PRIMES IN ALMOST ALL SHORT INTERVALS II

RUNBO LI

ABSTRACT. By combining the sieve machinery used in the author’s previous paper on this topic and some new arithmetic

1
information in Harman’s monograph, the author proves that the interval [n — n 22 +5, n] contains prime numbers for almost

all n, improving the previous exponent 1

by the author. The use of the variable role-reversal plays a crucial role in the

21.5
proof.
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1. INTRODUCTION

One of the famous topics in number theory is to find prime numbers in short intervals. In 1937, Cramér 7] conjectured that
every interval [n,n + f(n)(logn)?] contains prime numbers for some f(n) — 1 as n — oco. The Riemann Hypothesis implies

that for all large n, the interval [n —n?, n] contains ~ n?(logn)~! prime numbers for every % < 6 < 1. The first unconditional
result of this asymptotic formula was proved by Hoheisel [18] in 1930 with 6 = 1 — m. After the works of Hoheisel [18],

Heilbronn [17], Chudakov [6], Ingham [20] and Montgomery [37], Huxley [19] proved in 1972 that the above asymptotic formula
holds when 6 > 1—72 by his zero density estimate. In 2024, Guth and Maynard [9] improved this to 6 > é—g by a new zero density
estimate.

In 1979, Iwaniec and Jutila [21] first introduced a sieve method into this problem. They established a lower bound with
correct order of magnitude (instead of an asymptotic formula) with 6 = % After that breakthrough, many improvements were
made and the value of 6 was reduced successively to

5 11 17 23
— =~ 0.5556, — = 0.5500, — =~ 0.5484, — =~ 0.5476,
9 20 31 42

1051 ~ 0.5474, 35 =~ 0.5469, s = 0.5455 and I =~ 0.5385

1920 64 11 13

by Iwaniec and Jutila [21], Heath-Brown and Iwaniec [16], Pintz [39] [40], Iwaniec and Pintz [22], Mozzochi [38] and Lou and
Yao [32] [34] [35] [36] respectively. In 1996, Baker and Harman [2] presented an alternative approach to this problem. They
used the alternative sieve developed by Harman [11] [12] to reduce 6 to 0.535. Baker, Harman and Pintz [4] further developed
this sieve process and combined it with Watt’s theorem and showed 6 = 0.525. The best result now is due to the author [31],
where he proved 6 = 0.52 is acceptable.

However, if we only consider the prime numbers in “almost all” intervals instead of “all” intervals, the intervals will be much
shorter than n9-52. In 1943, under the Riemann Hypothesis, Selberg [42] showed that Cramér’s interval contains primes for
almost all n if f(n) — oo as n — oco. In the same paper, he also showed unconditionally that the interval [n—n%+5, n] contains
prime numbers for almost all n. In 1971, Montgomery [37] improved the exponent % to % with an asymptotic formula. The
zero density estimate of Huxley [19] gives the exponent é with an asymptotic formula, and the best asymptotic result now is
also due to Guth and Maynard [9], where they proved the exponent 7—15
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In 1982, Harman [10] used his alternative sieve method to showed that the interval [n — nT6 T n] contains prime numbers
for almost all n. His method can only provide a lower bound instead of an asymptotic formula. The exponent 1—10 was reduced
successively to

1 14 1 17 1
— ~0.0833, — ~0.0881, — ~ 0.0769, —— ~ 0.0749, —— ~ 0.0740,
12 159 13 227 13.5

1 1 1 1 1 1
— =~ 0.0714, — =~ 0.0667, — = 0.0625, — ~ 0.0556, — = 0.0500 and —— =~ 0.0465
14 15 16 18 20 21.5

by Harman [11] (and Heath-Brown [15]), Lou and Yao [33], Jia [24] [25], Lou and Yao [33], Li [28], Jia [23] (and Watt [44]), Li
[29], Baker, Harman and Pintz [3], Wong [45] (and Jia [27], Harman [[14], Chapter 9]), Jia [26] and the author [30] respectively.

In the end of [30], the author mentioned that an exponent 55 is far out of reach using the methods in [30]. Indeed, there are
still some extra asymptotic regions proved in Harman’s monograph [[14], Chapter 9] that we did not use in [30]. Fortunately,
we find that one of those extra asymptotic regions is very powerful when combined with a variable role-reversal technique. In
the present paper, we combine the sieve machinery used in [30] with the arithmetic information used in [[14], Chapter 9] to

obtain the following result.

Theorem 1.1. The interval [n — n712+5,n} contains prime numbers for almost all n. Specifically, suppose that B is a

sufficiently large positive constant, € is a sufficiently small positive constant and X is sufficiently large. Then for positive
1

integers n € [X,2X], except for O (X(logX)_B) values, the interval [n — n227° n] contains > nl/22te(logn)~! prime

numbers.

Throughout this paper, we always suppose that B is a sufficiently large positive constant, ¢ is a sufficiently small positive
constant, X is a sufficiently large integer, z € [X,2X] and Ko > 0. The appearance of Ky in the exponent of a logarithm
will always signify that the result holds for every Ko > 0 with an implied constant that depends on Ky. The letter p, with or
without subscript, is reserved for prime numbers. Let cg, ¢; and ca denote positive constants which may have different values
at different places, and we write m ~ M to mean that c;M < m < coM. Let b = 1+ ﬁ, §=el/3 = (2X)’%+E,
and 1 = exp (—3(log X)1/3). We use M(s), N(s), H(s) and some other capital letters to denote divisor-bounded Dirichlet
polynomials

M(s) = Z amm™°%, N(s) = Z bpn~%, H(s)= Z chh™?%,

m~M n~N h~H
and we use L(s) to denote a “zeta-factor”
L(s)=>» 1"
I~L

We say a Dirichlet polynomial M (s) is prime-factored if we have

1
M (5 + zt)’ < M7 (log z)~ Ko

21
for exp ((logx)1/3) < |[t| < z22. In fact, this holds when a,, is the characteristic function of primes or of numbers with a
g

bounded number of prime factors restricted to certain ranges.

2. AN OUTLINE OF THE PROOF
Let C denote a finite set of positive integers, p; = X% in the following sections and put

A={a:a€Z, z—nr<a<z}, B ={b:beZ z<b<2z}, B ={b:bcZ z—mz<b<a}

Ca={a:adeC}, P()=][[p, SC2z= > L
p<z a€eC
(a,P(2)=1

Then we have
1
m(x) — m(x —nx) = S (A, (2X)§). (1)
Buchstab’s identity is the equation
5(C2)=SCw) — >  S(Cpp),

wLp<z
where 2 < w < 2.
1
In order to prove Theorem 1.1, we only need to show that S (.A, (2X)§> > 0. By Buchstab’s identity, we have

1 20 20
S(.A,(2X)2>:S<_A7X209>7 Z S(_Apl,X‘zog)
<t <3
+ Z S (Ap1pz:P2)
2 <n<
5 Sta<min(t1,5 (1—t1))
=851 — Sy + S3. (2)
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Our aim is to show that the sparser set A contains the expected proportion of primes compared to the larger sets B%, which

requires us to decompose S (A, (2X) %) using the above Buchstab’s identity, prove asymptotic formulas (for almost z € [X, 2X]
except for O (X (log X)~B) values) of the forms

S(A,z) =n(1+0(1)S (B',2) or S(Az)= 7;7—1(1 +0(1))S (B2, 2) (3)

for some parts of it, and drop the remaining positive parts. We say a term S (A, z) has an asymptotic formula if any of the
two forms of (3) holds for this term (or all of its decomposed parts).

In Sections 3 and 4 we provide some arithmetic information by proving mean value bounds for Dirichlet polynomials. In
Section 5 we provide additional arithmetic information used in Harman’s monograph [[14], Chapter 9]. We shall use them
to prove asymptotic formulas for terms of the form S (.Apl_,_pn,X‘s) and S (Ap,...pn,Pn) in Section 6. In Section 7 we make

further use of Buchstab’s identity to decompose S (.A, (2X)%> and prove Theorem 1.1.

3. ARITHMETIC INFORMATION I

In the following three sections we provide some arithmetic information which will help us prove the asymptotic formulas for
sieve functions. In this section we only use the classical mean value estimate and Haldsz method.

Lemma 3.1. Suppose that MH = X, b;, = A(h) and X% < H <« X35. Then for (logX)B/E < T < X, we have

1 2 2T
(min (n, ?)) / IM(b+ it)H(b+ it)| 2dt < n*(log z)~ 0B,
T

Proof. Let s = b+ it and by the zero-free region of the ¢ function, for [t| < 2X we have
(CQH)liS _ (ClH)175
1—s

So, for (log X)B/¢ < |t| < 2X we have H(s) < (logz)~5/¢. According to the discussion in [16], there are O ((log X)?) sets
S(V,W), where S(V,W) is the set of tx(k = 1,..., K) with the property |t, —ts| > 1 (r # s). Moreover,

H(s) =

+0 ((10gx)72B/6) . (4)

V< MZ|M(b+ity) <2V, W <H?|H(Ob+ity)| < 2W,

where X1 € M_%V,X*1 < H_%W and V < M%,W < H%(log:c)’B/E. Then we have
2T N
/ |M(b+ it)H(b+ it)2dt < VW22~ (log 2)2|S(V, W)| + O <x*25 ) ,
T

where S(V, W) is one of sets with the above properties.

1 1
Assume X *+1 < H < X %, where k is a positive integer, kK > 10 and kd < 1. Applying the mean value estimate to M (s)
and H*(s), we have

IS(V,W)| < V™3(M + T)(log x)*,
SV, W)l <« W2 (H* +T) (log )",
where d = ¢/62. Applying the Haldsz method to M(s) and H*(s), we have
IS(V,W)| < (V72M + V=5MT) (log z)?,
IS(V,W)| < (W‘Z’“H’“ + W‘GkH’“T) (log z)%.
Thus,
V2W2|S(V,W)| < VZW2F(log z)¢,

where
F = min {V’2(M LT, V7IM 4+ VSMT, W2k (HE 4 T), w2k W’6kH’“T} .
It will be proved that
1 2
(min (777 ?)) V2W2F < n?z(logz)~B/e.
We consider four cases.
(a) F <2V72M,F < 2W~25H¥. Then
VEW2F < VAW min { V-2 M, W2 gk
1
<VIW? (V-2a)t R (w2kmt)
= VEWM' "R H?
< :t(logx)fB/E
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and so )
(min (77, %)) V2W?2F < n?z(logz)~B/e.
(b) F>2V~2M,F > 2W~2*[*  Then
VZW2F < V2W? min {V*2T, V=S MT, W2kT, W’GkaT}

22 (y—2\1" 5% (=6 B -2k
<VEWR (V)T (VoS (W) Ry

() F<2V=2M,F > 2W~2*H¥_ Then
V2W2F < V2W?2 min {V—QM, w2k, W_GkH’“T}
1 1
< VEWR (v2m)' TR (WOt phr)
<« MH5T3F,
. 1 1 21 1o 21
since VK M2. As H > XF*+1 > X 24k and M < X~ 24k, we have

1
112 1\ 3%
(min (’7’?)) VEW2F < 1’3k (T)S (MH)S M3T3

< 23533 +30-4p)
< 772$1—52.
(d) F>2V=2M,F < 2W~2*HF. Then
V2W2F < V2W?2 min {V’QT, VS MT, W’Qka}
3 1 1
< VEW? (V7RT) TR (o) 2E (w2t

L 1—1
= M2 HT " .

1 1o 21(k=1 21(k—1)

Ifk>11,then H< X% < X 11Cr-1) M > X 11Zk-1)  and so

1 2 1 17% k—
<min (17, ?)) VIW2FE < it E (?) (MH) M~ 55 T %

21(k—1)
22F

< @30
2
< n2$175 .

If k = 10, then XTT < H < X305, M > X 209, and so

1 21172 11 (1\10 199
in {7, VAW F < n1 T (MH) M~ 20T 10
1—11.21_ 19 189
& xr” T 10°227 20209
<<7721‘1 €

Combining the above cases, Lemma 3.1 is proved.

Lemma 3.2. Suppose that MHK = X, and M and H satisfy one of the following 9 conditions:

2 2L 29 771 109 83 —17729 [ g3 12 7711,

(1) MH <« X319, X121 <« H, MPH ' < X711, X200 <K M, M~ 'H® <« X11, X11 <K M'2H';

(2) MH < X3, M®H'9 < X%, X3 <« M2H, M?H" < X711, XTT < MP®HY9;

(3) MH < X355, X% <« H, MSH <« X1, X1 « M <« X171, MH® < X317, X% « MOH?;
146 2L 12 69 147 —17719 41 84 12 7711 .

(4) MH « X209, X121 <« H, M'*H < X11, X319 < M, M~'H"” « X11, X11 K M'"“H";

2 38 58 779 323 i 5 15 815 29 7710 .

(5) M"H « X33, M>*H < X 11, X8 <« M, MH> < X11, X 22 < M*°H"'Y;

(6) XTT <« MH < X171, X1t < H, MOH < X%, X313 < M, M~'H” < X11, X1 <« MOH5;
137 35 7723 196 198 2 27713 3 318 70 1759 .

(7)) MH <« X242 M°°H* <« X111, X121 K M*H, M*H" <« X°, X' 11 < M"YH"?;

(8) MH < X115, MY H?T <« X35, X115 <« M2H, M2HY < X i1, X1t < M82H9;
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2 437 70 7711 392 105 6 2 189 35 1712
(9) M*"H <« X121, MPH"Y <« X111, X212 K M, MH°* < X2, X111 < M°°H'2.
Assume that for (log X)B/¢ < |t| < 2X, M(b+it) < (logz)~B/¢ and H(b+it) < (logz)~B/¢. Then for (log X)B/e < T <

X, we have

. 1 2T X . N 2 —10B

min {7, [M(b+ it)H(b+it) K(b+ it)|“dt < n°(logx) .
T

Proof. Using the method of Lemma 3.1, we only need to show that for T =1/n = (2X)%_5,
2T
I= / |M(b+ it)H (b + it) K (b + it)|>dt < (logz) 0B,
T

Assuming the condition (1). By applying the mean value estimate and Haldsz method to M3(s), H?(s) and K?(s), we get
I < UV2W2e 1 F(log z)®

where
F=min{V=C(M3+T),v=om®+v-8rM3T, w10 (H5 +T),

WOHS + W3OHST U (K2 +T) , U K? + U2 K?T} .

We consider 8 cases:
(a) FL2V—SM3 F <2W~10H5 F < 2U~*K?2. Then

UVEW2F < UV2W2 min {V AW 2M2H, W~ 015 U1 K?}
< U212 (V*4W*2M2H)% (WfloHs)é (U*4K2)%
- VEMIiHK
< z(logz) 1B,
(b) F<2V—SM3, F <2W—10H5 F > 2U~4K?2. Then
UPVEW2F < U?V2W2 min {V™5M3 W—10H° U~*T, U2 K?T}
< UVEW2 (VoMY T (W) S (UAT) B (U 12K 2T)
— T15 MHK 3
=715 (MHK) (M3 1)

where M H < X% is required.
(c) FL2V=SM3 F > 2W—1005 F < 2U~*K?2. Then

UPVEW?F < U?V2W2 min {V-OM3, W10, W3 HPT, U4 K2}
1 3 1 1
SUVEW2 (v=SMm3) 3 (wi0T) 20 (W30 HPT) %0 (U~*K?)2
= T6 MH12 K
1 _11
=T6¢(MHK)H 12

1—¢2

Lz y

where X 1 < H is required.
(d) FL2Vv=SM3 F > 2w 1005 F > 2U~4K2. Then
UPVEW2F < UPV2W2 min (VM3 w107, w0 usT, U~*T, U~ 2 K?T}
< UVEW? (VM) § (W) (UAT) B (U2 K2T)
— T3 MK
=TS (MHK)%0 (M3 )

where M29H-1 « X% is required.
(e) F>2V—SM3 F <2W~10H5 F < 2U~*K?. Then

UAVEW2F < UPV2W2 min {V 8T, V18037, w—01°% U4 K?}
< Uviw? (V’GT)E% (V*18M3T)61*0 (W’10H5)% (U’4K2)%

3 1
=TiwoM20HK



3 _ 19
= T10 (MHK)M 20
< 561_52,
where X% < M is required.
(f) F>2Vv M3 F <2W~10H5 F > 2U~4K2. Then
UPVEW?F < UPV2W2 min {V =0T, V=18 M3, w101 u~4T, U~ K2T}
1 1 9 1
S UPVEW? (VOT)s (W0H®) 5 (UTT) ™ (U~ K>T) %

4 1
=T5 HK30

4 1 1 29
=T5(MHK)30 (M 30H30>
<<$17£2

where M—1H?? « X% is required.
(g) F>2V=SM3 F>2Ww—100% F < 2U~4K2. Then

UVEW2F < U?V2W2 min {V =01, V=8 M3T, w107, w30 55T, U4 K?}
< UPVEW? (V-ST)S (W—10T) %0 (W30 sST) w0 (U—4K2)3
—TIHTK
= TH(MHEK) (M~ 1)

where X% < M2 H is required.
(h) F>2V—SM3 F > 2W~10H> F > 2U~*K?2. Then

UPVAW2F < UV2W2 min {V =5, V1803 w10, w=30y5 y=1 U=12K2} T
<URvAWE (Voo B (v (W) R
1
=TM?20
< x17£2

1283 L 21, 1 1283 68273 . .
where M < X 3509 and TM 20 < X 22720 3509 < X 70180 are used. The former one can be obtained by using M H < X

and XT21 < H.
Assuming the condition (2). By applying the mean value estimate and Haldsz method to M2 (s)H(s), H?(s) and K2(s)

172
319

get
I < U?V2W2z~ F(log z)°

where
F=min{V*W™2 (M*H+T),V*W2M?>H + V- W S M?HT,
W (HS +T) , WS + W3OHST, U (K% +T) ,U*K? + U2 K?T} .
We consider 8 cases:
(a) F<2VTAW 2 M?H,F < 2W~19H5 F < 2U*K?2. Then
UVEW2F < UV2W2 min {V AW 2 M2H, W 1015 U4 K?}
< U212 (V*‘LW*QMZH)% (W*10H5)% (U*4K2)%
—VIMiHK
< z(logz) 1B,
(b) F <2V AW 2M2H,F <2W~10H5 F > 2U*K?. Then
UVEW?F < UV2W2 min {V AW 2 M2 H, W1 H? U—4T, U~ 2 K2T}

<UVEW? (VAWM H)E (WOLOHP) T (UAT) B (U 12 KT

L
20

=TEMHKT
= T3(MHK)10 (M%H%)
1—e2

Lz s

where MH < X 35 is required.



(c) FL2V AW 2M2H,F > 2W~10H5 F < 2U"*K?2. Then
UVEW2F < UV2W2 min {V AW 2 M2 H, W07, w30 55T, U~ K?}

1 1
SUVW2 (VTUwT2MPH)2 (UT1K?)2
= WMH?K
< z(logz) 1B,

(d) F <2V *W—2M2H,F > 2W~19H5 F > 2U~4K?2. Then
UVEW2F < UV2W2 min {V AW 2 M2 H, W07, w30 5T, U1, U~ 2 K2 T}
1

< U2VEW? (VAW -2 M2H) 2 (W30 HST) 30 (U—4T) % (U~ 12K2T) 10

)

1 2 1
=TIMH3K%
1 1 29
= T3 (MHK)% (M3 H5

g

< xlfa‘z

where M29H9 « X% is required.
(e) F> 2V W2M?H,F < 2W~19H5 F < 2U~*K?. Then
UVEW2F < UV2W2 min {V AW 2T, v 2w =S M2 g1, w1 1% U~ K?}

e 1 1 1
S UAVEW2 (Vw220 (V2w S MR HT) 20 (W0 HP) 10 (U1 K?) 2
2 1 11
=Ts5Mi0 H20 K
2 9 9
= T3 (MHK) (M o H 20)
< 1,1—52

where X% <« M?H is required.
(f) F>2V*W2M2H,F < 2W~1OH5 F > 2U~*K?. Then
UPVEW?2F < UPVEW2 min {V*W 2T, V- 2w SM2HT, W H® U~*T, U~ 2 K*T}

< UPVEw? (V—4W—2T)T70 (V—IQW—ﬁMQHT)% (W‘lOHs)Tl" (U—4T)%

9 1 11
=T (MWH%)
< 11752
2711 8. ; ; ; ; 211 a0
where M“H** <« X 11 is required. This can be obtained by using M“H"* <« X 11.

(g) F>2V *W—2M2H,F > 2W~19H5 F < 2U~*K?2. Then
UPVEW2F < U?V2W2 min (VAW 22T, v - 2w =S M2 T, w107, W 30 53T, U~ K2}

9 1 L 1
SUVEW2 (vtw i) o (v RPw S M2 HT) 50 (W30S T) 30 (Ut K?) 2
= T2M3H®K
1 29 49
=T2(MHK) (M‘on‘eo)
< :El_E ,

where X% < M58 H* is required.
(h) F > 2V 4W2M2H,F > 2W 1003 F > 2U~*K?. Then
UVEW2EF < UV2W2min {V AW 2, v 2Wwopm2H, w10, w305 U~ U~ 12 K2} T

< U2V2W2 (V—4W—2)% (V—12W—6M2H)& (W—SOHs)% (U—4)% T
=T (M%H%)
2

< xl—s ,

where M2H11 « X% is required.
Assuming the condition (3). By applying the mean value estimate and Haldsz method to M3(s), H*(s) and K?(s), we get
I < U?V2W2z~ 1 F(log x)©

where
F=min{V=¢(M3+7),Vv=SM3 + V- BM3T W8 (H*+T),

7



WHY + WHHAT, U™ (K2 +T) , U K2 + U 2 K?T} .

We consider 8 cases:
(a) F L2V SM3 F <2W—8H4, F <2U*K?. Then
UVEW2F < UV2W2min {V-SM3, w8 HY U1 K?}
< UVEw? (V’6M3)% (W’8H4)% (U’4K2)%
—VIMiHK
< z(logz) 1B,

(b) FL2V—OM3 F <2W—8H* F > 2U~*K?. Then
UPVEW?2F < UPV2W2 min {V M3 W=8H* U—*T, U 2 K>T}

< URVEW2 (VMR T (WSHY) T (UAT) R (U2 K T) 2

)

— T3 MHK 2
1

=T (MHK)T (M AT

o=

where M H < X% is required.
(c) FL2V—SM3, F > 2W—8H* F <2U~*K?2. Then
UVEW2F < UV2W2 min {V-SM3, W8T, w2 g1, U~ K?}
1 1 1 1
SUPVEW2 (VvoMB) 3 (wBT) s (W HiT) 2 (U1 K?)®
— TEMHSK
1 _5
=T6(MHK)H &

1—¢2

Lz s

where X o < H is required.
(d) F<2V—SM3, F > 2W—8H4 F > 2U*K?. Then
UV2W2F < U?V2W2 min {V=SM3, W8T, W= g4, U=4T, U~ 2 KT}

1 1 1 1

SUVEW2 (VvOMB) 3 (BT E (W HAT) 2 (U'T)2

2 1
- 73 (MHE)
< 561762,

where MOH « X% is required.
(e) F>2V—SM3 F <2W—8H* F <2U~*K?2. Then
UVEW2F < U?V2W2 min {V=OT, V18037, w8 H*, U4 K?}
5 1 1 1
S UAVEW2 (v—oT) 21 (V-8 pBT) 2 (W—8HY) 1 (U4 K?)2
— TiM3SHK
1 7
=Ti(MHK)M™%
< x1762

where X r < M is required.
(f) F>2V-SM3 F <2W~8H* F > 2U~*K?2. Then

UVEW2F < U?V2W2 min {V 75T, V=8 M3T, W8 H*, U*T, U~ K*T}

< UviIw? (V’GT)Q% (V*18M3T)i (W*8H4)% (U’4T)%
—Ti (MéH)
< 561752

where M H® < X% is required.
(8) F>2V—SM3 F>2W—8H4 F <2U"*K?. Then

U?VEW2F < U?V2W2 min {V =0T, V-8 M3T, W8T, W24 H*T, U *K?}

8



< Urviw? (V’6T)% (W’8T)§ (W*24H4T)ﬁ (U’4K2)%
=TIHtK
= T3 (MHK) <M’1H_%)

_ .2
<<1‘1€,

where X% <« MSH? is required.
(h) F>2V=8M3 F > 2W—8H4 F > 2U*K?. Then
UPVEW?F < UPV2W2 min {V 6, V1803 w8 w—2tg* U4 U~ ?K?} T
5 1 1 1
S UPVEW? (Vv—9)21 (v B2 (w8 T (U2 T
= TMS3
< 11—52

where M < Xﬁ is required.
Assuming the condition (4). By applying the mean value estimate and Haldsz method to M?2(s), H?(s) and K3(s), we get

I < UV2W2e 1 F(log z)©

where
F=min{V™*(M?+T), v M +v-2M2T, W10 (H® +T),

W HS + w3 EST, U6 (K3 +T) , U SK3 + U BK3T} .
We consider 8 cases:
(a) F<2V4M2 F <2W~10H5 F < 2U 8K3. Then
UAVEW2F < UPV2W2 min {V M2, W—10H5 U~C K3}

1 1 1

< U2V2W2 (V—4M2) 2 (W—10H5) 6 (U—GKB) 3

—WIMHSK

< z(logz) 1B,

(b) FL2V—* M2, F <2W~10H% F > 2U-SK3. Then
UV2W2F < UV2W2min {V M2, w1015 U=ST, U~ ¥ K3}

1 1 17 1
< U2V2 W2 (V*4M2) 3 (W*10H5) 5 (U*GT) &6 (U*18K3T) 80
= Ti6 MHK %
= T10 (MHK)20 (M%H%)
< :El_€ ,

where M H < X% is required.
(c) FL2V—*M?, F > 2W~10H5 F < 2U-SK3. Then

UV2W2F < U?V2W2 min {V M2, w10, w30 H5T, U0 K3}
< UPVEw? (V’4M2)% (W’lOT)% (W*3°H5T)% (U’ﬁKs)%

— TS MHTK
=T6(MHK)H 12
< m1—52’
where X 51 < H is required.
(d) FL2V4M2 F > 2W~1OH5 F > 2U%K3. Then

UPVEW?2F < UPV2W?2 min {V M2, W07, W30 H°T, U~ ST, U~ 18 K3T'}
< Urviw? (V’4M2)% (W’lOT)% (W*30H5T)61*0 (U’6T)%
—T3 (MH%)
< xks"’7

where M12H <« X% is required.



(e) F>2V4M2 F <2W~10H5 F < 2USK3. Then
UV2W2F < UV2W2 min {V 4T, V-2 M2, w1015 U0 K3}
9 1 1 1
SUPVEW? (VoAT) 20 (VMR T) B0 (WO HD) S (UTOK?) S
— T75 M3 HK
=TT (MHK)M ™30
< :El—az

where X% < M is required.
() F>2V—4M2 F <2W~10H5 F > 2U6K3. Then
UV2W2F < U?V2W2 min {V 4T, v -2 M2, w1015 U—ST, U8 K3T}
1 1 17 1
SUPVEW2 (V7)) 2 (W10H5)5 (U—°T) o0 (U~18K3T) 60

4 1
= TSHK

4 1 _ 1 1
= T3 (MHK)% (M 50 H 3

O‘@

< xl—sz

where M—1HY « X% is required.
(g) F>2V—4M2 F > 2W—10H% F < 2U6K3. Then
UVEW2F < UV2W2 min {V 4T, V=2 M2T, w107, w30 55T, U0 K3}
1 3 1 1
SUPVEW? (VAT) 2 (W0T) 20 (W30 HPT) 80 (U~ 0K?)3
—T3HTK
= T3 (MHK) (M_IH’%)

where X% <« M12H1 is required.
(h) F>2V—4 M2 F > 2W~10H5 F > 2U-SK3. Then
UVEW2F < U?V2W2min {V 4, V1202 w10 w305 =6 u~18K3} 1

< U2V2W? (V—4)% (W—lo)% (U—6)% (U—18K3)& T

)

— TK2
L PR S
= T(MHK)® (M™% H

[ ]
8-

1—¢2

Lz ;
where XTll <& MH is required. This can be obtained by using X% < M and X% < H.
Assuming the condition (5). By applying the mean value estimate and Haldsz method to M?2(s), H5(s) and K?(s)H(s), we
get
I < U?V2W2z~ F(log z)°
where
F=min{Vv=* (M2 +7T), v M+ v 2M?>T, W10 (H® + T),
w0 y wEST, U W2 (K2PH 4+ T) .U W K?H + U W SK2HT}
We consider 8 cases:
(a) FL2VTAM?2 F <2W~10H5 F < 2U*W~2K?H. Then
UVEW?2F < U?V2W 2 min {V4M2, W05 U W2 K?H}
1 1
SUVEW2 (VM) 2 (U'W2K2H) 2
= WMH?K
< z(logz) 1B,
(b) F<2V™4M2, F <2W10H3 F > 2U*W~2K2H. Then
UVEW2F < UV2W2 min {V M2, WO P U= w21, U~ W SK?HT}
1 1 7 1
S UPVEW? (VTAM2)2 (W 0g5) 1o (U—tw—21)20 (U~ 2W SK2HT) 20

10



2 11 1
2 1
= T8 (MHK)T0 (M

=

H

8o
~—

< xlfaQ

where M2H <« X% is required.
(c) FL2V™4M2, F > 2W~10H5 F < 2U*W~—2K?H. Then

UV2W2F < U?V2W2 min {V M2, w10, w30 BT, U W2 K?H}
< UVEW? (V’4M2)% (U*4W*2K2H)%
- WMH?K
< z(logz) 1B,
(d) FL2V—4M2 F > 2W~10H5 F > 2U*W~2K2H. Then
UV2W2F < U?V2W2 min {VAM2, w07, w30 S, U= w21, U~ W S K?HT}
< UrvEw? (V’4M2)% (W*3OH5T)% (U’4W’2T)% (U*”W*GKQHT)%
— T3 MH® K3
= T3(MHK)% (M H® )
< :El_€ ,

where M8 H? <« X% is required.
(e) F>2V4M2 F <2W~10H5 F <2U*W~2K?H. Then

UPVEW?2F < UPV2W2 min {V 4T, V-2 M2T, W 1015 U W 2K H}
7 1 1 1
S UV2W?2 (v—4T)20 (V—12p2T) 20 (W i0HP) 10 (U4 W 2K2H)?
=T8MToHK
2 9
=T5(MHK)M™ 10
1—¢

2
Lz y

where X 35 < M is required.
() F>2V—4M2 F <2W~10H5 F > 2U~4W~2K2H. Then

UVEW2F < U?V2W2 min {V 74T, V-2 M2, w015 U W 2T, U2 WS K2 HT}
7 1 1 1
SUPVEW? (VoAT) 0 (VR MPT) 20 (WO HP) 10 (U AW AT 2
9 1 1
= T10 (M 10 H2>
< x1752
where M H5 <« X% is required. This can be obtained by using MH® <« X%.
(g) F>2V 4M2 F > 2W~10H% F < 2U*W~2K?H. Then
UVEW2F < UV2W2 min {V 47, V=202, w107, w3 H5T, U~ W 2 K2 H }
9 1 1 1
S UAVEW?2 (VAT) 20 (Vo2 pRT) S0 (W30 ST 30 (U W 2 K2 H) 2
—TIMBHIK
1 _20 1
- T3 (MHK) <M 5 H s)

2

< xlfs ,

where X% <« M29H10 is required.
(h) F>2V—4M2 F > 2W-10H5 F > 2U~*W~2K?2H. Then
UAVEW2F < UPVAW2 min {V—4 V=202, w0 w=30ps u—*w =2, U~ 2w SKk?H} T
<UVIW? (VY = (V-1202) & (W30 1% = (U*4W*2)% T
-7 (M%H%)
< 3617527

11



where M H5 <« X% is required.
Assuming the condition (6). By applying the mean value estimate and Haldsz method to M2(s), H*(s) and K3(s), we get

I < U?V2W2z~ 1 F(log x)°©

where
F=min{V™*(M*+7T),V*M? + V" 2M2*T,W~8 (H* + T),

WH + W HT, U (K3 + 1) , U SK® + U8 K3T} .
We consider 8 cases:
(a) F<2V—tM?2 F < 2W—8H* F < 2U-SK3. Then
U?V2W2F < U?V2W2min {V~4M2 w8 HY U—CK3}
1 1 1

SUAVEW?2 (ViM?)2 (W8H*)S (USK®)®

— WiMH3K
—llB‘

< z(logx)

(b) F<2V™4M2, F <2W~8H4 F > 2U%K3. Then

UV2W2F < U?V2W2min {VIM2, W3 HY U—ST, U8 K3T}
< Uviw? (V’4M2)% (W’SH‘*)% (U’ST)% (UTBK3T)

L
2

1 1
=TiMHKS

where M H < X% is required.
(c) FL2V™4M2 F > 2W—8H4 F < 2U8K3. Then
UVEW2F < UV2W2 min {V4M?, W8T, W= H4T, U5 K3}
S URVEW? (VM) 3 (WST) S (W2 HiAT) 28 (U-SK3)S
— TS MHSK
= T6(MHK)H™§
< 11—527

where X fio < H is required.
(d) F<2V—4M2, F > 2W—8H4 F > 2U~SK3. Then
UVEW2F < U?V2W2 min {V4M2, W38T, W2 AT, U ST, U8 K3T}
<SURVEW? (V-IM2) 3 (WST) S (W2 giT) 2 (U-ST) 3
—T3 <MHé)
< $17527

where MSH <« X% is required.
(e) F>2V—*M?2 F <2W—8H* F < 2USK?3. Then
UPVEWPF < UPVPW? min {V 74T, V-2 M7, W3 HY, U K?}
3 1 1 1
S UAVEW2(viT) s (VTR M) 2t (WBHY) T (UTOK3)s
— TT: M HK
5 11
= T12 (MHK)M 12
< 1=

where X% < M is required.
(f) F>2V—4M? F < 2W~8H* F > 2U~%K3. Then
UVEW2F < U?V2W2 min {V 4T, V-2 M2T, W8 H*, U ST, U~ ¥ K3T}

< UviIw? (V’4T)% (W*SH“)% (U’GT)% (U’18K3T)714

3 1
=T1HK?®

12



where M—1HT <« X% is required.
(8) F>2V4M2 F >2W—8H4 F <2U SK3. Then

UV2W2F < UV2W2 min {V AT, V=202, W8T, W =2 HAT, U S K3}

< Urviw? (V’4T)% (W’8T)§ (W*24H4T)ﬁ (U’GK?’)%

)

2 1
=T3H6s K

oo

2 —1—
= T3 (MHK) <M H

2

< xl—s ,

where X% <« MSH? is required.
(h) F>2V—4M2 F > 2W~8H* F > 2U-SK3. Then

UVEW2F < U2V2W2min V4, v 202 w8, w24 gt =6 U~ 18 Kk3} T
<URVEWE (V1) 3 (w8 (u6) 3 (U-18K3) 2 T
= TK%
— T(MHK)* (M’%H’%)
2

< 21—5 ,

where X T < MH is required.
Assuming the condition (7). By applying the mean value estimate and Haldsz method to M?2(s)H(s), H%(s) and K?2(s), we

get
I < UV2W2e 1 F(log z)©

where
F=min{V*W™2(M>H+T) ,V*W 2 M?>H + V- 2W SM?HT,
W2 (HC + 1), W 2HS y W3S HST, U (K? +T) ,U*K? + U2 K?T} .

We consider 8 cases:
(a) F<2VTAW 2 M?H,F < 2W~12HS F < 2U*K?2. Then

U2V2W2F < U2V2W2 min {V74W72M2H, W712H6, U74K2}
<SURVEW2 (VAW 2M2H)E (U-1K2) 3
= WMH?K
< z(logz) 1B,
(b) F <2V *W—2M2H,F < 2W~12HS F > 2U~*K?. Then
UVEW2F < UV2W2 min (VAW =2M2H, W2 HS U=4T, U~ 2 K2T}
< U?viw? (V’4W’2M2H)% (W*”Hﬁ)ﬁ (U’4T)% (U*”KQT)i
— TTs MHKTs
= T (MHK)Ts (M1 1)
< 271_5 ,

where M H < X% is required.
(c) FL2V *W—2M2H,F > 2W~12HS F < 2U~*K?. Then

UV2W2F < U?V2W2 min {V AW 2 M2 H, w217, w30 H5T, U~ K?}
< UPVEW? (V’4W’2M2H)% (U’4K2)%
- WMH?K
< z(logz) 1B,
(d) F <2V *W—2M2H,F > 2W~12HS F > 2U~4K2. Then
UPVEW?F < U?V2W2min {V AW 2 M2 H, W21, W =30 HST, U1, U~ 2 K?T}

13



< Uviw? (V’4W’2M2H)% (W*36H6T)% (U*4T)% (U’12K2T)717

)

1 2 1
=T2MH?3K36
= T3 (MHK)3s (M%H

_ .2
<<$18?

W‘I\]
(=455

where M3°H?3 « X% is required.
(e) F> 2V W 2M?H,F < 2W~12HS F < 2U"*K?2. Then

UVEW2F < UV2W2 min {V AW 2T, v 2w SM2HT, W12 HS U~ K?}
3 1 1 1
SUPVEW2 (VAW RT) s (VI RPW I SMPHT) 2 (W 2HS) 12 (UT1K?)2
5 1 13
=Ti12Mi12 H24
5 11 11
= T12(MHK) (M 12 H 24)
< 1_17527
where X% <« M?2H is required.
(f) F>2V—4*W=2M2H,F < 2W~12HS F > 2U~4K?. Then
UPVEW?2F < UPV2W2 min {V W 2T, V- 2WSM2HT, W2 H® U~*T, U2 K*T}
3 1 L 1
S UAVEW?2 (VAW AT s (VERRW S M2HT) 21 (W2 HS) 12 (UT4T) 2
11 1 13
= T12 (M12H24)
< 11—52
where M2H13 « X3 is required.
(g) F>2V 4W—2M2H,F > 2W~12HS F < 2U*K?2. Then
UVEW2F < U?V2W2 min (VAW 22T, v 2w =S M2 T, W 12T, W =35 HOT, U~ K2}
11 1 1 1
SUAVEWE (VAW TR 3 (VT RBW S MR HT) T2 (WG HOT) 36 (U K?) 2
1 1 13
=T2M36 H72 K
1 _35 ___ 59
= T2 (MHK) (M ®H 72)
< x1752
where X% <« M7OH59 is required.
(h) F>2V—4W—2M?H,F > 2W~12HS F > 2U~*K?. Then
UPVEWPF < UPV2W2 min (VAW 2, V2w b2 g, w12 w30 gs U= u~12K?} T

< U212 (V—4W—2)% (W—u)rlz (U_4)% (U—12K2)ﬁ T

)

1
= TK12
1 S S
= T(MHK)T2 (M~ 12 H

-
e

< x17827
where XT51 < MH is required. This can be obtained by using X% < MH% < MH.
Assuming the condition (8). By applying the mean value estimate and Haldsz method to M2 (s)H(s), H (s) and K2(s), we
get
I < UV2W2e 1 F(log z)°

where
F=min{V*W™ 2 (M?>H+T),V*W 2 M?H + VW SM?HT,
W (H +T), WHUH + W R2H T, U (K2 + T) U K% + U2 K?T} .
We consider 8 cases:
(a) F<2VTAW2M?H,F < 2W~H", F < 2U*K?. Then
UVEW?2F < U?V2W2 min {V AW 2 M2 H, WM HT U K?}
< U?viw? (V’4W’2M2H)% (U’4K2)%
= WMH?K

14



< z(logz) 1B,

< - - VIS - , B> - . en
b) F <2V AW 2M2H, F <2W~14H7 F > 2U~*K?2. Th
UVEW2F < UV2W2 min {V AW 2 M2 H, WM HT U4T, U2 K?T}

<URVEW? (VAW TRMRH)E (WO HT) T (UAT) B (U 12KT)

L
28

=T? MHKx
=TT (MHK)Ts (M7 H)

where M H < X115 is required.
(c) FL2V *W—2M2H,F > 2W~1H", F < 2U"*K?. Then
UV2W2F < UV2W2 min {V AW 2 M2H, WM, w2 H"T, U~ * K?}
< UVEW? (V’4W’2M2H)% (U’4K2)%
- WMH?K
< z(logz) 1B,

(d) FL2V—*W—2M2H,F > 2W~H",F > 2U~*K?2. Then
UV2W2F < UV2W2 min {V AW 2 M2 H, WM, w2 H T, U~ T, U~ 2 K2T}

< Uviw? (V’4W’2M2H)% (W*42H7T)i (U’4T)% (U™12K2T) 54

)

1 2 1
=TiMHi K

1 1 41
= T3 (MHK)® (M% H

o

< xl—sz
where M1 H?7 « X% is required.
(e) F>2VAW—2M?H,F <2W~"H7,F <2U~*K?. Then
UVEW2F < UV2W2 min {V AW 2T, v-2w=SM2 g, w1 H" U~ K?}
11 1 1 1
SUAVEW2 (vTiw ) (v RRw S MR HT) 2 (W MHET) 1T (UT1K?) 2
—TiMTHRK
= T7(MHK) (M—%H—%)
<zt
where X%g <« M?2H is required.
(f) F>2V4W2M2H,F < 2W~1H" F > 2U"4K2. Then
UPVEW?2F < UPVEW2 min {V W 2T, V- 2w SM2HT, WM H" U~ T, U2 K*T}
11 . 1 1 1
SUVEW2 (vtw i) (v RPwSM2HT) s (W M) 14 (UTAT) 2
13 1 15
=T14 (M14H28>
< 11—52
where M2H15 « X% is required.
() F>2V*W2M?H,F > 2W~14H" F <2U4K?2. Then
UAVEW2F < UPVAW2 min {V ™AW 2T, v 2W =S M2 1T, W= HT, W2 H'T, U *K?}
13 1 1 1
S UVEW2 (vtw Ty ss (v Rw S M2 HT) 3T (W HTT) 32 (U K?) 2
—TSMBHSK
= T3(MHEK) (M~ g~ 8)
< $1—52
where X% < M32H®9 is required.
(h) F > 2V 4W2M2?H,F > 2W " HT F > 2U"*K?. Then
UAVEW2F < UPV2W2min {V W2, v-2w—Sp2g, w1 w2 g7 v=* U~ ?K?} T

15



< U2V2w?2 (V*4W*2)% (W*14)T14 (U*4)% (U*12K2)% .

)

— TKT1
1 1
= T(MHK)71 (M—HH—

N

< Il—az

where X% < MH is required. This can be obtained by using X% < MH% < MH.
Assuming the condition (9). By applying the mean value estimate and Haldsz method to M2(s), H%(s) and K2(s)H(s), we

get
I < UV2W2e 1 F(log z)®

where
F=min{V™*(M?+7T), Vv *M?> + V- 2M2T, W~ 2 (HS +T), W 12HC + w36 ST,

UMW 2 (K?H+T), UMW K*H+ U W CK?HT} .

We consider 8 cases:
(a) F<2V™4M2 F <2W—12HS F < 2U*W~2K?H. Then
UPV2W2F < U?V2W?2 min {V™4M2 W2 HS U W 2K?H}
1 1
SUVEW2 (VM) 2 (UT'W2K2H)?2
= WMH2K
< z(logz) 1B,

(b) F<2V™4M2, F <2W~12HS F > 2U*W—2K?2H. Then
UPVEW?F < UPV2W2min {V™4M2 W2 HS U W 2T, U~ *W S K2HT}
1 L 3 L
SUAVZW2 (v—iM?)z (w—2HS)12 (U—*w—2T) 8 (U~ 2w SK2HT) 2
S 13 . 1
=T12MH?2a K12
=TT (MHK) ™ (M2 H)
< x17827

where M2H < X% is required.
(c) FL2V™4M2, F > 2W—12HS F < 2U*W~—2K?H. Then
UVEW2F < U?V2W2 min {V M2, W21, W3S HOT, U W2 K?H}
< UVEW? (V’4M2)% (U*4W*2K2H)%
- WMH?K
< z(logz) 1B,

(d) FL2V—4M2, F > 2W~12HS F > 2U*W~2K2H. Then
UV2W2F < UV2W2 min {V M2, w21, w3 ST, U= w21, U~ W S K?HT}

1 L 1L L
S UPVEW?2 (VM) 2 (W3S HOT) 36 (U—4w—2T) 2 (U~ 2WSK2?HT) ™2
1 13 1
=T2MHT72 K36
= TH(MHK)% (M3 H7)
< x1—62’
where MTOH11 « X% is required.
(e) F>2V4M2 F <2W~12HS F <2U*W~2K?H. Then
UPVEW?2F < UPV2W2 min {V 4T, V-2 M2T, W12 HS U W 2K H}
3 1 1 1
S UAVZEW2 (v—4T)s (V=12 M2T) 21 (W 2HS) 2 (U—*W—2K?H)2
= TEMZHK
= T2 (MHK)M ™12
< g1=e?

105 . .
where X 242 < M is required.
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(f) F>2V4M2 F <2W~12HS F > 2U 4W~2K?2H. Then
UVEW2F < U?V2W2 min {V AT, V-2 M2, W2 HS U W 2T, U2 WS K2HT}
3 1 1 1
S UVEW2 (VAT s (VT2 MAT) 2 (W2 HS) T2 (Ut TR 2
- T1 <M%H%>

1—e2

Lz s

where M HS <« X% is required.
(g) F>2V—*M? F > 2W—12HS F <2U~*W~—2K?H. Then

UPVEW2F < U?VEW2 min {V 4T, V-2 M2T, W 2T, W3S HO T, U~ W2 K2 H }
11 1 1 1
S UAVEW? (Vv—4T) 28 (Vv 2M2T) T2 (W3O HST) 36 (U—*W T2 K2H) 2
—TSM36HIK
= T3 (MHK) (M—%H—%)
< $1752
189
where X 11 <« M35H12 is required.
(h) F>2V—*M2 F>2W~12HS F > 2U~*W~2K?2H. Then

UVEW?2F < UPV2W2 min {V 4, V1202 w12 w3 HS U—tw =2 U~ 2w SK*H} T
< UV2w? (V‘4)% (V—12M2)217 (W—m)ﬁ (U—4W—2)% T
=TM12
< 2=,

where M < X7T is required. This can be obtained by using M < MH7% < X%,
Finally, by combining all the cases above, Lemma 3.2 is proved. O

Lemma 3.3. Suppose that NQRK = X, and N, Q and R satisfy one of the following 11 conditions:
(1) X8 « NQ « x5, (NQ)" 8 x5 « R« Q <« (NQ)~ 5B X385,
(2) XT758 < NQ < X115, X305 < R< Q < (NQ)~ 35 X385 ;
5 2 2
(3) X115 <« NQ < X372, X305 <« R< Q < (NQ)~1 X113
25 47 2 41 461
(1) X373 < NQ < X716, X305 CRLQ<(NQ)™ 2% X 304 ;
379 5
(5) X? K NQ K )(22 (NQ) 12X44 KRKLELK (2NQ)
(6) X656 < NQ < X539, X11 CKR<K Q< (NQ)TXTr;
255 21 1 2
(7) X338 < NQ < X3, X709 « R< Q < (NQ)TX11;
21 58 20 8
(8) Xi1 « NQ <« X121, Xm <<R<<Q<<(NQ) txir;
243 1281 1
(9) X506 < NQ < X 2662, Xzos KRKLQKL(NQ)"sX
1281 85
(10) X286562 CNQ < Xlégﬁ ’ X22009 CRCQ<(NQ) iX 132912
(11) X176 <K NQ € X286, X309 K RK Q < (NQ)™ 11 X 121.
Assume further that for (log X)B/¢ < |t| < 2X, N(b+ it)Q(b + it) < (logz)~B/¢ and R(b + it) <« (logz)~B/¢. Then for
(logX)B/E < T < X, we have

3

X11

m\»—l“

|~

;
1
4

\1

2 p2T
(min (n, ?)) / IN(b+ it)Q(b+ it)R(b + it) K (b + it)|?dt < n?(logz) 1B,
T
Proof. Let M(s) = N(s)Q(s) and H(s) = R(s). Then by Lemma 3.2, Lemma 3.3 is proved. O

Lemma 3.4. Suppose that NQRK X, and N, Q and R satzsfy X 305 < R<K Q and one of the followmg 8 conditions:
(1) N(QR) < X35, X1 < (QR), N®(QR)™' <« X1, X300 < N, NHQR)® < X11, X1I < N12(QR)'L;
(2) N(QR) < X313, X1 < (QR), NO(QR) < X 11, Xt e N« X1, NQR)® < XT, X3 < NS(QR)®;
146 21 69 147 41 84
(8) N(QR) < X209, XT3T < (QR), N'}(QR) < X 11, X315 < N, N"HQR)" « X171, XT1 < N'}(QR)'".
Assume further that for (log X)B/ < |t| < 2X,Q(b + it)R(b + it) < (logz)~B/¢ and N(b+ it) <« (logz)~B/¢. Then for
(logX)B/5 < T < X, we have

. 1 2 2T . . . 12 2 —10B
(mm(n,?)) /T IN(b+ i) Qb+ it)R(b + it) K (b + it)| 2dt < n2(log z)~10B.

Proof. Let M(s) = N(s) and H(s) = Q(s)R(s) and by Lemma 3.2 (Cases 1,3,4), Lemma 3.4 is proved. O
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4. ARITHMETIC INFORMATION II

In this section we are looking for more Type-I information. In [26], Jia used a mean value bound of Deshouillers and Iwaniec
[8], which makes an approximation to the sixth-power moment of the Riemann zeta-function. Now we shall use another mean

value bound of Watt [43], which is stronger than that of Deshouillers and Iwaniec when the length of interval is nzte.
Lemma 4.1. Let T > 1, then

2T 1 1
L=+t N (= +it
/T ’ (2 o ) (2 “ )
Proof. For c1L < T% and N < T, by the main theorem proved in [43] we have
/2T L ! + it N ! + it
- 7 Tt 2 "

For 1L < T% and N > T, by the classical mean value estimate (see [26]) we have
2T 1 1
L -+t N =+t
Lol Gra)l ] Gee)

1
When T2 < c1 L < 2T, by a reflection principle based on an approximate functional equation, we can get the same bound

as above. By this process we may replace L by Lo ~ T/L, so that Lo < T3 . For this, one can see [[8], Section 2], [[4], Lemma
2] or [[1], Lemma 5.2] for a detailed proof with N < T. For N > T, by the classical mean value estimate we have

2T 1 1
L - it N | - it
/T (2“) (2“)

< (T+n%T%) T
When 2T < ¢1 L, by the method in [26] we have

2T 1 1
L - it N | - it
/T ’ (2+’) (2“)

(Actually we have a better bound L2T~4(N + T) in this case, but this won’t bring any improvement to the next lemma.)
Finally, by combining all the cases above, Lemma 4.1 is proved. ]

4 2

dt < (T + N2T% 4+ NL2T*2) T,

4 2

dt < (T + NQT%) G

4 2 5
dt < (L?N +T) (LN)*

< (T+ NZT%> T,

4 2

dt < (L2N +T) (LoN)*" + Error

4 2

dt < NL?*T2.

Lemma 4.2. Suppose that MHL = X, and M and H satisfy one of the following 2 conditions:
(1) M?H < X3, MAHS < X%, H* < X33 ;
(2) M < XTi, H< X175,
Then for VLT X, we have

1 2 2T
(rnin (n, f)) / \M(b+ it)H(b+ it)L(b + it)|2dt < naz—2>.
T

Proof. We can prove this by using Lemma 4.1 and the methods in [[26], Lemmas 3,4]. For condition (1) we apply Lemma 4.1
to L and N, while for condition (2) we apply Lemma 4.1 to L and N2. One can see [26] for an explanation. O

Lemma 4.3. Suppose that NQRL = X, and N, Q and R satisfy the following condition:

XTo8 < NQ < X339, X300 <« R< Q< (NQ)™5X1T.

Assume further that for VL < [t| < 2X,N(b + it)Q(b + it) < (logz)~B/¢ and R(b + it) < (logz)~B/c. Then for
ﬁngX, we have

1 2 2T
(min (n, ?)) / IN(b+ it)Q(b+ it)R(b + it) L(b + it) 2 dt < 12 (log x) 1.
T

Proof. Let M(s) = N(s)Q(s) and H(s) = R(s). If R > max ((NQ)_QX%, X%), we apply Lemma 3.2 (Case 5). Otherwise
we apply Lemma 4.2. Then Lemma 4.3 is proved. O

5. ARITHMETIC INFORMATION IIT

In this section we provide the “extra” arithmetic information proved by Harman [[14], Chapter 9]. Some parts of it bring
new asymptotic regions. In the next section we shall show that it is useful when combining with the variable role-reversal.
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Lemma 5.1. ([[14], Lemma 9.3]). Let Ty = exp ((log x)1/3) and T = X¢/n. Suppose that
T 1 2

/ M (7 + ’it)
T, 2

dt < X (logz) ¥o,
5 = 0+ a0) 3 e
(5
keA keB2
for all z € [X,2X] except for O (X(log X)*KU) values.
Lemma 5.2. (/[14] Lemma 9.4]). Let Tp = exp ((logz)'/3) and T = X¢/n. Suppose that MHK = X, M = X1, H = X2
and 0 < ag < oq < 5 Suppose that M, H and K satisfy one of the following 3 conditions:
(1) o2 > 11, 2a2 — 13 <a1 < % M (s) prime-factored;

(2) |41 + 3a2 — 2| < % % <az < %, H(s) prime-factored;

(3) [da1 + a2 — 2| < ﬁ, % <az < %, H(s) prime-factored.

Then we have
T 1, 1 1 \?
M(-+it||H|=-+it) K=+t
T 2 2 2

Lemma 5.3. Let Ty = exp ((log a:)l/3) and T = X¢/n. Suppose that NQRK = X, R(s) is prime-factored, and N, Q and R
satisfy one of the following 6 condmons
339 6999 —82 11
(1) X836 <« NQ < X 17138 X209 K R<K QK (NQ) 69X253;

then

dt < X (logz)~¥o,

(2)X1%<<NQ<<X% X209<<R<<Q<<(NQ) % %
379 35 53
(5’)XW<<NQ<<X11 X305 <« R< Q< (NQ) B X,

(4)){11 <<NQ<<X539 X209<<R<<Q<<X121,
2
(5) X131 < NQ <<Xaoe X300 « R€ Q< (NQ)*“ #;

(E)Xzsg <NQ<<X836 X505 KRLQK(NQ)~ xa.
Then we have
Ty 1 1 IAYE _K
N(=-+4+d)Q(-+it|R|(-+it)K|=-+it)| dt <K X(ogz)™ 0.
To 2 2 2 2
Proof. Let M(s) = N(s)Q(s) and H(s) = R(s). Then by Lemma 5.2, Lemma 5.3 is proved. O

6. SIEVE ASYMPTOTIC FORMULAS
In this section we transform the arithmetic given in Sections 3-5 into asymptotic formulas of the form (3). The first two
lemmas deal with the case z = X9.

Lemma 6.1. Suppose that MHL = X, and M and H satisfy one of the 2 conditions in Lemma 4.2. Then for real numbers
z € [X,2X], except for O (X (log X)~B) values, we have

x
Z amby, Z 1— i < nz(logz)_B.
mh
me~ M z—nr<mhl<xz
h~H
Proof. The statement is trivial when M H < % hence we can suppose that M H > X732, Let F(s) = M(s)H(s)L(s). By
Perron’s formula, we have
1 b+iX 1—(1—n)°
Z ambp, = — F(S)stds + O (zf). (5)
z—nz<mhlz 2mi Jo—ix $
m~ M
h~H
When s = b+ it with [¢t| < ¢1L, we know that
L 1—s _ L 1—s
b = 20D o). (©)
Moreover, since
(1 =) = exp(slog(1 —n)) = e~ (1+0 (s]n*)) , (M

we have

(®)

1-(1=n* _ {n+0 (Isln%) . lsln <1,
S

O(i), [sln > 1.

[s]

‘We know that

1 b+iX 1—(1—n)° 1 b+ivVL 1—(1—n)s
— F(s stds - F(S)std
271 Jp—ix s 21 Jo—ivT s
1 b+iX 1—(1— s
+ = F(S)stds

274 Jotiv/L s
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1 b—iVL 1—(1—=n)s
— F(S)stds
2me Jy—ix s

=11 + Is + I3. (9)

Since L = % < X%, we know that |s|n < 1 in I1. By (6)—(8), for I1 we have

1 b+iv L 1—(1— s b+iv' L L 1—s _ L 1—s )
L =— F(S)stds = i M(s)H(s) (c2L) (erL) z°ds
278 Jo—_i/T s 27 Jo—_ivT 1—s

VL
+0 (nxLl / |M(b+it)H(b+ it)|dt>
—VL

VL
+0 n%/ |M(b+it)H(b+dt)|dt | . (10)
-vL
Trivially,
\/Z 1
m:L‘l/ |M (b + it)H (b + it)|dt < neL™2 < nal™, (11)
-VL
vL 1
n%/ [M(b+it)H (b + it)|dt < n?zL2 < nz'=e. (12)
VI
Hence VE
b+iV'L L 1—-s _ L 1—-s
I, = i/ M(s)H(s (c2L) (c1L) xsderO(nzl*E). (13)
27t Jo—ivT 1—s

By Perron’s formula again, we have

b+ivL 1—s _ 1—s 1+e 1+4e
n M(s)H{(s) (caL) (c1L) 25ds — Z (ambhli> Lo (7733 ) L0 (ﬂ:c )

2mi Jy_ivE 1—s S~ h NG5 MH
h~H
nx —
= Z (ambh%) + 0 (7]331 E) . (14)
m~ M
h~H

By (8), we can easily show that (write [¢t| ~ T)
1—(1—n)® , 1
R S C A L= .
S min | 7,

Thus, by Lemma 4.2 and the essentially same method as in [[26], Lemma 16], we can prove that the number of x such that
I, < nz(logz)~B or I3 < nz(logz) P fail is < X (log X)~B. Now by (5)—(14) and above discussions, Lemma 6.1 is proved. O

Lemma 6.2. Suppose that NQRL = X, and N, Q and R satisfy the following condition:

X155 < NQ < X339, X300 <« R< Q< (NQ) 5 X1,

Assume further that for VL < |t| < 2X, N(b+it)Q(b+it) < (logz)~B/¢ and R(b+it) < (logz)~B/¢. Then for real numbers
z € [X,2X], except for O (X (log X)~B) values, we have Then for real numbers x € [X,2X], except for O (X (log X)~F) values,
we have

T
E anbgcr E 1-— = < n:c(log:c)fB,
n~N z—nz<ngri<z ngqr
q~Q
r~R
Proof. The proof is similar to that of Lemma 6.1 where Lemma 4.3 is used. O

The next three lemmas focus on the case z = p, or the general case.

Lemma 6.3. Suppose that X% K M<K X% am >0, and am = 0 if m has a prime factor < X°®. Then for real numbers
z € [X,2X], except for O (X(log X)~B) values, we have

3 am:n(l—l—O( ! )) 3 am+o(nx(1ogm)*3).

log x
r—nr<mp<z og r<mp<2x
m~ M m~ M

Proof. The proof is similar to that of Lemma 6.1. Let F(s) = M(s)H(s). By Perron’s formula, we have

1 b+iX 1—(1— s
S amA(h) = 7/ P el Gl ) PP Y (15)
rz—nrx<mh<x 2mi Jo—ix s
mn~ M
‘We know that
1 biX 1-(1—n) 1 b+i(log X)B/e 1—(1—n)®
- F(S)stds - F S)ﬁxsds

21 b—iX S 211 bfi(logX)B/E S
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1 b+iX 1—(1—mn)s
— F(S)Mmsds
275 Jp+ti(log X)B/e s
1 pb—i(log X)B/¢ 1—(1—n)®
— F(S)stds
2me Jy—ix s
= 14+ I5 + Ig. (16)

By (4) and (8), we know that

1 b+i(log X)B/e 1—(1—=n)s b+i(log X)B/¢ H)l—s — H)1-s
Iy = — F(S)i( n) z°ds = i/ M (s (c2H) (c1H) z5ds
27 Jo—i(log X)B/< s 211 Jy—i(1og X)B/< 1—s
(log X)B/*
—2B
+ O [ nz(log x) /8/ |M (b + it)|dt
_(logX)B/a
(log X)B/<
+0 n%/ |M (b + it)|dt | . (17)
—(logX)B/E
By trivial estimates and Perron’s formula again, we have
b+i(logX)B/5 H)1—s _ H)l-s
Iy = L M(s) (c2H) (e1H) z5ds + O (nx(logx)’23>
271 Jo—i(log X)B/< 1—s
_ nz 2B na(log z)* na(log z)?
= mgM (amm)+0<nm(logm) )+O((logX)B/5 +0 i
= Z <amﬂ) +0 (nx(loga:)_zB) . (18)
m~ M m

Note that we have X9 < H < X305 By Lemma 3.1 and the essentially same method as in [[26], Lemma 16], we can prove
that the number of = such that Is < nx(logx) ™28 or Is < nz(logx) 2B fail is < X (log X)~B. Now,

Z amA(h) =14+ Is + Is + O (zF)

rz—nr<mh<z
mn~ M

Z (am%) +0 (nx(logx)723> , (19)

mn~ M

£ e (rr0loh) 5 i) o o).

r—nr<mp<z mn~ M
mn~M
1
= 77(1+O ( )) E am—&-O(nz‘(logaﬁ)*B) . (20)
log z
r<mp<2x
M~
Lemma 6.3 is proved. 0

Lemma 6.4. Suppose that MHK = X, ¢, = A(k), X 305 < MH <K X%, and am,bp = 0. Suppose that am = 0 if m has a
prime factor < X%, and by, = 0 if h has a prime factor < X%. If we have

1 2 2T
(min (n, T)) / |M(b+ it)H (b + it) K (b+ it)|2dt < n?(logz) 0B
T
for (log X)B/e < T < X, then for real numbers x € [X,2X], except for O (X (log X)’B) values, we have

3 ambh:n(lJrO( ! >> 3 ambh+o(nx(1ogx)*3).

logx

z—nr<mhp<z z<mhp<2x
mn~M me~ M
h~H h~H
Proof. The proof is similar to that of Lemma 6.3. O

Lemma 6.5. Suppose that MNHK = X, di, = A(k), X 305 < MNH < X%g, and am,bn,cp = 0. Suppose that am = 0 if
m has a prime factor < X%, b, =0 if n has a prime factor < X%, and ¢, =0 if h has a prime factor < X°. If we have

1 2 2T
(min (m ?)) / [M(b+ it)N (b + it)H(b + it) K (b + it)|?dt < n?(logz) 198
T
for (log X)B/s < T < X, then for real numbers x € [X,2X], except for O (X (log X)~B) walues, we have

3 ambnen =1 (1 +0 ( ! )) ST ambacy + 0 (nx(logz)*f‘) .

log x

rz—nr<mnhp<x z<mhp<2x
m~ M mn
n~N n~N

h~H h~H
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Proof. The proof is similar to that of Lemma 6.3. O
The next two lemmas give asymptotic formulas for specific sieve functions.

Lemma 6.6. Suppose that P)P1P2---P, = X, P, < -+ < Po < P} < X% and p; ~ P; for i > 1. Suppose that
P1,Ps,..., Py, X107 Can be partitioned into M, H satisfy Lemma 6.1 or N, Q, R satisfy Lemma 6.2, Then for real numbers
z € [X,2X], except for O (X (log X)~B) values, we have

S 5 (Apipaepn X5 ) =n(i+0(1) 3 8 (B, X5).
(t1,..0stn) (t1seristn)

o—1000

Proof. If P1,Ps,...,Pp, X! are partitioned into regions that satisfy

1 2 2T
(min (n, ?)) / |M(b+it)H (b + it) L(b+ it)|2dt < n?(logz) 0B
T
or )
. 1 2T ) . . D 2 ~10B
min | 7, — IN(b+3t)Q(b+ it)R(b + it)L(b + it)|“dt < n*(logz) ,
T

we use Buchstab’s identity to get

20 5
Z S (Amm---panZOg) = Z S (Amm---pan ) - Z S (Ap1p2"'1’npn+17pn+l) . (21)
(t1,--05tn) (t15--05tn) (t1,---stn)
6<tn+l<%

We use Iwaniec’s linear sieve (taking D = x10710%° ,2 = X‘S) together with Lemma 6.1 or Lemma 6.2 (depending on the region
that Py, Py, .. .,Pn,Xlo_1000 are partitioned into) to deal with the first term on the right-hand side of (21). The functions
F(s) and f(s) defined by the following differential-difference equation

F(s)= 2%, f(s) =0, 0<s<2,

(sF(s)) =f(s=1), (sf(s) =F(s—1), 522,

give the same value 1 with negligible error O (52), where v is the Euler’s constant. Hence we have

Z S (-Ampzmpn»X(S) =1 Z (5’11911,2 pn,X5> +0 ( = ) . (22)

(t1mrtn) (t1rmrtn) logz

189

Let M = -%X—. Clearly we have X200 « M <« X'~ By Lemma 6.3, we have

enx
S S U pe) =1 5 S (Bhipepupen) 0 (S, (23)

ogxT

(t11<~-atn) (tla'“at’n)
8<tn 1 <505 5<tn 1 <505
Now, Lemma 6.6 is proved by (21)—(23) and another application of Buchstab’s identity
1 5 1 _ 1 2

Z S <BP1P2 P7L7X ) - Z s (BP1P2 ‘PnPn+1 7p”+1> - Z S (BPIPQ Pn’X 209) . (24)

(t1,.-5tn) (tl,...,tngo (t1,.-5tn)
§<tn+1<m

We remark that in many places, we ignore the additional variable X 10 1% when applying this lemma since it only produces
an extremely small difference (less than 10710). O

Lemma 6.7. Suppose that PoP1PoP3 = X, P3 < P2 < P; < X% and p; ~ P; for i > 1. Suppose that P, Pa, P3 satisfy one
of the conditions:

(I)X% <<P1P2<<X%7 X 305 K P3P < (P1P2)” 3B x %
2) X% < PP <<X%, X% C Py < Py < (P1P2) 712 736,1
(8) X572 K PIP, <« X110, X209 < P3 < P> < (P Pp)” 27 X594 ;
(4) X716 < PPy < X356, X305 < Py < Py < (PyP)"5X35;
(5) X836 < PPy < X711, X305 < Py < Py < (PLP,)" 5 X11;

(6) XTT < PPy < X 05, X% <P« P< X11;

(7) X6 <« PPy < X4, Xm <Py < Py < (PPy)T XTI,
(8) X3t <« PPy < szsl, X309 < Py < Py < (P1P)~1X1
(9) X121 < P1Py < X 508, X% K Py < Py < (PLPy) XS
(10) X35 < PLPy < X 3003, X209 KPPy < (P1P2)_lX
(11) X 3662 < PPy < X175, X209 K P3 L Py < (P1P)~ 2X 1
(12) X776 < PPy < X286, Xzoe < Py < Py < (PLPy) 11X
(13) X35 < PPy < X%, X305 <« Py < Py < (P P)4X 1.

22
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Then
Z S (Ap1p2pssP3)

(t1,t2,t3)
has an asymptotic formula of the form (3).

Proof. Let N(s) = Pi(s), Q(s) = P2(s) and R(s) = P3(s). Combining Lemmas 3.3 and 5.3 and use Lemmas 6.5 and 5.1,
Lemma 6.7 is proved. O

7. THE FINAL DECOMPOSITION

In this section, sets A, B! and B? are defined respectively. Let w(u) denote the Buchstab function determined by the
following differential-difference equation

o.)(u):%7 1<u<2?,
(uw(w)) = w(u —1), u>2
Moreover, we have the upper and lower bounds for w(u):
%, 1<u<?2,
1tlog(u—1) 2<u<3
w(u) > WO(U) = 1+log1'tu71)’ 1 ru—1 log(t—1) _ '
SRR 4 [T 2B —=2dt > 0.5607, 3<u<4,
0.5612, u >4,
%7 1<u<?2,
I4log(u—1) 2<u<3
w(u) Swi(u) = 9§ 1410gtu—1) | 1 pu—1 log(t—1 B '
Ilogluml) | 1 pu—tloalt=1) gy < 0.5644, 3<u<4,
0.5617, u > 4.

We shall use wo(u) and wi(u) to give numerical bounds for some sieve functions discussed below.
By Prime Number Theorem with Vinogradov’s error term and the inductive arguments in [[14], Chapter A.2], we know that,
for sufficiently large z,

It
S(BL2) = S 1=(140(1)— w(ng), (25)
| log 2z log z
acB
(a,P(2))=1
1
S(Bz)= > 1=(1+o(1) ””%("g”‘), (26)
R log 2z log z
a€B
(a,P(2))=1
and we expect that the similar relation also holds for S (A, z):
SA= 3 1=(01+01) 2 w(lng>. (27)
log 2z log z
acA
(a,P(2))=1

If (3) holds for S (A, z), then we can deduce (27) easily from (25) or (26). Otherwise we must drop this S (A, z). We define the
loss from this term by the size of corresponding S (Bi, z):
or S (BQ,z) = (loss + 0(1))m (28)

S (8172') = (loss + o(1)) logz’

T
logz
We note that we can only drop positive parts and the total loss of the dropped parts must be less than 1.

Beginning with (2), we can easily give asymptotic formulas for S; and S by Lemma 6.6. Before estimating S3, we first
define regions Up1—Ups and V' as

Uo1 (tl,tz) =

{(t1,t2) € Uo1o1 U Up102 U - - - U Up109,
£§t1<1,£<t2<min(t1,1(l—t1))},
209 2" 209 2
V(t1,t2) := {(t1,t2) € Vo U V11 U V1g,
2gtl l, —O<t2<min(t1,l(17t1))},
209 2 209 2
Uo2(t1,t2) := {(t1,t2) € Up201 U Up202 U - - - U Up216, (t1,t2) ¢ Up1 UV,
£<t1<1,£<t2<min(t1,l(1—t1))},
209 27 209 2
Uos(t1,t2) := {(t1,t2) € Uozo1 U Uozo2 U Uozos, (t1,t2) & Uo1 UV UUoz,
£<t1<l,£<t2<min(t1,l(1—t1))},
209 27 209 2
Uoa(t1,t2) := {(¢1,t2) € Uoao1 U Uoao2, (t1,t2) ¢ Up1 UV U Up2 U Ups,
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where

Uoio1 (t1,t2) :
Uo1o2(t1,t2) :
Uo1o3(t1,t2) :
Uo1oa(t1,t2) :
Uo1os(t1,t2) :
Uo1o6(t1,t2) :
Uo1o7(t1,t2) :
Uo1os(t1,t2) :
Uoto9(t1,t2) :

Vo(ti,t2) :

Vii(t, t2) :

Vii(t, t2) :
Uo201 (1, t2) :
Uo202(t1,t2) =
Uo203(t1,t2) :
Uo204(t1, t2) :
Uo205(t1,t2) :
Uo206(t1,t2) :
Uo207(t1,t2) :
Uo20s(t1,t2) :
Uo209(t1,t2) :
Uo210(t1,t2) :
Uo211(t1,t2) :
Uo212(t1,t2) :
Uo213(t1, t2) :

Uo214(t1,t2) :

— - N

£<t <l £<t <min(t l(1—t)>}
200 T 27 209 7 b9 vy
t1 +12 < %, % < to, 29t —tg < %, % <ty, 29t —t1 < %, % < 12t +11t2},
t1+t2<B, 29t1 + 19t5 < %, §<2751 + to, 2t1+11t2<@, ggSStl +49t2},
33 22 33 117 11
t1+t2<E7 gétm 6151+tz<%7 ié 1\i, t1+8t2\§, @\6t1+5t2},
242° 110 11° 11 11 11° 22
t1 +t2 < %, 2L <to, 1281 +t2 < @, bl <tr, 19t —t1 < ﬂ, 8l < 12t1+11t2},
209 121 11 319 11° 11
2ty + 12 < %7 58t1 + 92 < %7 % <1, t1 452 < %, % < 2981 + 10t2}7
l<t1+t2<§, Zith, 6t1+t2<@, Eéth 7t2—t1§E, £<6t1+5t2},
11 11° 110 227 242 11° 11
t1 +t2 < E, 35t1 + 23t < @, ﬁ < 2t + L2, 2t1 + 13t < 3, ﬁ < 70ty +59t2},
242 11 ° 121 11
tl—‘rtgéﬂ, 41t1+27t2<@, Eg?tl + to, 2t1+15t2<§, ﬂ<82t1+69t2},
143 22 7 143 11 11
2t1 +t2 < %, 70ty + 11t2 < %7 % < t1, t1 4 6t2 < %, % < 35t +12t2}7

&
\%

2t 1<t <2
117 2 1 ’

11 11

|4t1 + 3t 2\<1 1<t<2
ren 11 T

1 1 2
‘4151-"-152—2|<f7 — <tlag < — >,

11 11 11
@<t1+t2<§,E<t2<—§(t1+t2)+@},
836 143" 209 23 253
ﬁ<tl+tz<@,£<t2<—(tl+tz)+ﬁ},
143 572" 209 143
@<t1+t2<£,ﬂétzéfg(t1+t2)+46;l},
572 110" 209 27 594
£<t1+t2<ﬁ,ﬂétzéfé(thtz)Jr@},
110 836" 209 3 33
@<t1+t2<£7 £<t2<—l(tl+t2)+i}»
836 11 209 5 11
E<t1-|—1t2<§7 £<t2<3},

11 66 209 11

§<t1+t2<§, EStQQE(tlﬁ-tQ)-i-i},

66 44° 209 7 11
§<t1+t2\§, £<t2<*(t1+t2)+§},

44 121° 209 11

3B it B2 < Can +t)+§}
121 S P SR06% 209 S P VTR
§<t1+t2\@, £<t2<—1(t1+t2)+1},
506 2662 209 6 4
igh-ﬁ-tzgg, £<t2<_2(t1+t2)+g}7
2662 176 209 121
§<t1+t2<@,ﬁétzéfﬁ(t1+t2)+@},
176 286" 209 11 121
@<t +t <£7 £<t <—4(t +t)+§}
286~ 1PN g367 200 S 2 WM
t1+(t2+t2)<g, 2S(tz-l-ﬂ),29t1—(752-|—£)

319" 121 209 209

24

63
— < 11,

109
< )
117 209

X



67 63 20
29(t to) —t1 < —, — < 12t 11 (¢ —
(t2 +t2) — t1 TEETER 1+ (2+209>},

Ug215(t1,t2) := {t1 + (¢ +t)<137 21< t+20 6t + (¢ -|—1t)<24 3<t<
0215\t1,12) = 1 2 2\2427 110\ 2 209 ) 1 2 2\117 11\ 1\117

t1 + 8(t +t)<25 03 6tr 45 (to + 2
1 2 2\11722\ 1 2 209 ’

146 21< t+20 1261 + (¢ +t)<69 147<
2099 121\ 2 ) 1 2 2) X ’

209 11 319 ° 7V

Uo216(t1,t2) := {tl + (t2 +t2) <

19(ta +t2) — ¢ <M 8y 11 (b4 2
2 2 1\11, 11\ 1 2 209 )

23 67 25
Uo3zo1(t1,t2) := § 2(t1 +t2) +t2 < 537 4(t1 + t2) + 6t2 < —, 4ta < *}1

22 22

2 22’ 22

85 255 1 3
Uozos(t1,t2) := 198 < (t1+t2) < 539° ta < *g(h +t2) + ﬁ}’

23 67 25
21 + to < ==, 4t1 + 6ta < —, 4to < —,
1+1t2 < 22 1 + 6t2 2 2

22

23 67 25
Uo3zo2(t1,t2) := {2(t2 +t2) +t1 < 52" 4(te + t2) + 6t1 < —, 4t1 < *},
Uoso1(t1,t2) := {

23 67
21— t1 —ta) + b2 < =2, 4(1 — b1 — t2) + 6ta < —= b,
( 1 —t2) +t2 % ( 1 — t2) + 6t2 22}

23 21 23
U ti,t2) = qt1 < —, ta< —, (1—t1 —t2) < — o,
0402(f1,t2) {1 44 2 176 ( ! 2) 44}

and let Up = Up1 UV UUp2 UUps UUpyg. Clearly Upy corresponds to Lemma 3.2, V' corresponds to Lemma 5.2, Upa corresponds
to Lemmas 3.3-3.4 and Up3 corresponds to Lemmas 4.2—4.3. Then we have

S3 = Z S (Apipssp2) + Z S (Apips:P2)
(t1,t2)€U1UV (t1,t2)€Uo2
+ Z S (Apips,p2) + Z S (Ap1pz:p2)
(t1,t2)E€Uo3 (t1,t2)€U04
+ Z S (Apipa,p2)
(t1,t2)¢Uo
= S301 + S302 + S303 + S304 + S305. (29)

For S3p1, by Lemmas 3.2, 6.4, 5.1 and 5.2, we can give an asymptotic formula.
For S302, we can apply Buchstab’s identity again to get

Sso2=" > S(Apyps,p2)
(t1,t2)€Uo2
20
= Z s (AszvXT'g> - Z S (Ap1p2pssP3) - (30)
(t1,t2)€Uo2 (t1,t2)E€Uo2

29 <tz<min(tg, 3 (1—t1—t2))
By Lemma 6.6 we can give an asymptotic formula for
S 5 (Apips, X305). (31)
(t1,t2)€Uo2
By Lemma 6.7 we can give an asymptotic formula for
Z S (Ap1paps,P3) - (32)

(t1,t2)€Uo2
%<t3<min(t2,%(l—tl—tg))

Combining (30)—(32), we can give an asymptotic formula for Szp2.

Before decomposing Ss03, we first make a definition: we say a set of variables (¢1,...,%tn) is good if the variables can be
partitioned into (¢;, h) € Uo1, (h,t;) € Up1 or (m,h) € V. Now we can apply Buchstab’s identity twice more to get
Sz03 =" > S(Apps,p2)
(t1,t2)€Uo3
20
= Z S <AP1P27X209) - Z S (Ap1paps>P3)
(t1,t2)€Uo3 (t1,t2)€Uo3

¥

2 Stz<min(ta, 3 (1—t1—t2))
(t1,t2,t3) is good

|
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— Z S (Ap1p2p37x%> + Z S (Ap1p2pspar P4)

) (t1,t2)€?03 , (t1,t2)€Uo3
20 <tg<min(tz, 1 (1—t1—t2)) 20 <tg<min(tz, 3 (1—t1—t2))
(t1,t2,t3) is not good (t1,t2,t3) is not good

20 <tg<min(ts, 1 (1—t1—ta—t3))
(t1,t2,t3,t4) is good

+ Z S (Ap1p2pspasPa)

(t1,t2)€Uo3
506 Sta<min(t2, 5 (1—t1—t2))
(t1,t2,t3) is not good
22009 <t4<min(t3,%(1—tl_t2_t3))
(t1,t2,t3,t4) is not good

= S3031 — S3032 — S3033 + S3034 + S3035- (33)
By Lemma 6.6 we can give asymptotic formulas for
20 20
S3031 = Z S (Ap1p2,X209> and Ssp33 = Z S (Ap1p2p3,X209) . (34)
(t1,t2)€Uo03 (t1,t2)€Uo3

20 <tg<min(tz, 3 (1—t1—t2))
(t1,t2,t3) is not good

By Lemmas 3.2, 6.5, 5.1 and 5.2, we can give asymptotic formulas for

S3032 = E S(Apipaps,p3) and Sso34 = E S (ApipapspasPa) - (35)
(t1,t2)€Uo3 (t1,t2)€Uo03
20 <tz<min(tz, 3 (1—t1—1t2)) 28 <tg<min(tz, 1 (1—t1—t2))
(t1,t2,t3) is good (t1,t2,t3) is not good

28 <tg<min(tz, 5 (1—t1—ta—t3))
(t1,t2,t3,t4) is good

For the remaining Ssp35, we can simply discard the whole sum, leading to a loss of size

w1 (m)
/ i 3 dtqdtsdtadt; < 0.01, (36)
(t1,ta,t3,t4)ERY t1totsts
where
20 . 1
Ri(t1,t2,t3,ta) := 4 (t1,t2) € Uos, 209 < t3 < min | to, 5(1 —t1 —t2) ),
(t1,t2,t3) is not good,

20
209
(t1,t2,t3,ta) is not good,

20 St < l, 20 < 2 <min(t1,1(1_t1)>},
209 2 209 2

We note that further decompositions on S3035 are possible, but we do not consider them here.

. 1
< t4 < min t3,§(1—t1—t2—t3) ,

One of the most important devices we used in the present paper is the variable role-reversal, and we shall use this to deal
with S304. By Buchstab’s identity, we have

Sz0a= > S(Apps,p2)

(t1,t2)€U04

20
= § S <-’4P1P2’X 209) - Z S (Ap1paps>P3)
(t1,t2)€Uoa (t1,t2)€Uoa
20 <tz<min(ta, 5 (1—t1—t2))
(t1,t2,t3) is good

- Z S (Ap1p2ps-P3)
(t1,t2)€Uo04

20 <tg<min(tz, 1 (1—t1—t2))
(t1,t2,t3) is not good

w‘m

= S3041 — S3042 — S3043- (37)
By Lemma 6.6 we can give an asymptotic formula for
20
S3041 = Z S (APIPZ s XT.Q> . (38)

(t1,t2)€Voa

By Lemmas 3.2, 6.5, 5.1 and 5.2, we can give asymptotic formulas for

S3042 = Z S (Apipaps,P3) - (39)
(t1,t2)€Upa
2o <tz<min(tg, 3 (1—t1—t2))
(t1,t2,t3) is good
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Note that S3043 counts numbers of the form pipopsB, where the implicit variable 8 satisfies 8 ~ X1—t1i—t2—ts apd
(B,P(p3)) = 1. Now, we reverse the roles of variables 8 and pi1, making p; the implicit one.

In this way, S3043 can be
rewritten as

1
2X \ 2
53043 = Z S <-A5p2p37 (M) > . (40)
(t1,t2)€U0a
%§t3<min(t2,%(17tlft2))
(t1,t2,t3) is not good
Using Buchstab’s identity, we have

1
2X 2
o= 2 ’ (Aﬂmw () >
(t1,t2)€U04

20 <tz<min(tz, 3 (1—t1—t2))
(t1,t2,t3) is not good

20
= E S <A5p2p3,X209)
(t1,t2)€U04
%§t3<min(t2,%(17t17t2>)
(t1,t2,t3) is not good

- E : S (AﬁP2P3P47p4)
) (t1,t2)€$]04
25 <tg<min(tz, 1 (1—t1—t2))
(t1,t2,t3) is not good
20 1
509 Sta<gti
(1—t1 —ta—t3,ta,t3,t4) is good

B Z S ("4/31021?3?47174)
9 (t1,t2)€U0a
2009,§t3<min(t2,%(1_t1_t2))
(t1,t2,t3) is not good
P <ta<it
209 N4 3t
(1—t1—ta2—t3,ta,t3,t4) is not good
= 530431 — S30432 — S30433- 1)

By Lemma 6.6 and the definition of Ups, we can give an asymptotic formula for

20
S30431 = E S (.Agpng,Xzog> . (42)
(t1,t2)€Upa
505 Sta<min(t2, 5 (1-t1—t2))
(t1,t2,t3) is not good

By Lemmas 3.2, 6.5, 5.1 and 5.2, we can give asymptotic formulas for

S30432 = > S (ABpypspssPa) - (43)
(t1,t2)€Uoa
%§t3<min(t2,%(17h,t2>)
(t1,t2,t3) is not good
20 Ctg<tt
209 NP4t
(1—t1—t2—t3,t2,t3,t4) is good

We discard the whole sum Ssp433, leading to a loss of size

t—ty 1—ty—ty—t3
/ “1 ( ta )wl ( t3
(t1,t2,t3,t4)ER2

tat3t2

dtadtsdtadt; < 0.02, (44)

where

20 1
Ra(t1,t2,t3,t4) := {(t17t2) € Uos, 209 < t3 < min (tz, 5(1 —t1 — tz)) ,

(t1,t2,t3) is not good,
20 <ty < lt
209 X U4 2 1,

(1 —t1 —t2 —t3,t2,t3,ta) is not good,

20<t<1 20<t<' tl(l t1)

— < -, — < min , = (1 — .

209 ~ 1T 20 209 7 ) !

We remark that if we do not use the variable role-reversal, the loss from discarding the whole S304 is larger than 0.2.
For the remaining Ssos5, discarding the whole sum lead to a two-dimensional loss of

1 . 1—tg 1—t1—ty
5 mln(tl, 5 ) w (T)
/& /20 ﬂ(tl,t2)¢U0 — = L dtodt1 < 0.8, (45)

2
209 ” 209 t1ty
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However, we can use Buchstab’s identity in reverse to get asymptotic formulas for some almost-primes counted. When to <
%(1 —t1 — t2), we have

1

2X \ 2

Y S = Y S(A() >+ S S(ppmra). (46)
(t1,t2)¢Uo (t1,t2)¢Uo pip2 (t1,t2)¢Uo

to<i(l—t1—t2) to<i(l—t1—t3) to<tg<i(l—t1—t3)

This can be seen as a “reversed” application of Buchstab’s identity. The first term on the right-hand side counts primes, while
the second term counts almost-primes. We cannot give an asymptotic formula for the first term on the right-hand side, but we
can give asymptotic formulas for part of the second term if (¢1,t2,t3) is good. We can then subtract the size of this part from
the loss of S3p5. The savings from this part are larger than

1—t)—to—t3
i ( t3 )
———— L dtsdtadt; > 0.03, (47)
(t1,t2,t3)ER3 titaty

where

1 .
R3(t17t2,t3) = {(tl,tg) Q Up, t2 <tz < 5(1 —t1 — t2), (t17t27t3) is good,

2 el 2 cmin (1, 21— )
< -, < min | ¢1, = (1 — .
209 SPS9 909 2 by !

Finally, by (1)—(47) we have

m(z +nz) — () = S (A, (2X)%) >(1-0.01-0.02—08+ 0.03)% = 0.21;7;,

and the proof of Theorem 1.1 is completed.

8. APPLICATIONS OF THEOREM 1.1

Clearly our Theorem 1.1 has many interesting applications. The following application of our Theorem 1.1 is about Goldbach
numbers (sum of two primes) in short intervals. By combining our Theorem 1.1 with the main theorem proved in [31], we can
easily deduce the following theorem.

Theorem 8.1. The interval [X, X + X%] contains Goldbach numbers. That is,
13
550

In+1 — gn K g:,
where gn denote the n-th Goldbach number.

Previous exponent % (see [31]) comes from the exponent ﬁ ([30]). Note that % ~ 0.0242 and % ~ 0.0236. If we
focus on Maillet numbers (difference of two primes) instead of Goldbach numbers in short intervals, Pintz [41] improved this
exponent to any € > 0.

Another application of our Theorem 1.1 is about prime values of the integer parts of real sequences, improving the previous

result of the author [30] by adding one more term on both of the sequences [pFa] and [(pa)*].

Theorem 8.2. For almost all o > 0, both of the following statements are true:
(1) Infinitely often p, [pal, [p3al, ..., [p*2a] are all prime.
(2) Infinitely often p, [pal, [(pa)?], ..., [(pa)?2] are all prime.

The proof of Theorem 8.2 can be done by replacing [[13], Lemma 4] by a variant of our Theorem 1.1. In this way, the ratio

?—8 in [[13], Theorem 4] can be improved to %

The last application of our Theorem 1.1 is about the Three Primes Theorem with small prime solutions, improving the
previous result of the author [30] by reducing the exponent % to ﬁ.

Theorem 8.3. Let Y denote a sufficiently large odd integer. The equation
1
Y =pi+p2+ps, p1 <Y

is solvable.

We define ug, u1,v0,v1 as in [5]. Note that we have ug > 0.2 by Theorem 1.1, and we can show that w1 < 2.94 by similar
arguments as in [5]. Using the vector sieve together with the same bounds for vy and v; as in [5], the proof of our Theorem 8.3
is essentially the same as the proof of [[5], Theorem)].

9. REMARK

1
Recently the author has proved Theorem 1.1 with an interval [n — n2a+¢ n].
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