb2n) for some 0 < k < b—1 such that (k,b) = 1. Conversely, if p = Nab_gln—&—k:bn—kmﬁn

N—aa ' N—akbn—amb?
for some integer m and some 0 < k < b—1 such that (k,b) = 1, then (Nb_nap,b> = ( Y2y b: noemy , b) = (—ak,b) = 1.

Therefore, for square-free integers n such that (n,abN) = 1, we have

=] 3 1=,

ac Ay
a=0( mod n)

N? X
=l 3 = (—;b2n,Nab_21 +kbn) _ZA
a " w(n)

0<k<b—1
(k,b)=1
0 (1\’Te;b2,z\/abQ1 + kb)
= > 7 (—;an,Nab—; +kbn) -
o<k<b—1 e(n)
(k,b)=1
N0
NO T(=—;1,1
< > 7 =—;b®n,Na! +kbn) — M
a bin v (b%n)
0<k<b—1
(k,b)=1
W(NTe;bQ,Na;;Jrkb) s 79;1,1)
+ Z - 2
o<heh_1 e(n) @ (b°n)
(k,b)=1
0
N? (=11
< Z s —;an,Na71 + kbn 7@
a bin ¢ (b?n)
0<k<hb—1
(k,b)=1
NO
1 N T(=—;1,1
— 3 |r (—;bQ,Nal;l +kb) - (“72) : (63)
o) g = | \a NG
(k,b)=1
By Lemma 4.1 with g(k) =1 for k = 1 and g(k) = 0 for k > 1, we have
Z |77(XA2,n)| < N%log N)~° (64)
ngDAz
n|P(z4,)
and
> > |n(Xay.pn)| < N(log N)~°. (65)
P Day
n<

nlP(za,)
26



Then by (61)—(65), Lemma 3.1, Lemma 3.2 and some routine arguments we have

Sti >Xa,W (24,) {f (%) +0 <11> } = > n(Xagn)

log3 DAQ n<D 4,
n|P(z4,)

- N? 2 x 14e=7C(abN)(1 + o(1)) y
~abflog N log N

2e7 70-2 Jog(s — 1) 70 —1
< 110 (10g(79 —-1) +/2 " log ST 1 ds)

2
bN)N? 76-2 -1 0—1
M (log(79 —-1) +/ og(s ) lo 7 ds)

>(1+4o0(1
(14 o) 92 10g M) ) s & 1
0
>16.70802 2NN
ab(log N )2
0/2 1
5o 22X, W (ZA2) {f (L> +0 <1> } - Z |T7 (XA2’”)|
1/88 log# D 4, <D,
7IP(2.a)

N N? 2 x88e~7C(abN)(1 + o(1)) o
~ abblog N log N

2e7 440-2 1og(s — 1) . 4.40 —1
<880 (log(449—1 +/ . log s+l ds)

8C(abN)N? 4.40-2 1og(s — 1 4.40 — 1
>(1+ o(l))% (log(4 40 — 1) + /2 ( S ) log ST 1 ds)

C(abN)N?
ab(log N)2’

>10.340342

C(abN)N?

S1 =351, + S1o > 60.464402 ——
1 11 T 512 ab(log N)2

(66)
Similarly, we have

s NP 2 x14e=7C(abN)(1 + o(1)) "
17 abo log N log N

1 6 1
> (-t
p1p2 2 log -

1 1
(F)1a<pi<pa<(¥)88

(p1p2,N)=1
S N? 2% 14e=7C(abN)(1 + o(1)) y
/abGIOgN 10gN
2 6 _ logpips _
5 | 2¢7log (14(2 oz ) 1)
p1p2 0 logpips
(%)ﬁép1<p2<(%)ﬁ 14 (2 2L 1%2)
(p1p2,N)=1
4C(abN)N? 1 9717141‘/ t
>(1+ 0(1)) o C(a / /s 8 log ((7 ) (t1 + 2))dt1dt2
abf(log N)?2 t tm 9 _(t1+ tQ))
8C(abN)N? log (70— 1) — 14 (1 +1
>(1+o0(1) —0——— (a /8 8 /s 8 log (( ) (t1 +t2)) dtvdts ) |
abf(log N )2 ¢ tits (60— 2(ty + t2))
o, 5 N7 2XUeTIC@N)(1+o()
abl log N log N

1 0 1
1.5863 p1p2 2 log 7
Py

a1
)14<p1<(N)88<p2<(N)
(p1p2,N)=1

N N? 2 x14e=7C(abN)(1 + o(1)) “
~ abblog N log N

(

fz

27



6 _ logpipa | _
Z 1 2e” log (14 (2 log ) 1)
586 p1p2 0 _ logpip
<%>Tigm<<%>*<m<<f>4fff”pfl 14(2 Tglgz)
(p1p2,N)=1
4C(abN)N?® g5 PPN log (70— 1) — 14 (81 + ¢
>(1 + o(1)) SAPAT /88/ v el U M)y, g,
abd(log N) = == tito (7 — (61 + tz))
8C(abNIN? [ 55 23221 log (70 — 1) — 14 (t1 + ¢
>(1 o) S (1 [ el D O ) gy, )
abf(log N)2 LS tite (0 — 2 (t1 + t2))

S5 =851 + S32

4.5863

8C(abN)N? [ 55 25521 log (76 — 1) — 14 (¢1 + t2))
>(1+o(1)) abl(log N )2 </114 /t1 tite (6 — 2 (t1 + t2)) dtldt2>

bN)N?
>5. 914688u, (67)
b(log N)?
0 -y
Sty < N 2 X 14e=7C(abN)(1 + o(1)) Z EF 14 0  logp
abflog N log N . 1.08631 P 2 log %
(EHiagp<(d)
(p,N)=1
0 (N ) 4. 08631
-
o N?  2x14e77C(@bN)(1 + o(1) / 1 L, <14 (9 B 1ogx >) u
abflog N log N (X1 ulogu 2 log 5
8C(abN)N? 4.08631(146 — 2
<(1+40(1)) g“ ) . (0 ( )
abh?(log N) 140 — 8.17262
70-2 ], -1 70 —1)(70 — 1 —
+/ og(s —1) log ( )( $) s
2 s s+ 1
70-4] -1 70-2 t—1 70 —1)(70 —1 —t
+/ 70g(s )ds/ —log log( It )dt>
2 s s+2 t s+1 t+1
C(abN)N?
<24.63508— s
b(log N)?
N9 2 x14e~7C(abN)(1 1 1 0 1
Shy < x 14e”7C(abN)(1 + o(1)) ) 1ol og}z;
abl log N log N N ss63 P 2 log 4

3.
0 - (&) 1a
< N 2 x 14e C(abN)(lJro(l))/ ) 1 7l 0  logu du
abflog N log N (Myia ulogu 2 N

log -
6
<a 0(1))80(abN)N (0 3.5863(1460 — 2)

abb2(log N)2 140 — 7.1726
+/70210g871) (76 )(Qflfs)ds
s+1
70-4 log(s — 1 7921 t—l 70—1)(70—1—1
L[ g (0= 1) )
s +1 t+1
bN)N?
<21.808021M,
ab(log N )2
C(abN)N?
S% =S4 Sho < 46.443101 ————. 68
3 =531 + O32 ab(log N2 (68)
7.2. Evaluation of S}, S}. Let Dg, = N®=1/2(log N)~B. By Chen’s switching principle and similar arguments as in [1], we
know that
N\ 3 N\ 3 N\ 3 1 >
|52|<<*) , ( ) <e<<—) for e € &, SQQS(BQ;P,DE)JrO(Né). (69)
b b b 2
Then we can take
Xp, = Z (7r (bp ;a2 s N (bp1p2) > +]a)
1P



N-—N
- (741 N (bp1p2) 2 +Ja>> (70)
bp1p2

1

1 20—
so that |Bz| ~ X, By Lemma 3.5 for 25, = Dg = N

' (log N)~5/2 we have

8e 7C(abN)(1+ o(1))
(20 —1)log N ’

W (25,) = F(2) = ¢, (71)

By Huxley’s prime number theorem in short intervals and integeration by parts we get that

NP
¢(a) bpip2

Xp, = (1+0(1)) >

2)1o <7N )
(3 T <pr <(3) 3T <pa< (253 ? (@) log (5.5,

0 1
=(1+o(1)— > P —

tog (523 )
()T <py < (B 5T <po () 3 P1P2 708 \pimo

NO p(F)31 3
_ (1+0(1))7/ b ) dt bt ) du
ab J(my1z  tlogt J(My3T ylogulog (%)

=(+o) s | - ds. (72)

To deal with the error terms, for an integer n such that (n,abN) > 1, similarly to the discussion for n (XB1 s n)7 we have
n(Xp,,n) = 0. For a square-free integer n such that (n,abN) = 1, if n | % then (p1,n) =1 and (p2,n) = 1.
Moreover, if (%;mm a) = 1, then we have bp1paps = N + jan (moda n) for some j such that 0 < j <a—1 and (j,a) = 1.
Conversely, if bpi1paps = N + jan + sa®n for some integer j such that 0 < j < a and (j,a) = 1, some 1nteger n relatively prime
to p1p2 such that an | (N — bp1p2ps), and some integer s, then (%,a) = (—j,a) = 1. Since jbpip2 runs through the

reduced residues modulo a when j runs through the reduced residues modulo a and 7 (z;k,1,1) = 7 (%, 1, 1), for square-free
integers n such that (n,abN) = 1, we have

w(n Xn
I I D D MR-
a€B2 a€By ¥
a=0( mod n) a=0( mod n)
= Z <7r (N;bp1p2,a2n,N+jan) —Tr(N—Ne;bp1p2,a2n,N+jan))
()11 <p1<(A) BT <pa<(52) 2 (prpa, N)=1
(mm,n) ,0<i<a—1,(4,a)=1

<7r (bpjl\]pz a? N(bp1p2)a2 +]a> - (1;:?1];720; s N (bp1p2) > +ga>)

- >

N - N p(n)
(B 11 <p1<(F) 3T <pa<(5h;) 2
(p1p2,n)=1,0<j<a—1,(j,a)=1
< Z ((7r (N;bppo,a2n,N+jan) —7r(N—Na;bppo,aQn,N—l-jan))
()11 <pr<(B) BT <pa<(52) 3 (prpa, N)=1
(mm,n) ,0<i<a—1,(j,a)=1
_ (7r (bPJIVPQ o N(bp1p2)a2 +]a) " (12’]1’1]1?72 10, N (bpapz) +ja)>
p(n)
N

. Z <7r (bpjlvpz a?, N (bp1p2) 5 +]a) - (]Zm];\); ;a%, N (bp1p2) 2 +ja))

Nyt N N 3 ()

() IE<p1< (7)31 P2s(5p7)2

(p1p2,mN)>1,0<j<a—1,(j,a)=1
29



< Z <<7r (N; bplpg,aQn,N+jan) - (N — Ne;bplpg,aQn,NJrjan))

1

()11 <pr<(A) BT <pa<(4) 3 (prp2,N)=1
(mpz,n) 1,0<5<a—1,(j,a)=1
_ (r(N3bpipa, 1,1) W(NNG;bmpz,l,l)))‘

¢ (a?n)

+ >

1 1
() Tigp (b)S* <p2<(Z) 2 (P12, N)=1
(mpz,n) <j<a—1,(j,a)=1
NI — .
(7 (5255502 N (bpape) 3 +ja) — 7 (52502, N (bpapa) 2 +ja) )
w(n)
N . . N-N? .
D B D) N
¢ (a?n)
< ((7r (N; bp1p2,a2n,N +jan) -7 (N — Ne;bplpg,CLQTL, N +jcm)>
1
(F)Ta <pi< (& )3 <(bp1)2,(p1p2,N) 1
(plpz,n) <j<a—1,(j,a)=1
(T (N5 bpap2, 1, )—W(N—Ne;bmm,l,l))
¢ (a?n)

1
+ _
w(n) N Z
(1< (b> 2<<bp1> J(p1p2,N)=1

(mm,n) <j<a—1,(j,a)=1

N _ ) N — N? _ )
((ﬂ ( ;a, N (bp1p2) 5 +Ja) - (7;a27N(bp1p2) 2 +Ja))
bp1p2 a bp1p2 a

_(W(bmm L ll (ﬁ)(ifmm ’1’1)) + NTi(log N)2. (73)

By Lemma 4.3 with

1, ifkeé
9(k){ 2

b
0, otherwise

we have
> n(Xpyn)| < N?(log N)~°. (74)
n§D52
n|P(zp,)

Then by (69)—(74) and some routine arguments we have

8C’(abN)N9 /13 log <2 1-— m)

Sy <1 ds.
n < (o) e log V)2 s °
Similarly, we have
8C(abN)N? /7 8 log (2 7= TH)
Sho < (1 1 ds,
12 < (L4 o) o llog N2 s °

3.7
1

3.1
8C(abN)N? /13 10%( : s+1)d +/7-8 log( T,
—_— ——as ——das
ab(29 — 1)(10g N)2 2.1 S 2.7 S

Sy =541 + 81 < (1+0(1))

C(abN)N?
ab(log N)2’ (75)

30
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ds

8C(abN)N* /2-1 log(s — 1)
(26 = 1)(log N)? /2
8C(abN)N* /2‘7 log(s — 1)
(26 — 1)(log N)? J2

N)N? 2.1, 1 2.7 _1
S = Sy + Shy < (1 +o(1))bgc(# (/ Mdﬂ/ Mds)
a 2 9

Sz < (14 0(1))
ab s

S72 < (1+0(1)) ds,
ab

s

(20 — 1)(log N)2 s s
0
< 0.771273 SNV (76)
ab(log N)?2

7.3. Evaluation of S}. Let D¢, = N?~1/2(log N)~5. By Chen’s switching principle and similar arguments as in [3], we know
that

1 1
Sg <S8 (CQ;P,DC“’Q) +0 (Dgz) . (77)
1 20—1
By Lemma 3.5 for z¢, = Dc22 =N"7 (log N)’B/2 we have

 8e=7C(abN)(1 + o(1))
Wize:) = =55 1) 1g v

, F2)=¢. (78)

By Lemma 3.4 we have

|Ca| = > 1
mp1p2p3pa€EF2
mP1P2P3p4ENb;21 +ja( mod a?)
0<ji<a—1,(j,a)=1
= 3 > ©(a)
¢(a?)
L 1 _NO
()11 <p1<p2<p3<pa<(§)FS bpjlvnggm <M< bmp]zvpgm
(P1p2p3pa, N)=1 (m,Pl_labNP(pz)):l
N 0.5617
< +om™ > 0617
ab Pp1p2p3pa log pe

1 1
(F) T4 <p1<pa<ps<pa<(¥)88

0.5617N? (85 dty [ss 1 (1 1 1
= (14 o(1)) 22 [s 4 [Rs 2 (7_ —)log—dtg. (79)
ablog N ﬁ t1 Jy, 2\t to 8.8t2
To deal with the error terms, for an integer n such that (n,abN) > 1, similarly to the discussion for n (Xcl,n), we have
1n(|C2|,n) = 0. For a square-free integer n that is relatively prime to abN, if n | %, then (p1,n) = 1, (p2,n) =

N—bmpipap3ps
an ’

1,(p3,n) = 1 and (ps,n) = 1. Moreover, if ( a) = 1, then we have bmpip2psps = N + jan (moda2n) for

some j such that 0 < j < a — 1 and (j,a) = 1. Conversely, if bmpipapsps = N + jan + sa’n for some integer j such that
0 < j < aand (j,a) = 1, some integer n relatively prime to p1papaps such that an | (N — bmpipapspa), and some integer s,
an

then (%,a) = (—j,a) = 1. Since jb;;n runs through the reduced residues modulo @ when j runs through the

reduced residues modulo a, for a square-free integer n relatively prime to abN, we have

w(n) |C2]
n(C2lim)l=| >  1-="IC| = >, 1-
a€Cqo n a€cCy Lp(n)
a=0( mod n) a=0( mod n)

< > - > | 3 1

e€Fa w(n) e€Fa (P(Tl) ecFo
(e,n)=1 (e,n)=1 (e,n)>1
cENb721 +jan( mod a’n) eENb721+ja( mod a?) eENb721+ja( mod a?)
a2n a a
0<j<a—1,(5,a)=1 0<j<a—1,(5,a)=1 0<j<a—1,(j,a)=1

1
< 1— ——— 1
> s X
e€Fa e€Fa
(e,n)=1 (e,n)=1
eENba_21n+jan( mod a2n)
0<j<a—1,(j,a)=1
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1 o—L 2
; > o D S| ST
W(n) e€Fy So(a n e€Fo
(e,n)=1 (e,n)=1
eENb;21+ja( mod a?)
0<i<a—1,(j,a)=1
< > -y X!
e€EFo ¥ ecFo
(e;n)=1 (e,n)=1
eENb;;n{»jan( mod a“n)
0<j<a—1,(j,a)=1
4L 3 -1 ST 1]+ N9 (log N)? (80)
3 .
‘P(n) e€Fy L‘D(a ) e€Fo
(e,n)=1 (e,n)=1
e Nb;1+ja( mod a?)
0<j<a—1,(j,a)=1
By Lemma 4.5, we have
> In(lcal,n)| < NP(log N)~°. (81)
'n.gDc2
nlP(zc,)
Then by (77)—(81) and some routine arguments we have
0.5617 x 8C(abN)N? [§'s dt; [ss 1 (1 1 1
Sin < (1+0(1)) Ay L Doy pn
ab(29 — 1)(10g N)2 T14 [ t t1 to 8.8
bN)N?
< 0.115227 CLANINT (82)
ab(log N)2
Similarly, we have
Sé2 = Z S (Apipapspa; P (P1) ,P2)
(%)ﬁ<P1<Pz<P3<(N)% P4<(%)%
+ Z S (Apipapspa; P (P1) ,p2)
(N) T3 <p1 <pa<ps<(N)F8 <(N) B8 <pa<(§) 295 51
0.5617 x 8C(abN)N? ( 14 )
<(1 22.8log — — 10.4 ) log 1.8
(o)) = o = 1) (log V)2 €38 °8
0.5644 x 8C(abN)N? [s5 dt; [s5 1 (1 1 8.8 /4.5863
+ (1+0(1)) 5 — — | —=—)log| — —t2 | ) dta
ab(29 — 1)(10g N) ﬁ [ to \ 11 to 1.8 14
C(abN)N®
<0.651234 CWONIN (83)
ab(log N)?2
(82) and (83) we have
C(abN)N? C(abN)N®
St = Sy + Shy < 0.115227 SOONVINT 4 654934 € (00N
ab(log N) ab(log N)2
C(abN)N*

< 0.769461
ab(log N)?2
4.08631
7.4. Evaluation of Sf. For p (% ' we have
/L)

1
'35

E .

N



By Lemma 5.6 we have

n
o2
=
Il
2
i~
©
100
=23
[«
=
‘H
W0
7N
PN
S,
I
//
Sl
—
N
~—

(p,N)=1
= 1., 1., 0— L
< S (ApsP,p'25 ) STy = -Th+ -T5+0 (N7 20).
4.08631 1 - 2 2
N Nya T
(AHFTE <pe(dya
(p,N)=1

By Lemmas 3.1, 3.2, 3.5, 4.1 and some routine arguments we get

) = Z S(J“M”’»B/ﬁ)
4.08631 1
(BT p<(f)3T
(p,N)=1
8C(abN)N* dt 2:675 og(t — 1
< (1 + o(1)) ZCLBMNT /31 - (1+/ Mdt),
abf(log N)?2 4.08631 (0 — 2t) 2 t
T, = Z S (Appl?Pvﬂ/a'é”)
N 4.08631 Nl g1 ;1
(BT <p<(4) 3T p’ 3675 <p1<p' 25
(p,N)=1 (p1,N)=1
3.675
NN = 2.675 log (2.675 —
2(1+0(1))80(ab ) 3.1 dt / ( t+1)dt .
abl(log N)? 2.08631 1(0 — 2t) 1.5 t
By arguments similar to the evaluation of Sg in [4] we get that
Iy = Z Z S (Appipaps; P(p1),p2)
4.08631 1,1 .
()14 <p<(§) 3T p'3675 <p1<pa<p3<p’25
(p,N)=1 (p1p2p3,N)=1
8C(abN)
PGS )3 )3
(20 — 1)log N 4.08631 1 1 A <—N
(F)714 <p<(4) 3T p3675 <p1<pa<p3<p2-5 MSbpp1pars
(p,N)=1 (p1p2p3,N)=1 (m,pflabNP(pg)):l
< (1+o(1)) 8C(abN)N? / / / 5 diidizdis
1.763(20 — 1)ablog N . L.0s631 v plogp t to t1t2t5
(7)) 14 <p<(4)31
(p,N)=1

1 N)N? Emy .
< (1+40(1)) 6C(abN) BT dt (6.175 log 2875 _ 2.35) .
1.763ab(20 — 1)(log N)? \ /408631 ¢(6 — 2t) 2.5

y (85)—(88) we have
1
N\ 14
St = S . o
o 4.086312: 1 (Ap,P, ( b ) )
T b

(p,N)=1
8C(abN)N?® ( 351 dt
<(1+0(1))M /31 | X
abf(log N)2 \ Ja.0s631 ¢(6 — 2t)
3.675
2.675 100 (¢ — 1 1 2675 log (2.675 — 0 )
1 +/ log(t = 1) 4y 7/ ( s >dt+ 6.17510g 207> _235) | .

9 t 2 /15 t 1.763(20 — 1) 2.5

Similarly, we have

1
N\ 8.8
Sty = > S(AP;P,(b) )
3.5863

M o
(p,N)=1
(abN)N? :
<(1+o(1))80a 37 o
abf(log N)2 3 5863 ¢ 9 — 2t)

3.675

s

2.675 150 (¢ — 1 1 2675 log
1+/ &dt—f/ ( >dt+
2 t 2 J1s t

0
1.763(20 — 1) (
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6.175log —— — 2.35
2.5

(85)

(86)

(87)

(88)



S§ = S5y + Sto
0 1 1
< (14 o(1)) BC@NIN </3.1 dt +/3.7 dt >X

abf(log N)?2 4.08631 1(0 — 2t) 2.5863 ¢(6 — 2t)

3.675
2.675 |oo(t — 1 1 2675 log (2.675 — 3.675
1 +/ log(t=1) 4 _ 7/ ( s )dt + (6.175 log 2202 2.35)
2 t 2 )15 t 1.763(20 — 1) 2.5
C(abN)N*
< 3.660999 C 2ONNT (89)
ab(log N )2
7.5. Proof of theorem 1.2. By (66)—(68), (75)—(76), (84) and (89) we get
C(abN)N?
S + 8 > 66.37909 CWNNT
ab(log N)?2
C(abN)N?
S% + 54 4 S5 + Sg + 257 < 66.378638 ————,
324+ 55+ 5+ 257 ab(log N )2
C(abN)N?
AR (N) > (S} + S5) — (84 + S} + 54 + 54 + 254) > 0.000450 S 22NN
’ ab(log N)2
C(abN)N?
R ,(N) > 0.000113 @MV
' ab(log N)?2

Theorem 1.2 is proved.

8. AN OUTLINE OF THE PROOF OF THEOREMS 1.3-1.8

The proof of Theorems 1.3—1.8 is similar and even simpler than the proof of Theorems 1.1-1.2.
For Theorem 1.3, we only need Lemma 4.3 and Remark 4.4 to deal with the sieve error terms involved instead of Lemma 4.5

0.97-1/2 -B
(i.e. % = 0.925 > %) For example, let D4, = (%) (log (%)) and by Huxley’s prime number theorem

in short intervals, we can take

N/2 NO.97 N/2 — N0.97
Xay= 3 <7r (%;&Na;; +kb) —r (/7;1;2,1\7%;1 +kb))

0<k<b—1 a
(k,b)=1

N /24 N0-97 N/2— N0-97
p(b) (7r (/%) -7 (%)) 9N0.97 00
- @ (b?) ~ ablog N (90)

and we can construct the sets B, C, £ and F for Theorem 1.3 similar to those of Theorem 1.1 and [6].

1/2 -B
The proof of Theorems 1.4-1.5 is very similar to that of Theorem 1.1. For example, let D 4, = (ﬂ) (log (%)) , we

b

can take
Xy Xy o N (91)
Yoo Tt p(c)ablog N
We can construct the sets B, C, £ and F for Theorems 1.4—1.5 similar to those of Theorem 1.1. The infinite set of primes
used in the proof of Theorems 1.4-1.7 is P’ = {p : (p, Nc) = 1}, so by using the similar arguments to those of Lemma 3.5, for

j =4,5,6 we have

, - H wp)\ p—1Y\ 2ae”7C(abN)(1 4+ o(1))
W4y = p<z (1 - 7) B IMIC (p— 2) log N ' %2)
(p,Ne)=1 i
p>

To deal with the error terms involved, we need to modify our Lemmas 4.1-4.2. We can do that by using the similar arguments
to those of Kan and Shan’s paper [23] and we refer the interested readers to check it. For Theorem 1.5, we need Lemma 4.6 to
control the sieve error terms with ”large” c.

The proof of Theorems 1.6-1.7 is like a combination of the proof of Theorems 1.2-1.3 and Theorem 1.4. For example, let

Dy, = (%)6/2 (log (%)>_B and D44 = (%)097_1/2 (1og (%)>_B, we can take

1 X NO X 1 X 2N0.97
5 (o) Az p(c)abllog N As w(c) As o(c)ablog N
We can construct the sets B, C, £ and F for Theorems 1.6-1.7 similar to those of Theorem 1.2 and [6]. To deal with the sieve error
terms involved, we also need to modify our Lemmas 4.3—4.5 by using the similar arguments to those of [23]. Our Lemmas 4.6-4.8

will help us if we want to combine Theorems 1.2-1.3 with Theorem 1.5 and get similar results to Theorems 1.6-1.7 with ”large”
c.

XA (93)

Finally, in order to prove Theorem 1.8, we need Lemma 5.7 to give an upper bound. Then we can treat Y; and Yo by
arguments involved in evaluation of Si, S, 53, and T3 by similar arguments involved in evaluation of Se.
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