Proof of a weighted sieve inequality

Runbo Li

Let p, p; denote prime numbers, A be a finite set of integers, 4; = {a : a € A, d | a}
and S(A,z) = > 4ea 1. In 2017, Brady [1] proposed the following weighted sieve

a, p<zp =

inequality without a proof in his PhD thesis.

Theorem 1. ([[1], Theorem 42]). Let z > 2 and z5 <y < z3. If every element of A is
square-free and has size at most y%, then we have
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We shall give a proof of this inequality in this note.
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Proof of Theorem 1. Since z5 < y < 22, we have

Let a € A. If a has any prime factor below %, then both quantities are clearly zero. Assume

that a has no prime factors below % and has exactly n prime factors between % and 2.

Since a < yiz < z3 and % > 23, we know that n < 6. If n = 0, then RHS = S (A %) =
S(A,z) = LHS. Assume that 1 <n < 6. Now we have LHS = S (A, z) = 0, and we only
need to prove that RHS > 0. For every a, let RHSC denote the contribution of a to RHS.
Thus, RHSC > 0 for every a implies RHS > 0.

Case 1. n = 1. Write a = p1 8, where 5 <p; <z and (8,[[,..p) = 1.

Subcase 1.1. L < p; < % For every a in this case, we have

4 1
RHSC=1—-=->0.
5 b
Subcase 1.2. % <pr < Z—z For every a in this case, we have

2 1
RHSC=1—-—-=->0.
3 3
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Subcase 1.3. 4 < p1 < z. For every a in this case, we have

8 7

HSC=1-——=—>0.
RHSC B 15>O

Case 2. n = 2. Write a = p1p,f3, where where % < p, < p; < z and (B, Hp<zp) =1.

Subcase 2.1. %5 <py <p1 < % For every a in this case, we have

RHSC=1-2- +g=0.
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Subcase 2.2. % < py < % < p1 < % For every a in this case, we have

< %,

4 2 7

RHSC=1—-—-+—=0.
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Subcase 2.3. Z%ép2<§<?;—j<p1<z. For every a in this case, we have
4 8 1
RHSC=1—-——+-=0.
5 15+3
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Subcase 2.4. <p2 <p1 < %. For every a in this case, we have

RHSC:1—2-§+
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Subcase 2.5. <pe < Z—z < p1 < z. For every a in this case, we have
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HSC=1--_° .2 _ 1
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2 . .
Subcase 2.6. % < py < p1 < z. For every a in this case, we have

H =1-2. — - = — .

Case 3. n = 3. Write a = pipopsf3, where % < p3 < p2 < p1 < z and (f3, Hp<zp) =1.

Subcase 5.1. % <p3 <p2 <p1 < % For every a in this case, we have

4 32
HSC>1-3--+3.2 -2 0.
RHSC 3432 =0

w

2 . .
Subcase 3.2. % < p3 <p2 < * < p1 < 4. For every a in this case, we have
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Subcase 3.3. <p3 < p2 < § < % < p1 < z. For every a in this case, we have
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Subcase 3.4. Z%<p3<§<p2 <p1<7j—z. For every a in this case, we have
4 2 7 1 2
RHSC=1—---2--42-—+-=—>0.
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Subcase 3.5. % < p3 < =
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p2 < %4 < p1 < z. For every a in this case, we have

2 8 7T 1 4 1

Subcase 3.6. % < p3 < =
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Subcase 3.7. % <p3 < p2 <p1 < %. For every a in this case, we have

2 1
RHSC=1-3--+4+3--=0.
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Subcase 3.8. % <p3 <p2 <% <p1 <z Forevery a in this case, we have

2 8 1 4

RHSC=1-2--—— 2-— =0.
3 15+3+ 15
Subcase 3.9. % <pg < Z—i < p2 < p1 < z. For every a in this case, we have
2 8 4 1
RHSC=1—---2-—4+2-—+-=0.
3 15+ 15+5

Subcase 3.10. Z—j < p3 < pe < p1 < z. For every a in this case, we have

8 1
HSC=1-3.— Z =
RHSC 33 =0

Case 4. n = 4. Write a = pipopsps3, where %5 < py < p3 < pp < p1 < z and

(8,11, p) = 1.

Subcase 4.1. %5 < py <p3 <p2 < p1 < % If p1pop? < 22, then we have

4 3 2 1
RHSC 5+6 3 5+5 0

If p1pep3 > 22, then we have

4 3 2 1

5 5
Subcase 4.2. % < py <ps <pa2 < % p1 < 4. For every a in this case, we have
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Subcase 4.5. % < py <ps <pa2 < % < % <p1 < z. For every a in this case, we have
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Subcase 4.4. z%<p4 < p3 < % Ppo < P1 < . For every a in this case, we have
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Subcase 4.5. % < py <p3 < § <p2 < %4 < p1 < z. For every a in this case, we have
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Subcase 4.6. % < py < p3 < = | < %1 < p2 < p1 < z. For every a in this case, we have

4 8 3 117
HSC=1-92.2 9.5 2yt 11
RHSC 5 15+5 3t

Subcase 4.7. L < py < % p3 < p2 < p1 < %. For every a in this case, we have

4 7 3
HSC=1---3.% — — =20,
RHSC -3 3+3 15+3 5= >0
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Subcase 4.8. % < py < % <p3 <p2 < % <p1 < 2. For every a in this case, we have
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Subcase 4.9. % p4<—<p3< < p2 < p1 < z. For every a in this case, we have
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Subcase4.]0.z%<p4<§<z—j<p3<p2<p1<z. For every a in this case, we have
4 8 1 1 1
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Subcase 4.11. % ps < p3 < p2 <p1 < %. For every a in this case, we have
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Subcase 4.12. " <Py <p3<py< z—i < p1 < z. For every a in this case, we have
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Subcase 4.135. % <py <ps< ‘Z—j < p2 < p1 < z. For every a in this case, we have
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Subcase 4.14. % <py < Z—z < p3 < p2 < p1 < z. For every a in this case, we have
8 4 1 2
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Subcase 4.15. z—j < ps < p3 < py < pp < z. For every a in this case, we have
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Case 5. n = 5. Write a = p1popspaps, where 4 < ps < py < p3 < p2 < p1 < 2z and

(67Hp<zp) = ]'
Subcase 5.1. % <ps <ps <p3 <p2 <p1 < % If p1pap3 < 22, then we have

4 3 2 1
RHSC=1-5-—+10-==10-=4+5-=-=0.
5+ 5 5+ 5
prlpgpi < 22 <p1p2p§, then we have
4 3 2 1
RHSC=1-5--+10-=—=9-=+3-—-=0.
5+ 5 5+ 5
If popsp? < 22 < p1pep?, then we have
4 3 2 1
RHSC>1—-5-—-+10-=—=8.- =+ - =0.
5jL 5 5+5
If popsp? > 22, then we have
4 3 2 3
RHSC>1-5-—-+10-=—6-=-—=-=>0.
5+ 5 5 5

Subcase 5.2. % < ps < ps <p3 <p2 < % <pr < Zz/—i If popsp? < 22, then we have
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_log(paps) log(papa) log(p2ps) log(pspa) log(psps)
10log(y/p1) ~ 10log(y/p1) = 10log(y/p1) ~ 10log(y/p1) = 10log(y/p1)
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101og(y/p1)
If popsp? > 22, then we have
4 2 3 7 2 4 SIOg(pzpa)
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Subcase 5.5. %5 < ps < py < p3 < pa < % < g—i < p1 < z. For every a in this case, we
have 48 3 1 2 3
RHSC=1-4-—-——+46-=-+4-——4-—=-=>0.
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Subcase 5.4. %5 < ps <ps <ps <= < p2 < p1 < %. For every a in this case, we have
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RHSC>1-3-—-—-2-—+43- 6-—+-—-
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Subcase 5.5. % < ps < ps < p3 < % <po < Z—i < p1 < z. For every a in this case, we
have
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RHSC>1-3 -2 — S 33,3 0 3.1, 2 2
5 3 15 + 5} + 15 + 3 + 15 5
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4 (1 _ M) _4 <1 B 310g<p3p5>) 4 (1 _ 3log<p4p5>)
15 8log(y/p2) 15 8log(y/p2) 15 8log(y/p2)
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10 log(y/p2)
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Subcase 5.6. %5 < ps < py < p3 < % < % < p2 < p1 < z. For every a in this case, we

have
4 8 3 1 1 2 17

RHSC>1-3- - —-2-—+43-—-4+6--4+-—-=—>0.
5 15+ 5+ 3+5 5 15
Subcase 5.7. % < ps <p4<§<p3 < p2 <p1<Z—i. For every a in this case, we have
4 2 3 7 1
RHSC=1-2-——-3-—4+-46-—+3-=
5 3+5+ 15+ 3
4 3log(paps) 4 3log(paps) 4 3log(paps)
-l - = ([l —-—=|1-—=
15 8log(y/pm)/) 15 8log(y/pa)) 15 8log(y/ps)
>1+43 _
25 25
Subcase 5.8. % < ps <p4<§<p3<p2<3—z<p1<z. For every a in this case, we
have
4 2 8 3 7 1 1 4
RHSC=1-2--—-2-———+—-4+4-—+2- -4+ -+4+2-—
5 3 15+5+ 15+ 3+3+ 15
4 (1 B 310g(p4p5)) 4 (1 B 310g(p4p5))
15 8log(y/p2) 15 8log(y/ps)
>1+2 ! —27>0
25 25

2 . .
Subcase 5.9. %5 < ps < py < % <p3s < 4 < pp <p1 <2 Forevery a in this case, we
have

4 2 | 4 1 4 1
RHSC:1—2-————2-§+§+2-1+4-—+2-—+———(1—M>

5 3 15 5 15 3 15 5 15 810g(y/p3)
> 14+ L = 26 >0
25 25 '

2 . .
Subcase 5.10. 45 < ps < ps < § < 4 < p3 <p2 <p1 <z Forevery a in this case, we

have 4 s 3 1 1
RHSC=1-2---3-—4+-46--+3-—=1>0.
50 55 03T T
Subcase 5.]].3—2<p5<§<p4 < p3 <p2<p1<g—i. For every a in this case, we have
4 2 7 1 7
RHSC=1—-—4-—+4-—+6-—=-=>0.
53T Y3757



Subcase 5.]2.Z%gp5<§<p4<p3<p2<2—z<p1<z. For every a in this case,
have 4 2 8 701 1 46
RHSC=1—---3--———+43-— 3-=4+3-—==->0.
5 3 15+ 15+3+ 3+ 15 5
Subcase 5.13. %\p5<§<p4<p3<g—4<p2<p1<z. For every a in this case,
have
4 2 8 7 1 1 4 1
RHSC=1—---2-——-2-—+42-—+2- 4-—+-=1>0.
5 3 15+ 15+ 3+3+ 15+5

have
2 8 7 1 4 1 4

RHSC=1—-——-— 3-—+—+4+3--4+3-—+3--=->0.
573 1 15 037570575
Subcase 5.]5.%<p5<2—3<z—z<p4<p3<p2 < p1 < z. For every a in this case,
have 4 8 1103
RHSC=1—-—-4-—+4--+46-—=->0.
5 15+ 3jL 5 5

Subcase 5.16.

< |Nw

< ps < ps < p3 < po<pr < . For every a in this case, we have

2 1
RHSC:1—5~§+10~§:1>O.

Subcase 5.14. 5 <ps < = <py < Z—z < p3 < pa < p1 < z. For every a in this case,
4

we

we

we

we

2 . .
Subcase 5.17. % <ps <ps<p3<p2 <% <p1 <z Forevery a in this case, we have

2 8 4 13
HSC=1—4-2— — 46--+4 - —=—
RHSC s To 3+ = =1 >0

w

z

Subcase 5.18. = < ps < pg < p3 < Z—j < po < p1 < z. For every a in this case, we have

Y

2 8 4,11
HSC=1-3-2-2.— +3.- )
RHSC 33 TREE 3+6 Ete=13>0

Subcase 5.19. = <ps <py < Z—j < p3 < p2 < p1 < z. For every a in this case, we have

y

2 8 1 4 3
HSC=1-2-2-3. — 4= = S >
RHSC g3 sty t6 15+3 z=;>0

w

Subcase 5.20. %
8 4 1

2 7
HSC=1-2—-4.—14.— )
RHSC ; A 6= >0

Subcase 5.21. Z—j < ps < ps < p3 < ps <p; <z Forevery a in this case, we have

8 1 1
HSC=1-5-—+1 - .
RHSC 5- 15+05 3>0
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<ps <% <ps <p3s <p2 <p1 <z Forevery a in this case, we have



Case 6. n = 6. Write a = p1papspapsps3, where % <ps < ps < py <ps <p2 <p1 <z
and (8, [[,.p) = 1. Since 2% <y, we have

If p1 > %, then we have

3 y 5 y4
a Z P1P2P3PaPsPe = Y < ) == >y,

[un
cle

22 2
making a contradiction with the fact a < y%. Thus, we have p; < %

Now we have % < ps < ps < ps < p3 <p2 < p1 < % If p1pap3 < 22, then we have

4 3 2 1 1
HSC=1—-6-—-4+15-2-20-2415.2 == ‘
RHSC 65+5 = 0 5+5 : 5>O

If p1pop? < 2% < pipap3, then we have
4 3 2 1
RHSC=1-6--415--—-19--+12-- =0.
5jL 5 5+ 5

If pipapi < 2° < pipopi and pipsp; < 2%, then we have

4 3 2 1
HSC=1-6--+15-2—18- 2410~ = 0.
RHSC 6 2 +15- 2 18- - +10- 2 =0

If pipaps < 22 < pipopi and popspi < 2% < pipspi, then we have

4 3 2 1
HSC=1-6-=-+15-2—17-2+8.—
RHSC 6= +15- 2 —17- 248

If p1pops < 2* < pipepi and popspy > 2%, then we have

4 3 2 1
RHSC=1-6--4+15--—16--+6--=0.
5+ 5 5+ 5

If plpgpg < 22K plpgpg and pipsp7 < 22, then we have

4 2
RHSC:1—6-5+15-§—17-5+9~—:—>O.

If pipsp? < 22 < pipop? and popspi < 22 < pipspi, then we have
4 3 9

1 1
RHSC=1—-6-=4+15-=—=16-=-+T7-===>0
5+ 5) 5+ 5) 5)
If pipsp? < 22 < pipap? and popspi > 22, then we have
4 3 2 1 1
RHSC=1—-6-—-+15-—-—15-—=+5.-—==>0.
5T 5 5T2 5557
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If popsp? < 22 < pipsp? and popspi < 2%, then we have

4 3 2 1 1
HSC =1—-6-2415.2_15.245.2 -2
RHSC 6 5+ 5) 5 ) 5+5 5 5>0
If popsp? < 22 < pipsp? and popspi > 22, then we have
4 3 2 1 1
RHSC=1-6--+15-—-—14--43-—-=->0.
5+ 5 5+ 5 b
If popsp? > 22, then we have
4 3 2
RHSC>1—-6--—+15--—-13-=-=0.
5+ ) )

Combining all cases and subcases above, Theorem 1 is proved.
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