PRIMES IN ALMOST ALL SHORT INTERVALS
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ABSTRACT. The author sharpens a result of Jia (1996), showing that the interval [n,n + n21.5 +E] contains prime numbers
for almost all n. Watt’s mean value bound, a delicate sieve decomposition and more accurate estimates for integrals are
used to good effect.

CONTENTS
1. Introduction 1
2. An outline of the proof 2
3. Arithmetic Information I 2
4. Arithmetic Information IT 18
5. Asymptotic formulas 19
6. The final decomposition 21
7. Applications of Theorem 1.1 27
References 28

1. INTRODUCTION

One of the famous topics in number theory is to find prime numbers in short intervals. In 1937, Cramér 7] conjectured that
every interval [n, n+ f(n)(logn)?] contains prime numbers for some f(n) — 1 as n — co. The Riemann Hypothesis implies that
for all large n, the interval [n,n + nf] contains ~ nf(logn)~! prime numbers for every % + ¢ < 6 < 1. The first unconditional
result of this asymptotic formula was proved by Hoheisel [18] in 1930 with 6 = 1 — m. After the works of Hoheisel [18],
Heilbronn [17], Chudakov [6], Ingham [20] and Montgomery [35], Huxley [19] proved in 1972 that the above asymptotic formula
holds when 6 > 1—72 by his zero density estimate. In 2024, Guth and Maynard [9] improved this to 6 > ;% by a new zero density
estimate.

In 1979, Iwaniec and Jutila [21] first introduced a sieve method into this problem. They established a lower bound with
correct order of magnitude (instead of an asymptotic formula) with 6 = % After that breakthrough, many improvements were
made and the value of § was reduced successively to

5 11 17 23
— ~ 0.5556, — = 0.5500, — ~ 0.5484, — =~ 0.5476,
9 20 31 42

1051 ~ 0.5474, 35 ~ 0.5469, s ~ 0.5455 and T ~ 0.5385
1920 64 11 13
by Iwaniec and Jutila [21], Heath-Brown and Iwaniec [16], Pintz [37] [38], Iwaniec and Pintz [22], Mozzochi [36] and Lou and
Yao [30] [32] [33] [34] respectively. In 1996, Baker and Harman [2] presented an alternative approach to this problem. They
used the alternative sieve developed by Harman [11] [12] to reduce 6 to 0.535. Finally, Baker, Harman and Pintz [4] further
developed this sieve process and combined it with Watt’s theorem and showed 6 = 0.525.

However, if we only consider the prime numbers in ”almost all” intervals instead of ”all” intervals, the intervals will be much

shorter than n°-525. In 1943, under the Riemann Hypothesis, Selberg [42] showed that Cramér’s interval contains primes for
almost all n if f(n) — oo as n — oco. In the same paper, he also showed unconditionally that the interval [n, n+n%+5] contains
prime numbers for almost all n. In 1971, Montgomery [35] improved the exponent % to % with an asymptotic formula. The
zero density estimate of Huxley [19] gives the exponent % with an asymptotic formula, and the best asymptotic result now is
also due to Guth and Maynard [9], where they proved the exponent 12—5

In 1982, Harman [10] used his alternative sieve method to showed that the interval [n,n + n%+€} contains prime numbers
for almost all n. His method can only provide a lower bound instead of an asymptotic formula. The exponent 1—10 was reduced
successively to

1 14 1 17 1
— =10.0833, — = 0.0881, — = 0.0769, — = 0.0749, —— = 0.0740,
12 159 13 227 135
L _oom14, L — 00667, L = 0.0625, - = 0.0556 and — = 0.0500
14 15 16 18 20
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by Harman [11] (and Heath-Brown [15]), Lou and Yao [31], Jia [24] [25], Lou and Yao [31], Li [28], Jia [23] (and Watt [44]), Li
[29], Baker, Harman and Pintz [3], Wong [45] (and Jia [27], Harman [[14], Chapter 9]) and Jia [26] respectively. As the strongest
result above, Jia [26] used many powerful tools and arguments in his proof, both analytic and combinatorial, and these are
extremely complicated. In this paper, we further develop the sieve machinery used in [26] and obtain the following result.

1

Theorem 1.1. The interval [n,n + n21-5+8] contains prime numbers for almost all n. Specifically, suppose that B is a

sufficiently large positive constant, € is a sufficiently small positive constant and X is sufficiently large. Then for positive
1

integers n € [X,2X], except for O (X(log X)’B) values, the interval [n,n + n21«5+5} contains > n1/21‘5+5(10g n)~1 prime

numbers.

Throughout this paper, we always suppose that B is a sufficiently large positive constant, ¢ is a sufficiently small positive
constant, X is sufficiently large and z € [X,2X]. The letter p, with or without subscript, is reserved for prime numbers. Let
cp, c1 and cz denote positive constants which may have different values at different places, and we write m ~ M to mean that

P 20.5
caM <m< oM. Letb=1+ @, §=¢'/3 and n = %X7m+5. We use M(s), N(s), H(s) and some other capital letters
to denote 1-bounded Dirichlet polynomials

M(s) = Z amm™%, N(s)= Z bon~°%, H(s)= Z cph™%,

mn~ M n~N h~H
and we use L(s) to denote a ”zeta-factor”
L(s)=)» 1"
I~L

2. AN OUTLINE OF THE PROOF
Let C denote a finite set of positive integers, p; = X% in the following sections and put

A={n:z<n<z+nz}, B={n:z<n<2z},

Ca={a:adeC}, P()=][[p SC2z= > L
p<z a€eC
(a,P(z)=1

Then we have
w(z +nz) — w(x) = S (A, (2X)%). 1)
Buchstab’s identity is the equation
S(C,2) =5(C,w) — Z S (Cp,p),
wLp<z
where 2 < w < z.
In order to prove Theorem 1.1, we only need to show that S (A, (ZX)%) > 0. By Buchstab’s identity, we have

s(ae)t)=s(Axd) - 3 5(4,,x5F)
Iy <n<
+ Z S (Ap1pa,p2)
79 1

%gwiijz:é(ktl))
=51 — S2+S3. (2
Our aim is to show that the sparser set A contains the expected proportion of primes compared to the larger set 3, which
requires us to decompose S (A, (2X)%> using the above Buchstab’s identity, prove asymptotic formulas (for almost = € [X, 2X]

except for O (X (log X)~B) values) of the form

S (A, z)=n(1+0(1))S(B,=2) 3)

for some parts of it, and drop the remaining positive parts.
In Sections 3 and 4 we provide some arithmetic information by proving mean value bounds for Dirichlet polynomials, and
we shall use them to prove asymptotic formulas for terms of the form S (Aplmpn,X‘S) and S (Ap;...p,,»Pn) in Section 5. In

Section 6 we make further use of Buchstab’s identity to decompose S (.A, (2X)%> and prove Theorem 1.1.

3. ARITHMETIC INFORMATION I

In the following two sections we provide some arithmetic information which will help us prove the asymptotic formulas for
sieve functions. In this section we only use the classical mean value estimate and Haldsz method. In next section we will provide
a crucial result which will help us get asymptotic formulas for more sieve functions.

Lemma 3.1. Suppose that MH = X, by, = A(h) and X® < H <« X 7. Then for (log X)B/s < T < X, we have

1 2 2T
(min (m ?)) / |M(b+ it)H (b + it)|*dt < n(logz)~'P.
T
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Proof. The proof is similar to that of [[26], Lemma 1]. Let s = b+ it and by the zero-free region of the ¢ function, for |¢| < 2X
we have
H 1—-s H 1-s
(c2H) (e1H) +0 ((logas)_QB/E) .
]
So, for Ty < || < 2X we have H(s) < (logz)~B/¢. According to the discussion in , there are O ((log X)?) sets S(V, W), where
S(V,W) is the set of tx(k =1,..., K) with the property |t, —ts| > 1 (r # s). Moreover,

H(s) =

V< M2|M(b+ity) <2V, W<HZ|H(Db+ity)| < 2W,

where X1 < M3V, X' < H W and V < M3, W < H? (logz)~B/¢. Then we have
2T 9
/ M+ it) H b+ it) Pdt < V2 W22~ log )| S(V, W)| + 0 (a7,
T

where S(V, W) is one of sets with the above properties.
1
Assume X 1T < H < X%, where k is a positive integer, k > 10 and k§ < 1. Applying the mean value estimate to M (s)
and H*(s), we have

|S(V,W)| < V™2(M + T)(log )<,
IS(V, W)| < W2k (H’“ + T) (log )%,
where d = ¢/§2. Applying the Haldsz method to M(s) and H*(s), we have
IS(V,W)| < (V72M + V=5MT) (log z),
IS(V,W)| < (W—%Hk + W_GkH’“T) (log z)%.

Thus,
V2W2|S(V,W)| < VEW?2F(log z)¢,

where
F = min {V’2(M LT, V7EM 4+ VoSMT, W2k (HE 4 T), w2k W’ﬁkH’“T} .

It will be proved that
1\ 2
(min (777 ?)) V2W2F < n?z(logz)~B/e.

We consider four cases.
(a) F <2V 2M,F < 2W~25H%. Then

V2W2F <« V2W?2 min {V’2M, W’Q’“Hk}
1 1
< V2?2 (V72M)l_ﬁ <W*2ka) 2k
— VWM H3
< z(logz)_B/E
and so
1 2
(min (777 ?)) V2W2F < n?z(logz)~B/e.
(b) F>2V~2M,F > 2W~2**  Then
V2W2F < V2W?2 min {V—QT, V=S MT, W2kT, W_GkH’“T}

1 1— Kk L

Since k > 10, we have H > X k+1 > X"~ 11, M2k <<X212,andso
1 2
(min n, )) VIW2F <« %ﬁéT<<n2zl_s2.
() F<2V™2M,F > 2W~2H*_ Then
V2W2F < V2W?2 min {V_QM, w2k, W_GkH’“T}
1
< VAW (V2 T (WS )

<« MH5T3k,



1 1 21 21
since V<« M2. As H > X*+1 > X441k ¢ and M < X'~ 4%, we have

. 1 2 21572 a1 (1 3% N s 4
min 77,? VAW EF <« 0" 3k 7 (MH)S M3Tx
< x%*%@fﬁng(l,%)
< 772351*52,
(d) F>2V~2M,F < 2W~2kH*_ Then
VW2 E < VW min (V2L VEOMT, Wk |
1—3 0 s
< V2?2 (V—2T) 2k (V—5MT) 2k (W—Qka)
= M2 HT'" k.

1 1 21(k=1) 21(k—1)
Ifk > 11, then H < X% < X' TIGF-D M > X111 | and so

1 2 1 1-1 _
(min (n, f)) VIW?F < n1+% (f) (MH)M™ -t

21(k—1)
22k

< AR -
2
< n2x17£ .

If k = 10, then XTT < H < X517, M > X517, and so

1\\? 1
(min (n,f)) V2W2F<<ni*1( ) (MH) M~ %710
0

1_11,20.5 19 738
<« 1T 10 21.5 20 817
< 772331 €
Combining the above cases, Lemma 3.1 is proved. 0

Lemma 3.2. Suppose that MHK = X, and M and H satisfy one of the following 9 conditions:
873, B2 29 pr—1 427 246 —1 7729 263 246 12 7711
(1) MH « X1247, X373 < H, MPH '« X483, X817 <« M, M™'H* « X33, X133 < M'?H';
223 29 7719 632 828 2 27711 120 1230 58 7749 .
(2) MH <« X387, M*H"Y « X143, X387 < M*H, M"H'!' <« X435, X 43 <« M°°H*;
B o« xB, x5 8 MHs <« X, XF < MoH;
(3) MH « X473, X215 K H, M°H < X43, X30I K M < X33, MH® < X4, X 43 < M°H?;
571 82 12 270 574 1119 161 328 12 7711,
(4) MH <« X817, X278 K Hy M'*H < X183 | X12a7 < M, M~*H"” <« X 43, X138 <K M*°H'};
2 446 58 179 1264 164 5 60 615 29 1710
(5) M*H <« X387, M°°H” <« X 43 | X387 < M, MH®> <« X43, X138 <« M*°H'9;
(6) X% « MH < X301, X315 < H, MOH < X35, X173 < M, M~1H" <« X1, X'18 « MSHS;
(7) MH < X375, M35H? « X35 , X173 « M2H, M?H'3 < X'i% , X35 < MTOH59;
(8) MH < X3, MM H?T <« X5, X3% <« M2H, M2HY < X 15, X 15 < MS2H%9;
2 536 70 7711 1534 205 6 65 738 35 7712
(9) M°H <« X173, M™HY <« X™43°, X473 < M, MH® « X413, X138 < M*°H'2,
Assume that for (log X)B/¢ < |t| < 2X, M(b+it) < (logz)~B/¢ and H(b+it) < (logz)~B/¢. Then for (log X)B/e < T <
X, we have

1 2 2T
(min (m ?D / \M(b+ it)H b+ it) K (b+ i) 2dt < n>(log z)~ 0B,
T

Proof. The proof is similar to that of [[26], Lemmas 5,7,9,10,12]. Using the method of Lemma 3.1, we only need to show that
forT=1/n= QX%LE*E7
2T
= / IM(b+ it)H(b+ it) K (b + it) 2dt < (logz)~'OB.
Assuming the condition (1). By appl?ring the mean value estimate and Haldsz method to M3(s), H5(s) and K2(s), we get
I < UV2W2e 1 F(log z)©
where
F=min{V=¢(M3+7T),v=Snm® + v=18a3T, w10 (H® + T),
wEs w3 EST, U (K2 + 1) , U K2 + U 2K?T} .

We consider 8 cases:
(a) FL2V—SM3 F <2W~19H5 F < 2U~*K?2. Then

UVEW2F < UV2W2 min {V W 2M2H, W 1015 U4 K?}
< U2v2w2 (V_4W_2M2H)% (W_IOHS)% (U—4K2)%
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13
=V2M1HK
< z(logz) 1B,

(b) F<2V—SM3 F <2W~10H5 F > 2U~*K?2. Then
UV2W2F < U?V2W2 min {V M3, w1015 U4, U~ 2 KT}

< U2v2w?2 (V_6M3)% (W_IOHE))é (U_4T)% (U_12K2T)%
= T15s MHK 50
i anryh (o)

where M H < XlﬁTg is required.
(c) FL2V=SM3, F > 2W—10H5 F < 2U~*K?2. Then
UV2W2F < U?V2W2 min {V =03, w107, w30 55T, U~ K2}
1 3 1 1
S UAVEW?2 (v—SM3) s (wlo0r) 20 (w30 gST) o0 (U—1K?)2
—TtMHTK
=75 (MHK)H 12
< 3;1752
where X 75 < H is required.
(d) FL2V=6M3 F > 2W—10H5 F > 2U~4K?2. Then
UV2W2F < U?V2W2 min {V M3, w107, w30 5T, U1, U~ 2 K2T}
1 1 9
SUAVEW?2 (V—SM3)s (w—10T)5 (U—*T) 20 (U~ 12 K?T) 50
— TiMK3o
2 1 29 1
= T5(MHK)% (M3 H ™% )

where M29H-1 « X% is required.
(e) F>2V—SM3 F <2W~10H5 F < 2U~*K?2. Then
UAVEW2F < UPVAW2 min {V 0T, V=18 M3, w—0H°% U—* K2}
17 1 1 1
S UVEW?2 (v—or)eo (v—18pB3T) 80 (Ww0H5) s (UT1K?)2
— Ti6 M3 HK
3 19
=Ti0 (MHK)M ™20

1—¢2

Lz s

where X% < M is required.
(f) F>2V-SM3 F <2W~10H5 F > 2U~*K?2. Then
UV2W2F < UV2W2 min {V =0T, V=183, w1015 U1, U~ 2 KT}

< UPVEW? (V’GT)% (W’lOHE’)% (U"LT)% (U*12K2T)&

')

4 1
=T5HK %

4 L i
= T5(MHK)% (M™% H

2

©

@)

1-¢2

Lz s

where M~1H?? « X% is required.
(g) F>2V-SM3 F>2W—10H% F < 2U"4K?2. Then
U?VEW2F < U?V2W2 min {V =T, V= B8M3T, W07, w3 3T, U4 K2}
1 3 1 1
S UVEW?2 (Vo) s (wor) 20 (w30 ST %0 (U1 K?)*2

1 1
=T2H12 K



where X% < M2 H is required.
(h) F>2V-SM3 F > 2W~10H> F > 2U~*K?2. Then

UPVEW?2F < UPV2W2 min {V 6, V1803 w10 w305 u~* U2 K?} T
< U222 (V‘G)l‘% (V—18M3)& (W—w)% (U—4)% T
=TM=

< wl—sz

5025 1 M“ri' 5025 53321 . . 673
where M < X 13717 and T'M 20 < X 21.5 720 13717 & X 54868 are used. The former one can be obtained by using M H < X 1247

and X 378 < H.
Assuming the condition (2). By applying the mean value estimate and Haldsz method to M2 (s)H(s), H°(s) and K2(s), we

get
I < U?V2W2z~ 1 F(log x)°©

where
F=min{V*W™2 (M?’H+T),V*W2M*H + V"W SM?HT,
W (HS + 7)), W 0H? + WOHST, U4 (K? + T) , U *K* + U ?K°T}.

We consider 8 cases:
(a) F2V™ W2 M2H,F < 2W 105 F < 2U~%K2. Then

U2V2W2F < U2V2W2 min {V74W72M2H, W710H5, U74K2}
< U2VEW2 (VAW MEH) S (W0 S (U-1K?2)3
=VIMIHK
< z(logz) 1B,
(b) F L2V *W—2M2H,F <2W~10H5 F > 2U~*K?2. Then
UPVEW?2F < U?V2W2 min {V W 2 M2 H, W 101° U4T, U2 K?T}

<URVEW? (VAW 2 MEH)E (WO T0 (U—4T) B (U 12 KPT)

= T8 MHKTo

= TH(MHK)10 (Mo H D)

where M H < X% is required.
(c) FL2V=*W—2M2H,F > 2W~19H5 F < 2U~*K?. Then

UVEW?F < UV2W2min {V W 2 M2 H, W07, w30 15T, U~ K?}
< UPVEWE (VAW M2H)E (U-4K?) 3
= WMH?K
< z(logz) 1B,
(d) FL2V *W—2M2H,F > 2W~19H5 F > 2U~*K?2. Then
UPVEW?F < UPV2W2 min {V AW 2 M2H, W 10T, W =30 H5T, U 4T, U~ 2 K>T}
< URVEWE (VAW R MEH)E (WSO ST) S (U—AT) %0 (U-12K2T) 10

)

1 2 1
=T MH3 K3

1 1 29
=Ti(MHK)® (MB H

1

g
oo

where M29H19 « X% is required.
(e) F> 2V W—2M?H,F < 2W~19H5 F < 2U~*K?2. Then

U?VEW2F < UV2W2 min {V W 2T, V- 2W - SM2HT, W1 H? U1 K?}
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< Uviw? (V*4W*2T)% (V*12W*6M2HT)21*0 (W’IOHE’)IIT’ (U’4K2)%
—TEPMTHDK

= T3 (MHK) (M—%H—%)

< $1_62,

where X% <« M?2H is required.
(f) F>2V4W2M2H,F < 2W~1°H5 F > 2U~4K2. Then
UPVEW2F < U?V2W2 min {V AW 22T, v - 2w =S M2 T, w105 U4, U~ 2 K2T}

< UviIw? (V’4W’2T)770 (V*IQW*6M2HT)% (W’10H5)T10 (U’4T)%
=T10 <M%H%)
<Lz )

120

where M2H'" <« X is required. This can be obtained by using M2H'! « X 43 .

(g) F>2V *W—2M2H,F > 2W~19H5 F < 2U*K?2. Then
UVEW2EF < U?V2W2 min {V AW 2T, V- 2w SM2HT, W 10T, W =30 5T, U~ K2}

<SUVEW? (VAW R) 3 (VoW O M2HT) S (WS AT I (UK 2)
= T2 M3 Hoo K
= TH(MHK) (M~ 3 B4

< x1752

where X% < M58 H* is required.
(h) F > 2V AW 2M?H,F > 2W10H> F > 2U~*K?2. Then
U2V2W2F < U2V2W2 min {‘/741/‘/727 V712W76M2H, ‘/[/7107 1/1/7130[{57 U747 U712K2} T
< UPVEWE (VoAW2) 30 (V2w S 2 ) e (WSO gs) s (U3 T
=T (Ma%H%)

< 11—52

where M2H11 « X% is required.
Assuming the condition (3). By applying the mean value estimate and Haldsz method to M3(s), H*(s) and K?2(s), we get
I < UV2W2e 1 F(log z)°

where

F=min{V=®(M3+T), v oM+ v 8M3T, W8 (H*+T),

WHY + WHHEAT, U (K2 +T) , U K2 + U2 K?T} .
We consider 8 cases:
(a) FL2V—SM3 F <2W—8H4, F < 2U0~*K?2. Then
UVEW2F < U?V2W2min {V-SM3, w8 g4 U1K?}
< UPVEW? (VO M) b (WS HY) 1 (U—K?) 1
= VIMiHK

—11B.

< z(log )

S2VTSMB F <2W— ,F >2U~ . Then
b) F<2V—SM3 F <2W—8H* F > 2U*K?. Th
UV2W2F < U?V2W2 min {V M3, W—3HY U4T, U2 K?T}

< Uviw? (V*GM?’)% (W*SH“)i (U’A‘T)% (UT2K2T)

?)

L
24

5 1
— T2 MHK T2

5 1 11
=TT (MHK)T? (M H

o=

where MH < X % is required.

<



(c) FL2V—SM3 F > 2W—8H4 F < 2U"*K?2. Then
UVEW?2F < U?V2W2 min {V=S M3, W8T, W= H*T, U~* K?}

< UviIw? (V’6M3)% (W’ST)% (W*“H‘*T)i (U’4K2)%
= T6MHGSK
= T6(MHK)H™§

< m1752

< H is required.
V-SM3 F>2W 8H* F > 2U *K2. Then

UVEW?F < UV2W2 min {V-OM3, W8T, W= g4T, U—4T, U~ 2 KT}

where X%
(d) F<2
< Uviw? (V*GM?’)% (W’ST)% (W*24H4T)ﬁ (U’4T)%
- 73 (MHé>
< x1—52’

where MSH « )(%431 is required.
(e) F>2V—SM3 F <2W—8H* F <2U~*K?2. Then

UVEW2F < U?V2W2 min {V =0T, V- 8M3T, W8 H*, U™ K2}
5 1 1 1
<SUPVEW2 (VoST)2E (VB MBT) 2 (W8 HY)E (UK
— TiIMSHK
1 7
=Ti(MHK)M™5%
< xlfsz
where X% <& M is required.
(f) F>2v M3 F <2W—8H4 F > 2U"4K2. Then
UVEW2F < UV2W2 min {V ST, v =837, W8 H*, U—*T, U2 K?T}
5 1 1 1
S UPVEW?2 (v—or) 2 (v M3 T) 2 (W8 HY) T (U'T) 2
- 73 (MéH)
< x1752

where MH® <« X% is required.
(g) F>2V=SM3 F>2W—8H% F <2U4K2. Then

UV2W2F < U?V2W2 min {V =0T, V=803, W8T, W2 HiT, U~ K?}
< Urviw? (V’GT)% (W*8T)§ (W*24H4T)i (U’4K2)%

—T3HSK

= T3 (MHK) (M*lH*%)

2

< {El_€ ,

where X% < MSH? is required.
(h) F>2V-SM3 F > 2W-8H* F > 2U"*K?2. Then
UPVEW2F < UPVEW2min {V—8 v= 1803 w8 w2 gt v~ U~ 1?K?} T
.5 ay L 1 1
< U2V2W2 (V—b) 24 (V—lst) 54 (W—8)4 (U—4) 2T
—TM3S

< m1—52

where M < X 15 is required.
Assuming the condition (4). By applying the mean value estimate and Haldsz method to M2(s), H%(s) and K3(s), we get

I < UV2W22 ' F(log z)°

8



where
F=min{V™*(M>+T), v *M? + V- 2M2T, W10 (H +T),

WOHS  W3OHST, U6 (K3 +T) , U CK3 + U8 KT} .
We consider 8 cases:
() F2V™AM2 F < 2W—1OH5 F < 2U~SK3. Then
UV2W2F < U?V2W2 min {V M2, W00 U6 K3}

1 1 1

< U2V2W2 (V—4M2) bl (W—10H5) G (U—GKS) 3

— W3SMHSK

< z(logz) 1B,

(b) FL2V—*M2, F <2W~10H% F > 2U-SK3. Then
UPVEW2F < U?V2W2 min {V™4M2 W—10H? U—ST, U8 K3T}

< U2VEW? (V_4M2)% (W—loHs)é (U—GT)% (U—18K3T)&

— Ti6 MHK
=T (MHK)% (M3 1)
< x1752

where M H < X% is required.
(c) FL2V4M2 F > 2W—10H5 F < 2U~6K3. Then
UVEW?F < U?V2W2 min {V™4M2, W07, W30 BT, U0 K3}
1 3 1 1
S UPVEW? (V—iM?) 2 (W10r)20 (W—30H5T) 50 (U—CK3)3
— Tt MHTK
1 _ 11
=Ts(MHK)H 12

< xlfa‘z

where X 7 < H is required.
(d) F<2V—4M2, F > 2W 1005 F > 2U~6K3. Then
UV2W2F < U?V2W2min {V M2, w07, w30 5T, U—ST, U~ 8 K31}
< UVIw? (V’4M2)% (W’IOT)% (W*SOHE’T)% (U’GT)%
= T3 (MH%Q>
< 7617527

where M12H <« X% is required.
(e) F>2V—*M?2 F <2W~10H5 F < 2U-SK3. Then
UPVEW?F < U?V2W2 min {V 4T, V12 M2, W~ 1015 U0 K3}
9 1 1 ay 1
S UPVEW? (V—iT)20 (V12 M2T) 50 (W 0H%)5 (UTC%K3)3
— T15 M3 HK
7 _ 29
=Ti5(MHK)M™ 30

< xlfs2

where X 17 < M is required.
(f) F>2V—4M2 F <2W~10H5 F > 2U-SK3. Then
UVEW2F < U?V2W2 min {V 4T, V-2 M2, w1015 U7, U~ 8 K3T}

< U2VEW? (V-AT) 2 (W10H5) 3 (U=5T) 8 (U~ 18 K3T) e

)

4 1
= T35 HK 20
4 1 1
= T3 (MHK)% (M’%H

m‘»—A
Slo

1—¢?

Lz s



where M—1H9 « X% is required.
(g) F>2V—4M? F > 2W~—10H5 F < 2U~SK3. Then
UVEW2F < U?V2W2 min {V 4T, V-2 M2, W07, W30 5T, U0 K3}
1 3 1 1
SUPVEW2(VAT) 2 (W0r) 20 (W30HPT) s (U—CK3)s
—TigtGK
= T3 (MHK) (M’lH’%)

1—€2

Lz ,

where X% <« M12H1 is required.
(h) F>2V—2M2 F > 2W~10H% F > 2U-SK3. Then

UVEW2F < U?V2W2min {V 4, V1202 w10 w305 =6 u~18K3} T
< U2V2W? (V—4)% (W—lo)% (U—a)% (U—18K3)& T

— TK%
= T(MHK)% (M*%H*z%)
< :1:1752

where X% <& MH is required. This can be obtained by using X% < M and X% < H.
Assuming the condition (5). By applying the mean value estimate and Haldsz method to M?2(s), H5(s) and K?2(s)H(s), we

get
I < UV2W2e 1 F(log z)®

where
F=min{V"*(M?>+7),V*M>+ V- 2M>*T, W10 (H +T),
WOHS y WSOHST, U W2 (K2H +T) , U *W2K?H + U~ W SK2HT} .
We consider 8 cases:
(a) FL2V™4M2 F <2W~10H5 F < 2U*W~2K?H. Then
UVEW2F < UV2W2min {V M2 W11 U4 W2 K2 H}
< UPVEWE (V-4M2)E (U4 W2K2H)
- WMH:K
< z(logz) 1B,
(b) F L2V *M2 F <2W~10H5 F > 2U—*W~—2K?H. Then
UPVEW?F < UPV2W2 min {V™4M2 W01 U~ W 2T, U~ *WSK?HT}
< UPVEW? (V-AM2)E (WO T (U 4w 2T) B (U WS K2HT)

)

=

2

!

2 11 1
= TSMH® Ko
2 1 9
= TH(MHK)10 (MTo 13

g

< xlfaz

where M2H <« X2 is required.
(c) FL2V—*M?, F > 2W—10H5 F < 2U*W~—2K?H. Then
UPVEW2F < UPVEW2 min {V M2 W 10T, W30 BT, U~ W2 K2 H }
<URVEW? (VTAM2)E (UAW K2 H) 2
= WMH2K
< z(logx) 1B,
(d) FL2V 4M2 F > 2W~10H5 F > 2U*W~2K2H. Then
UVEW2F < U?V2W2 min {V M2, W07, w30 ST, U= *w 2T, U~ 2w S K?HT}
< Urviw? (V’4M2)% (W*30H5T)% (U’4W’2T)% (U*12W*6K2HT)%
= T3 MH K30

10



=TH(MHK)%0 (M3 H)
<z

where M8 H? <« X% is required.
() F>2V 4 M2 F <2W~10H5 F <2U*W~2K?H. Then
UPVEW2F < UPV2W2 min {V ™47, V-2 M2, w1005 U~ W2 K2 H}
7 1 1 1
S UV2W?2 (v—4T)20 (Vv—12p2T) 20 (W i0H%) 10 (U4 W —2K2H)?
= T8 MT0HK
2 9
=T5(MHK)M™ 10
< xlfsz’
164
where X 387 < M is required.
> 2V~ ,F <2W— JFE > 20~ - . en
f) F>2V—4 M2 F <2W~19H5 F > 2U~*W~2K2H. Th
UVEW2F < U2V2W2 min {V AT, V-2 M2, w015 U= W 2T, U WS K2HT}
i 1 1 1
S UVEW?2 (Vi) 20 (VT2 pMRT) 20 (W0 gS) 1o (UTtw AT 2
=T (M%H%)
< x17£27
where < & is required. This can be obtained by using < %.
here MH® <« X d. Th be obtained b MH® « X
(g) F>2V 4M2 F > 2W~10H% F <2U *W~—2K?H. Then
UVEW2F < UV2W2 min {V 4T, V=2 M2, w107, w30 g5, U W 2 K2 H }
9 1 1 1
S UAVEW?2 (VA7) 20 (Vo 12pRT) o0 (W30 ST 30 (U W 2 K2 H) 2
—TIM30H3K
1 ~29 1
- T3 (MHK) <M 5 H s)
< x17527
where X 15 <« M?9H0 is required.
h) F>2V—4M2 F > 2W-10H5 F > 2U~*W~2K?2H. Then
( , ;
UV2W2F < UV2W2min V=4, v=202 w10 w305 u—tw =2 u=2w-SKk?H} T
9 1 1 1
< U2V2W2 (V74) 20 (V712M2) B0 (W730H5) 30 (U74W72)§ T
=T (M%H%)
< x1782
where M H5 <« X% is required.
Assuming the condition (6). By applying the mean value estimate and Haldsz method to M?(s), H4(s) and K3(s), we get
I < UV2W2e 1 F(log z)°
where
F=min{V™* (M?+7T),V*M? + V" 2M*T,W~8 (H* + T),
W8H WM HAT, U (K3 +T) , U SK3 + U8 K3T} .
We consider 8 cases:
(a) F<2V™4M2 F <2W8H4, F < 2USK?3. Then

UVEW2F < UV2W2min {V*M%, W8H* UCK3}
1 1 1
SUPVEW2 (VM) 2 (W B8HY) S (U CK?)3
—WiMHSK
< z(logz) 1B,
(b) F<2V™4M2, F <2W8H4 F > 2U8K3. Then
UVEW2F < U?V2W2 min {V4M2, W B8HY U—ST, U8 K3T}
1 1 5 1
SUPVEW? (VTIM?)2 (W8HY)* (U°T) 21 (U '*K®T) 24

11



— TiMHKS
= T1(MHK)# (M%H%)

where M H < X% is required.
(c) FL2V™*M2, F > 2W—8H* F < 2U~SK?3. Then
UVEW2F < UV2W2 min {VIM2, W8T, W= g7, U5 K3}
1 1 1 1
SUPVEW2 (VM) 2 (WBT) s (W2 giT) 21 (U CK3)3
— TEMHSK
= T8 (MHK)H™¢
< ml—sz
where X 315 < H is required.
(d) F<2V—4M2, F > 2W—8H4 F > 2USK3. Then
UPVEW?F < U?V2W2 min {V4M2, W38T, W= AT, U~ ST, U~ 8 K3T}
1 1 1 1
SUPVEW? (VTAM?)2 (W8T (W4 H*T) 2% (U°T)3
—T3 (MH%)
< ml—az
where MH <« X ki is required.
(e) F>2V—4M2 F <2W—8H4 F < 2U8K3. Then
UVEW2F < U?V2W2min {V 4T, V-2 M2T, W8 H*, U6 K3}
3 1 1 1
SUPVEW? (VAT) s (VR MAT) 2 (WoBHY)E (U SK®)®
—TTEMTEHK
= TT2 (MHK)M ™12
< x17527
where X% < M is required.
(f) F>2V—4M2 F <2W—8H* F > 2U%K?3. Then
UPVEW2F < UPV2W2 min {V 4T, V-2 M2>T, W8 H* U °T, U 8 K3T}
1 1 5 1
SUAVEW2 (VvAT) 2 (WBH*) T (U5T) 21 (U8 K3T) 2
= TiHKS
3 1 1 .7
=Ti(MHK)S (M—3HT)
< ‘/1:175 ,

where M~ 1H™ <« X% is required.
(g) F>2V—4M2 F > 2W—8H% F < 2U8K3. Then
UV2W2F < UV2W2 min {V 4T, V-2 M2T, W8T, W2 H4T, U 0 K3}
1 1 1 1
SUPVEW2(V™iT)2 (W8T)s (W= H4T) 28 (U—CK3)5
—T3HSK
— T3 (MHK) (M_lH*%)

1—¢2

Lz )
164
where X 43 <« MY H5 is required.
(h) F>2V—4M2 F > 2W-8H* F > 2USK3. Then
UPVEW2F < UPV2W2min {V 4, V1202 w8 w—2tg* U6 U~ ¥ K3} T
1 1 5 1
SUVEW2(vhz (w8)1 (U8)21 (U8 K3) T

1
=TKS

12



I
=
g
Iy
e}
=
.
ool
i
ool

where X?T:Z < MH is required.
Assuming the condition (7). By applying the mean value estimate and Haldsz method to M2 (s)H(s), H(s) and K2(s), we

get
I < U?V2W2z~ 1 F(log x)©

where
F=min{V W2 (M?H+T),V*W2M?H + V- 2w SM2HT,
W2 (He + 1) , W 2HS + W3S HST, U~ (K? +T) ,U*K? + U2 K?T} .
We consider 8 cases:
(a) F<2VTAW2M?H,F < 2W~12HS F < 2U~*K?2. Then
UVEW2F < UV2W2 min {V AW 2M2H, W2 HS U1 K?}
<URVEWE (VAWM H)E (UK
- WMH:K
< z(logz) 1B,
(b) F <2V AW 2M2H,F <2W—12HS F > 2U*K?. Then
UPVEW?F < U?V2W2 min {V W 2M?H, W12 HS U*T, U2 K?T}

3 L
8 24

<UVEW? (VAWM H)E (WI2H0) T2 (UAT) R (U 2K2T)
= T1: MHK 12
=T (MHK)T (M HTE)

where M H < X% is required.
(c) FL2V™4W2M2H,F > 2W~12HS F < 2U*K?. Then

UAVEW2F < UPV2W2 min {V W 2 M2 H, W~ 2T, W =3 HST, U~* K?}
< Uv2w? (V’4W’2M2H)% (U’4K2)%
= WMH?K
< z(logz) 1B,
(d) FL2V—*W—2M2H,F > 2W~12HS F > 2U~*K?2. Then
UV2W2F < UV2W2 min {V AW 2 M2 H, w21, w30 ST, U1, U 2 K2 T}

< Uviw? (V’4W’2M2H)% (W*36H6T)% (U’4T)% (U’12K2T)7%’

)

1 2 1
=T2MH3 K36

2

o

[
ol

1 ER 35
=T2(MHK)36 <M36H

where M3%H?3 <« X% is required.
(e) F> 2V W—2M?H,F < 2W~12HS F < 2U*K?2. Then

UVEW2F < UV2W2 min {V AW 2T, V-2 W SM2HT, W12 H® U1 K?}
3 1 1 1
SUPVEW? (VAW RT)E (VI RPWOSMPHT) 2T (WP HS) T2 (U K?) 2
T MUEHNK

5

= T (MHK) (M~ 12 H %)
< x17527

where X 3 <« M?H is required.
(f) F>2V=4W2M?H,F < 2W~12HS F > 2U~4K2. Then
UPVEWEF < UPVEW2 min {V W 2T, V- 2w SM2HT, W~ 2 H® U~*T, U~ 2 K?T}

13



1

(V’4W’2T)% (V*12W*6M2HT)ﬁ (w=12g%) 1z (U=1T)

=

< Uviw?
11 1 13
= T1i2 (M12H24>

where M2H13 <« X% is required.
(g) F>2V AW 2M2H,F > 2W~12HS F < 2U*K?2. Then
UAVEW2F < UPVAW2 min {V ™AW 2T, v - 12W =S M2 0T, W27, W =3 HO T, U ~* K2}
11 1 1 1
SUVEW2 (VvAw AT E (v Rw S M2 HT) T2 (WS HOT) 36 (U1K ?) 2
1 1 13
=T2M36H72 K
= T3(MHEK) (M~ R~ %)
< 1171_5 ,
where X% < MTOH59 is required.
(h) F>2V—*W—2M?H,F > 2W~12HS F > 2U~*K?. Then
UVEW2E < UVEW2min {V AW =2, v 2w op2H, w12, w36 ge u—* U~ 12K} T

corviw? (voiwe)h o oo E e dr

)

— TK12
1 _Lr .
= T(MHK) T (M~12 H

~
e

< 9617@:27
where X% < MH is required. This can be obtained by using X% < MH% < MH.
Assuming the condition (8). By applying the mean value estimate and Haldsz method to M2 (s)H(s), H (s) and K2(s), we
et
) I < U?V2W22= 1 F(log z)®
where
F=min {V*W™2 (M?>H +T) ,V*W2M?*H + V- 2W S M?HT,
W (H +T), W HUH + W R2H T, U (K2 + T) U K? + U2 K?T} .
We consider 8 cases:
(a) F<2VTAW 2 M2H, F < 2W~1H", F < 2U*K?2. Then
UVEW2F < UV2W2 min {V AW 2M2H, WM H", U K?}
< UvEw? (V’4W’2M2H)% (U’4K2)%
= WMH?K
< z(logz) 1B,
(b) F <2V AW 2M2H,F <2W—MHT7 F > 2U*K?. Then
UPVEW?F < UPV2W2 min {V W 2M?H, W1 H" U*T, U2 KT}
< UVEWE (VAW RM2H)E (WoMETY T (UAT) B (U2 K2T) 3
— T?MHKTT
=TH(MHK) T (M H)

1—¢2

LT s

where M H < X% is required.
(c) FL2V *W—2M2H,F > 2W~H7, F < 2U~*K?. Then
UVEW2F < U?V2W2 min {V W 2 M2 H, W 1T,

<URVEWE (VAWM H)E (U1K

W2 HTT, U*4K2}

= WMH?K
< z(logz) 1B,

14



(d) FL2V*W2M2H,F > 2W~14H" F > 2U"4K?2. Then
UV2W2F < UV2W2 min {V AW 2 M2 H, WM, w2 H T, U~ T, U~ 2 K2T}

< UViw? (V’4W’2M2H)% (W*42H7T)$ (U’4T)% (U~12K2T) 84

)

1 2 1
=T2MH3 K142
1 1 41
= T3 (MHK)% (MEHl

Ele

where M1 H?7 « X% is required.
(e) F> 2V AW 2M?H,F <2W~H7,F < 2U~*K?. Then

UV2W2F < U?V2W2 min {V4W =27, V- 12w =S M2 HT, W~ H", U~ K?}
< URVEW? (VAW TRT) B (VWO M2HT) B (WO HT) T (U4 K?) 2
—TIMTUH®K
= T#(MHEK) (M~ g~ #)
< 2=,

where X 355 < M?H is required.
() F>2V—4W2M?H,F < 2W~1H" F > 2U~*K?2. Then

UVEW2F < U2V2W2 min (VAW 2T, v 2w =SM2 T, w1 HT U=, U2 K2T}
1
2

< UVIw? (V’4W’2T)% (V*”W*GM?HT)ﬁ (W*14H7)ﬁ (U=*T)

13 1 15
=T14 <M14H28>

where M2H' <« X% is required.
(g) F>2V *W—2M2H,F > 2W~“H",F <2U~*K?2. Then
UAVEWAF < UAVEW2 min {V ™AW 2T, v 12W =S M2 HT, W= HT, W2 H T, U* K?}
13 L L 1
S UVEW2 (vTtw TRy s (v RPw oS M2 HT) 3 (W HTT) 32 (U K?) 2
=TIMBEH®K
1 4L 23
= T2 (MHK) (M—42H—28)

2

< rl—a ,
1722 3 . .
where X 43~ <« M82H%9 is required.
(h) F > 2V 4W2M2?H,F > 2W " HT F > 2U"*K?. Then
UVEW2E < UV2W2min (VAW 2, v 2w ey, w4 w2 v~ U2 K2} T

<oV (vt eyl e B o) S

)

— TKT1
1 JE S
= T(MHK)1 (M~ 13 H

&

< xlf‘«:Z7
where X 15 < MH is required. This can be obtained by using X35 < MH? < MH.
Assuming the condition (9). By applying the mean value estimate and Haldsz method to M?2(s), H%(s) and K?2(s)H(s), we
get
I < U?V2W2z~ 1 F(log x)©

where
F=min{V™* (M>+7),V*M? + V" 2M2T, W12 (H® + T) , W12 HS + W3¢ T,
UMW 2 (K?H+7T) , U *W2K*H+ U W CK2HT} .
We consider 8 cases:
(a) F<2V™4M2 F <2W~12HS F < 2U*W~2K?H. Then
UVEW2F < U?V2W2min {V M2 W 2HS U™ W 2K?H}

15



< UviIw? (V’4M2)% (U’4W’2K2H)%
- WMH3K
< z(logz) 1B,
(b) FL2V—*M? F <2W~12HS F > 2U*W~—2K?H. Then
UV2W2F < UV2W2 min {V M2, W2 HS U= tw =21, U~ W °K?HT}

< Urviw? (V’4M2)% (W*”Hﬁ‘)ﬁ (U’4W’2T)% (U*”I/V*‘SKQHT)i

)

5 13 1
=T12MH?24 K12

=

5 1 11
=T12(MHK)12 (M12H2
<<:E1_E2,

where M2H < X% is required.
(c) FL2V—*M?, F > 2W~12HS F < 2U*W—2K?H. Then

UV2W2F < U?V2W2 min {VIM2, W21, W3S HOST, U ='W 2 K?H}
< UviIw? (V’4M2)% (U’4W’2K2H)%
- WMH3K
< z(logz) 1B,
(d) FL2V—*M2 F > 2W~12HS F > 2U*W~2K2H. Then
UV2W2F < UV2W2 min {V M2, W21, w3 ST, U= w21, U~ W S K?HT}

< UVIw? (V’4M2)% (W*36H6T)% (U*“W”T)ﬁ (U*12W*6K2HT)7*12

— TMH® K3

= T2(MHK)3s (M%H%)
2

< xlfs ,

where MTOH « X% is required.
(e) F>2V—*M?2 F <2W~12HS F < 2U*W~—2K?H. Then

UV2W2F < U?V2W2 min {V 4T, V-2 M2T, W2 HS U™ W 2 K?H )}
< URVEW? (VAT (VoI2M2T) 21 (W 12H0) T2 (Ut w2 K2 H) 2
— T M2 HK
= T1s (MHK)M™ 12
< 3,31—52’

where X%g < M is required.
(f) F>2V—4M2 F <2W—12HS F > 2U W ~2K2H. Then

UV2W2F < U?V2W2 min {V 4T, v -2 M2, w2 HS U W 2T, U~ WS K2 HT}
< Uviw? (V’4T)% (v*”M?T)ﬁ (W*12H6)ﬁ (U’4W’2T)%
=715 (M%H%>
< 9617527

where M HS <« X1 is required.
(g) F>2V—4M2 F > 2W—12HS F < 2U *W~—2K?H. Then

UVEW2F < UV2W2 min {V 4T, V-2 M2, W21, W3¢ HOT, U~ W 2 K?H }
11 1 1 1
SUPVEW?2 (VAT) 2 (Vo2 MPT) T2 (W30 HOT) 36 (U W 2 K2 H) 2
— T3 M3 H3 K
1 _35 1
- T3 (MHK) (M SeH s)
< 11752
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where X% <« M35H12 is required.
(h) F>2V—4M2 F >2W~12HS F > 2U~*W~2K?H. Then

UVEW2E < U?V2W2min {V—4, V1202 w12 w36 gs y—4w—2 U~ 2w SK?H} T
< U2V2Ww2 (V—4)% (V—12M2)217 (W_IQ)% (U—4W—2)% T
-~ TMiz
< xl—az

24 11 767
where M <« X 43 is required. This can be obtained by using M < MH70 < X 1505.
Finally, by combining all the cases above, Lemma 3.2 is proved.

Lemma 3 3 Suppose that NQRK =X, and N, Q and R satisfy one of the following 10 conditions:
(1) X669J4 < NQ < Xosg X% < R< Q< (NQ)~ 33 X085 ;
(2)X559 <<NQ<<X7826 X817 <<R<<Q<<(NQ) 33
(3) X% < NQ<<X§§9197 X817 KRKLQK(NQ)™ % 9062 ;
(4) X385 <« NQ < X738, X817 CRCQ<(NQ)” SXH;
(5) XT3 < NQ < X3, X817 <R<Q< (NQ)7X301
(6) X% < NQ < Xi?s, X817 SR<KQL(NQ)-” Lx 301 ;
(7) X473 K NQ K X4859 X817 KR QK (NQ)7?X1328674;
(8) X4859 < NQ<<X5203, X817 KR QK (NQ)~ 6X2587
(9) X3305 < NQ < X 7052, X317 <« R< Q < (NQ)"2X 155 ;

1534

(10) X103 < NQ < X 37160, X517 <« R< Q < (NQ)™ 11 X 473 .

Assume further that for (log X)B/¢ < |t| < 2X,N(b+ it)Q(b + it) < (logz)~B/¢ and R(b+ it) <« (logz)~B/¢. Then for

(logX)B/E < T < X, we have

1 2 2T
(mi“ (ﬂ’?)) / IN(b+it)Q(b+ it)R(b+ it) K (b + it)[2dt < 7° (log z) "1
T

Proof. The proof is similar to that of [[26], Lemma 13]. Let M(s) = N(s)Q(s) and H(s) = R(s). Then by Lemma 3.2,

Lemma 3.3 is proved.

Lemma 3.4. Suppose that NQRK = X, and N, Q and R satisfy X% < R K Q and one of the following 9 conditions:
2 42 24 2 24
(1) (NR)Q < X124, Xifi < Q, (NR)®Q™! < X', X&f < (NR), (NR)1Q¥ < X, X% <« (NR)2Q'Y;

1230

(2) (NR)Q < X357, (NR)*Q1* < X85, X3 < (NR)?Q, (NRPQ" < X'Hs, X8 < (NR)™SQ™;

(3) (NR)Q < X175, X315 < Q, (NR)’Q < X135, X301 < (NR) < X1, (NR)Q® < X5, X% < (NR)SQ5;
(4) (NR)Q <<X817 Xi5 < Q, (VR)12Q < X%, X137 < (NR), (NR)"1QY < X5, X5 < (NR)'2Q';
(5) (NR)?Q < X557, (NR™Q® < X8, X5 < (NR), (NR)Q® < X, X% < (NR)?Q;

(6) X% < (NR)Q < X301, X35 < Q. (NRYQ < X, X3 < (NR), (VB)1Q7 < X, X <« (NB)OQS;

1476

(7) (NR)Q < Xm (NR)3Q? <« X 45, X* < (NR)2Q, (NR)2Q™ < x* X5 < (NR)0Q%;
(8) (NRIQ < X5, (NRMQ¥ <« X 58, X5 < (VR?2Q, (NR?*Q'® <« X 55, X' < (NR)®2Q%;
(9) (NR)?Q < X4$g (NR)OQ" « X' X473 < (NR), (NR)Q® < X43 XH <« (NR)35Q2.

O

Assume further that for (log X)B/e < |t < 2X,N(b+ it)R(b + it) < (logz)~ B and Q(b+ it) <« (logz)~B/<. Then for

(log X)B/s < T < X, we have
2 r2T
(min (n, T)) / [N (b+it)Q(b+ it) R(b + it) K (b + it)|?dt < n?(logz) 0B,
T

Proof. Let M(s) = N(s)R(s) and H(s) = Q(s) and by Lemma 3.2, Lemma 3.4 is proved.

Lemma 3.5. Suppose that NQRK = X, and N, @Q and R satisfy X% < R <K Q and one of the following 9 conditions:
2 42 24 2 24
(1) QRN < XT38, Xifs < N, (QR®N-! « X'¥, X517 < (QR), (QR)'N® < X&', X% < (QR)12N";

(2) QRN < X357, (QR)PN <« X', X5 < (QR?N, (QRPN" < X', X5 < (QR)"N*;
(3) (QR)N < X473, X215 < N, (QR)°N < X33, X30I < (QR) < X3, (QR)IN®* < X33, X 45 < (QR)°N>;
82

(4) (QR)N < X317, X% < N, (QR)12N<<X%, X137 < (QR), (QR)"'N < X5, X1 < (QR)\2N'1;
(5) (QR)*N < X587, (QR)PSN? < X35 X < (QR), (QR)N® < X3, X9 < (QR)*N'0;

(6) X% < (QR)N < X301, X315 <<N (QR)6N<< X5, X138 < (QR), (QR)"'N7 < X3, X4 < (QR)SN?;

(1) (QRIN < X175, QRN <« X5 W Xm < (QR?N, (QR)*N™ < X'15', X 45 < (QR)ON%;

(8) (QRIN < X35, (QR)INT < XI5 X35 < (QR)’N, (QR)*N' < X5, X" < (QR)N®;
(9) (QR)?N < X5, (QR)ONI « X '8, XI < (QR), (QR)N® < X1, X35 <« (QR)3 N2,

17



Assume further that for (log X)B/¢ < |t| < 2X,Q(b + it)R(b + it) < (logz)~B/¢ and N(b+ it) <« (logz)~B/¢. Then for
(logX)B/6 < T < X, we have

2 p2T
(min (n, ?)) / IN(b+it)Q(b+ it)R(b+ it) K (b + it)| 2dt < n>(log z)~ 0B,
T
Proof. Let M(s) = Q(s)R(s) and H(s) = N(s) and by Lemma 3.2, Lemma 3.5 is proved. O

Lemma 3.6. Suppose that NQRK = X, and N, Q and R satisfy X% < R <K Q and one of the following 9 conditions:

673 82 427 246 263 246
(1) N(QR) < X12i7, X373 < (QR), N¥(QR)"! « X5, X817 < N, N"HQR)?® <« X5, X45 < N2(QR)';
223 632 328 120 1230
(2) N(QR) € X357, N®(QR)!? « X745, X557 < N?2(QR), N*(QR)'' < X7i5, X ™15 < N*¥(QR)*;
268 41 6 94 82 16 8 98 123 6 5
(3) N(QR) < X473, X215 < (QR), N°(QR) < X3, X301 K N < X413, N(QR)® « X13, X 13 < N°(QR)®;
571 82 12 270 574 1 19 161 328 12 11
(4) N(QR) < X817, X178 < (QR), N'?(QR) < X143, X127 K N, N"H(QR)"” <« X153, X413 <K NP (QR)';

(5) N2(QR) < X557, N (QR)? < X 15", X387 < N, N(QR)® < X1, X35 < N2°(QR)';
(6) X% < N(QR) < X307, X315 < (QR), NS(QR) < X%, X1% < N, N"1(QR)” < X33, X1 < NS(QR)5;
(7) N(QR) < X%, N3 (QR)?® < X35, X178 < N2(QR), N2(QR)® < X 15, X 1° < NTO(QR)%;
(8) N(QR) < X353, N*(QR)?" < X 15, X3% <« N2(QR), N2(QR)'> < X', X5 < N®2(QR)®;
(9) N2(QR) < X173, N"O(QR)'! < X 15, X173 < N, N(QR)® < X 13, X153 < N3(QR)'2.

Assume further that for (log X)B/¢ < |t| < 2X,Q(b + it)R(b + it) < (logz)~B/¢ and N(b+ it) <« (logz)~B/<. Then for
(logX)B/‘g < T < X, we have

2 2T
(min (n, f)) / IN(b+it)Q(b+ it)R(b+ it) K (b + it) 2dt < n*(log z)~'0B.
T
Proof. Let M(s) = N(s) and H(s) = Q(s)R(s) and by Lemma 3.2, Lemma 3.6 is proved. O
4. ARITHMETIC INFORMATION II
In this section we are looking for more Type-I information. In [26], Jia used a mean value bound of Deshouillers and Iwaniec

[8], which makes an approximation to the sixth-power moment of the Riemann zeta-function. Now we shall use another mean

value bound of Watt [43], which is stronger than that of Deshouillers and Iwaniec when the length of interval is nIste.
Lemma 4.1. Let T > 1, then

2T 1 1
L -+4it N |-+t
/, ’ (2 o ) (2 o )
Proof. For ¢1L < T% and N < T, by the main theorem proved in [43] we have

2T 1 1
L - it N | = it
/T ‘ (2“> (2“)

For c1 L < T% and N > T, by the classical mean value estimate (see [26]) we have
2T
1 1
L -+t N |-+t
fo Gl (G o)

1
When T2 < c1 L < 2T, by a reflection principle based on an approximate functional equation, we can get the same bound

4 2 5

dt < (T + N2T3 4 NL2T’2> 72

4 2

dt < (T + NQT%) T,

4 2 2
dt < (L*N +T) (LN)®

< (T+ N%’%) T,

as above. By this process we may replace L by Lo ~ T/L, so that Lo < T3 . For this, one can see [[8], Section 2], [[4], Lemma
2] or [[1], Lemma 5.2] for a detailed proof with N < T. For N > T, by the classical mean value estimate we have

2T 1 1
L=+t N |-+t
/T (2 o ) (2 I )
< (T+nN%T%) 7"
When 2T < ¢1 L, by the method in [26] we have

2T 1 1
L - +it N[ = it
/T ‘ (2“) (2H)

(Actually we have a better bound L2T~4(N + T) in this case, but this won’t bring any improvement to the next lemma.)
Finally, by combining all the cases above, Lemma 4.1 is proved. O

4 2

dt < (L3N +T) (LoN)* + Error

4 2

dt < NL?T~2.
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Lemma 4.2. Suppose that MHL = X, and M and H satisfy one of the following 2 conditions:
2 2-39-5 4p76 4-205 oy 4-8L5
(1)MH<<X 215, M*HY < X* 7215, H* < X* ™ 21
(2) M < X%, H< X350,
Then for \/Z < T < X, we have

1 2 r2T
(min (n,?)) / |M (b + it H (b + it)L(b + it)|2dt < n?z=2"
T

Proof. We can prove this by using Lemma 4.1 and the methods in [[26], Lemmas 3,4]. For condition (1) we apply Lemma 4.1
to L and N, while for condition (2) we apply Lemma 4.1 to L and N2. One can see [26] for an explanation. ]

Lemma 4.3. Suppose tzf(L)a5t NQRL =X, and N Q and R satzsfy 2 % < R < Q and one of the following 9 conditions:
(1) (NQ) 25, (NQ)*R® | RY < XA
(2) (NQ) < X8, R< X3i1;
(3) X135 < (NQ) < X138, R< (NQ)~ é i%,-
20 41
(4) X138 < (NQ) LXE, R (NQ)TX
(5) X% < (NQ) < X473 R< (NQ)™'X
(6) X4723<< (NQ) < X4§Z§1 R« (NQ)~
(7) X;:g? < (NQ) < X5429093 R< (NQ)™
(8) X5203 < (NQ) <€ X1032, R (NQ)2X 473 ;
499 28277 _ 70
(9) X132 < (NQ) < X57190, R< (NQ)™ 11
Assume further that for VL < |t| < 2X,N(b
\/EngX, we have

,_.\.
=3
Iy

3
@

o Wl
I N

9
l
6 X

ﬂa
c’on

Hw‘

4
473

it)Q(b + it) < (logz)~B/¢ and R(b + it) <« (logz)~B/c. Then for

+><

1 2 2T
(min (n, ?)) / IN(b+ it)Q(b + it)R(b + it) L(b + it) 2dt < n>(log z)~ 5.
T

Proof. The proof is similar to that of [[26], Lemmas 14,15]. Let M(s) = N(s)Q(s) and H(s) = R(s). Then by Lemma 4.2 and
Lemma 3.2, Lemma 4.3 is proved. 0

Lemma 4.4. Suppose that NQRL = X, and N, Q and R satzsfy X% < R <K Q and one of the following 9 conditions:
(1) (QR)2N <, X2** (QR)4N6 < X432, Nt <« x4
(2) (QR) < X, N < Xl
(3) x;gg < (QR) <<X43 N < (QR)” 3
(4) X135 < (QR) < Xsa N <« (QR)7 X 301
(5) xéé < (@QR) < X, N< (QR)~'X3
(6) X% < (QR) < <X4853 N< (QR)™5 X
(7) X% < (QR) < Xizgé N < (QR)"6 X255 ;
(8) X?»ggs < (QR) < X1oaz, N < (QR)™ QXW;
(9) XT65% < (QR) < X 57156, N < (QR)™ 1t X 5 .

fAssume further that for VL < |t| < 2X,Q(b + it)R(b + it) < (logz)~B/¢ and N(b + it) < (logz)~B/¢. Then for

L <T < X, we have

12
X143,

1\\2 poT
(min (n, T)) / [N (b+it)Q(b+ it) R(b + it) L(b + it)|?dt <« n?(log z) 0B,
T
Proof. Let M(s) = Q(s)R(s) and H(s) = N(s). Then by Lemma 4.2 and Lemma 3.2, Lemma 4.4 is proved. O

5. ASYMPTOTIC FORMULAS

Lemma 5.1. Suppose that M < X% and H < X%. Then for real numbers x € [X,2X], except for O (X(log X)*B)
values, we have

Z ambp, Z 1- ) <« nz(logx) B,

m~M z<mhl<z+nx mh
h~H
Proof. The proof is similar to that of [[26], Lemma 16] where the condition (2) of Lemma 4.2 is used. O

Lemma 5.2. Suppose that NQRL = X, and N, Q, R satisfy one of the 18 conditions in Lemma 4.3 and Lemma 4.4. Assume
further that for VL < |t| < 2X, N(b + it)Q(b + it)R(b + it) <« (logx)~B/c. Then for real numbers = € [X,2X], except for
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O (X (log X)~B) walues, we have

x
E anbger E 1— nr < nz(log x)_B.
n~N z<ngri<z+nz nqr
q~Q
r~R
Proof. The proof is similar to that of [[26], Lemma 17]. O

Lemma 5.3. Suppose that X% KM X0 ay >0, and am =0 if m has a prime factor < X%. Then for real numbers
z € [X,2X], except for O (X (log X)~B) values, we have

3 amzn(uo(lo;x)) 3 am+0<nx(log:r)_3).

rz<mp<z+nz r<mp<2x
m~ M mnr
Proof. The proof is similar to that of [[26], Lemma 18] where Lemma 3.1 is used. O

Lemma 5.4. Suppose that MHK = X, ¢, = A(k), X% <K MHK X%, and am, by = 0. Suppose that am = 0 if m has a
prime factor < X%, and by, = 0 if h has a prime factor < X%. If we have

1 2 2T
(min (n, ?)) / IM(b+ it)H(b+ it) K (b + it)|2dt < n*(log z)~ 108
T
for (log X)B/E < T < X, then for real numbers z € [X,2X], except for O (X(log X)’B) values, we have

3 ambh:n(l-i-O( )) 3 ambh—i-O(nx(log:c)_B).

log x

rz<mhp<x+nx r<mhp<2zx
mn~ M mn~ M
h~H h~H
Proof. The proof is similar to that of [[25], Lemma 4]. O

Lemma 5.5. Suppose that MNHK = X, di, = A(k), and am,bn,cp, = 0. Suppose that am = 0 if m has a prime factor < X9,
b, = 0 if n has a prime factor < X%, and c¢p, = 0 if h has a prime factor < X%. If we have

T
for (log X)B/S < T < X, then for real numbers x € [X,2X], except for O (X(log X)’B) values, we have

3 ambnch:n(l—i-O( ! )) > ambnch—FO(nz(logx)_B).

2
(min (n, l)) /;T [M(b+ it)N (b + it)H (b + it) K (b + it)|?dt < n?(logz) 108

rz<mnhp<z+nz loga: r<mhp<2x
m~M mn~ M
n~N n~N
h~H h~H
Proof. The proof is similar to that of [[25], Lemma 4]. ]

Lemma 5.6. Suppose that Po)P1Pa---P, = X, P, < -+ < Po < P} < X% and p; ~ P; for 1 < i. Suppose that
P, Ps,..., Py, X107 Con be partitioned into M, H satisfy Lemma 5.1 or N, Q, R satisfy Lemma 5.2, Then for real numbers
z € [X,2X], except for O (X (log X)~B) values, we have

S S (Appapa X5 ) = > S(Bplm...pn,X%>+O(anx).

(t150-05tn) (t1,--5tn) log

Proof. By Buchstab’s identity, we have
79 s
Z S (AP1P2“'Pn7X817) = Z S (AP1P2"'Pn7X ) - Z S (AP1P2"'P'7LP7L+17pn+1) .

(t15e-tn) (t1,--tn) (tlvuatn,;g
0<tn41<377

We use Iwaniec’s linear sieve (taking D = X 1071000 ,Z= X‘s) together with Lemma 5.1 or Lemma 5.2 (depending on the region

that Py, Pa,..., Py, X107 are partitioned into) to deal with the first term on the right-hand side. The functions F(s) and
f(s) defined by the following differential-difference equation

{F(s) =2 f(s)=0, 0<s<2,

s

(sF(s)) =f(s=1), (sf(s)) =F(s—1), s=2,
give the same value 1 with negligible error O (82), where v is the Euler’s constant. Hence we have

Z S (Aplpz"‘p""X(s) =" Z o (Bplpz"‘Pw,iXLS) +0 (ﬂ> .

(t1srtn) (t1ystn) logz
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Let M = PLH Clearly we have X% <« M < X179 By Lemma 5.3, we have

enx
E : S (’AP1P2"'PnPn+17pn+l) =n E S (BPIPZ"'pnpn,+l7pn+1) +0 (l ) .
ogx
(tla“'atn) (tla-'-vtn)
§<tn41<57r O<tnt1<gor

Now, Lemma 5.6 is proved by another application of Buchstab’s identity
é 79
Z S <BP1P2‘“Pn7X ) - Z S (Bpipz--pnpns1:Prt1) = Z S (Bp1p2~-me817> .

(t1,0ertn) (Bt (t1,ertn)
OStnt1<317

We remark that in many places, we ignore the additional variable X 107199 When applying this lemma since it only produces
an extremely small difference (less than 10710). O

6. THE FINAL DECOMPOSITION

In this section, sets A and B are defined respectively. Let w(u) denote the Buchstab function determined by the following
differential-difference equation

u.)(u):%7 1<u<?,
(uw(w)) = w(u — 1), u>2
Moreover, we have the upper and lower bounds for w(u):
%, 1<u<2,
( ) - ( ) I'H%(“_l)’ 2<u<3,
wlu) z wolu) = 1+log(u—1) 1 ru—1 log(t—1)
?4—5[2 —=—dt, 3<u<4,
0.5612, u >4,
%, 1<u<2,
() < () IH%(U—U 2<u< 3,
w(u) L wi(u) = _ _ (t—
l+logu(u 1) + %IQU 1 10g,(1t£ 1) dt, 3<u<4,
0.5617, u > 4.

We shall use wo(u) and w1 (u) to give numerical bounds for some sieve functions discussed below.
By [[26], Lemma 21], we know that, for sufficiently large z,

SB2= 3 1=(1+o(1)2 w(l‘)“), (4)
ey log z log z
(a,P(z))=1

and we expect that the similar relation also holds for S (A, z):

SAD= Y 1=0rem)w (5. (5)
i log 2z log 2z
(a,P(z))=1

If (3) holds for S (A, z), then we can deduce (5) easily from (3) and (4). Otherwise we must drop this S (A, z). We define the
loss from this term by the size of corresponding S (B, 2):

S (B, z) = (loss + 0(1))1(;7;1. (6)

We note that we can only drop positive parts and the total loss of the dropped parts must be less than 1.
Beginning with (2), we can easily give asymptotic formulas for S; and Sz by Lemma 5.6. Before estimating S3, we first
define the disjoint regions Up1—Ups as

Uo1(t1,t2) := {(t1,t2) € Uo1o1 U U102 U -- U Up109,

[ <t <1 79<t< in (¢ 1(1 t1)

T X DN oons X min o - )

817 ~ ' T2 st 7 ) !
Uoa(t1,t2) :== {(t1,t2) € Up201 U Up202 U - - - U Upas7, (t1,t2) ¢ Uo1,

E<t1<1,E<t2<min(t1,1(17t1)>},
817 25 817 2
Ups(t1,t2) := {(t1,t2) € Uo3zo1 U Up302 U - - - U Up3z1s, (t1,t2) ¢ U
ﬁ<t1<1,E<t2<min(t1,1(17t1))},
817 2 817 2
where

673 82 427 246 263 246
Uoto1(t1,t2) = {t1 +ta < ——, —— < ta, 20t] —tg < —, = <t1, 20ty —t1 < ——, 2= <12t + 11¢a §,
0101( 1 2) { 1+ t2 1247 473 2 1 2 43 ]17 1 2 1 43 43 1+ 2}
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Uo102(t1,t2) == {t1 + 12 < ;zi 29t + 19t < 6532 gzi 2t1 +t2, 2t1 + 112 < 14230 lizo < 58t + 49t2},
Uo1o3(t1,t2) = {t1 +12 < 42152 24115 ta, 6t1 +t2 < %, % <tr < g, t1 4 8t < %, 1233 6t1 +5t2}
U0104(t1,t2) = {t1 +ty < zz; 48723 to, 12t1 +to < % 152147 t1, 19t —t; < % 34238 12t1 + 11t2}
Uo10s(t1,t2) := {2t1 +t2 < %, 58t1 + 9ty < %, 164 <ty t1 4 5t2 < @, 615 < 29t1 + 10t2},
387 43 387 43" 43
Uo1o6(t1,t2) == {2*7 <t +t2 < &, A < tog, 661 +12 < E 205 <ty, Tto —t1 < b5 164 < 6t +5t2},
43 301" 215 437 473 43" 43
Uoio7(t1,t2) := {t1 +t2 < %, 35t1 + 23t < %7 % < 2ty +t2, 2t 4+ 132 < %, % < 70ty +59t2}7
U()l()s(tl,tz) = {t1 +to < %, 41t + 27ts < % gg; 2t1 + ta, 2t1 + 15ta < %338, % < 82t +69t2},
Uo1o09(t1,t2) :== {2t1 +t2 < @, 70t1 + 11t2 < @, 205 < ty, t1 + 6ty < ﬁ, @ < 35t1 + 12t2}7
473 43 7 473 43 43
Uo201(t1,t2) := {27267 <ty +ta LB <t < —§(t1 +t2) + @}
66994 559 817 23 989
Uo202(t1,t2) :== {g<t1+t2<%, B< to < (h-&-h)-&-g}
559 7826 817 559
Uo203(t1,t2) = {% <t +t2 < @, LS <t2 < —ﬂ(h +t2) + &}
7826 33497 817 27 1161
Uo204(t1,t2) := {13074 <t 4+t < Q, S <tg < *l(tl + t2) + E},
28595 43" 817 5 43
Uo205(t1,t2) := {@<t1+t2<4f1, < <t l(t1+152)+£}
43 86 817 7 301
Uoz06(t1,t2) := {iétl < D <—(n +t2)+ﬂ}
86 4737 817 301
Uo207(t1,t2) = {ﬁ<t1+t2<@y B<t2< 58(t +t2)+%}
473 4859 817 9 387
Uo20s(t1,t2) :== {@ <t +t2 < @, i <ta < _l(tl +t2) + E}
4859 5203 817 6 258
Uo209(t1,t2) := {@ <ty +t2 < 4&, L St < —2(t1 +t2) + @}
5203 1032° 817 473
Uo210(t1,t2) := {ﬁ <t +t2 < M, LS <t2 < —@(h +t2) + @}
1032 57190 817 11 473
673 82 427 246 79
Uo211(t1,t2) := {(tl +1t2) +t2 < 917’ 173 <2, 29(t1 +t2) —t2 < - < (t ﬁ)
79 263 246 9
29ty — (tl'f‘ﬁ) <T37 Eglz (tl"rﬁ)-‘rlltz}a
Uo212(t1, t2) := {(tl +t2) +12 < =, 29(t1 + t2) + 19t2 < <932 5%y (tl + ﬁ) +ta,
387 437 387 817
2(t1 4 t2) + 11t2 < %, % <58 (tl + %) +49t2},
Uo213(t1,t2) 1= {(tl +1t2) +t2 < % 24115 t2, 6(t1 +t2) +t2 < ?é 38021 < (t1 + %) ,
(t1 +t2) < g’ (t1 +t2) + 8t2 < %7 % <6 (h-l—%) +5t2},
Uo214(t1,t2) := {(tl +t2) +t2 < ﬂ 82 <to, 12(t1 +t2) +t2 < @ b7 ( 1+ E)
817° 473 437 1247 817

79 161 328 79
19t — (t1 4+ — ) < <12(t1 + — ) + 11t b,
2 (1+817) 437 43 <1+817)+ 2}

1264 164 ( 79)
< |t

446
U t1,t2) == < 2(t1 +t2) +ta < —, 58(t1 +1¢ Ito < ——, — —_—
0215(t1,t2) { (t1+t2) +t2 T (t1+1t2) +9t2 < 5 387 S T

60 615 79
t t 5ty < — <29 (¢t 10t
(t1 + t2) + 5t2 yEURYTY (1+ )-l— 2}
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Uo216(t1,t2) :

Uo217(t1,t2) :

Uo218(t1,t2) :

Uo219(t1,t2) :

Uo220(t1,t2) :

Uo221(t1,t2) :

Uo222(t1,t2) :

Uo223(t1,t2) ==

Uo224(t1,t2) :

Uo225(t1,t2) :

Uo226(t1,t2) :==

Uo227(t1,t2) :=

Uo229(t1,t2) :

Uo22s(t1,t2) :

27 + LA +t2, (b1 +t2)+¢ <219 4l <ta, 6(t1 +t2) +t <135
43 t1 2, 1 2 2 X 301, 215 x 2, 1 2 2 X

2o5<(t+79) o (t+79)<55 164 (t+ 9>+5t}
a3 S\ er ) R 1te7)Sa o SO 2
767 410 2(

268
t t to < —, 35(¢ t 23ta < —
{(1+ 2) +t2 3 (t1 + t2) + 23t2 3 173

2(t1 4+ t2) + 13t <10 1476<70 t1 + 7 + 59t
1 2 2 X 43, X 1 317 20>

t1 + 7 +1
1 817 2,

43

1 2 492
{(tl +t2) +t2 < ﬁ, 41(t1 4+ t2) + 27t < % 9 <2(

79
== = t+ — ) + o,
559 13 559 S\ 17) T

138 1722 79
2(t t 15t —— <82t — 69t
(t1 +t2) + 15t2 < B B (1+ >+ 2}

N

1534 205 79
2(t1 +t2) +t2 <

, T0(t1 + t2) + 11t < ——, t1 4+ —

473 43 473 817
(t1 +t2) + 6t % 738<35 t1 + ( +12¢
1 2 2 XX 43, 43 X 1 ]17 2 (s
(b2 +t2) +1 6—73 82 <tr, 29(k2 +t2) — ¢ ﬁ 246 < t +7—9
2Rt IS o qpg St B2t h) mh s S o S 817
79 263 246 79
20t — (to+ — ) <22, 22 <12 (te+ — ) + 11t
! (2+817) 437 43 ( *s )+ 1}
223 632 328 79
to+ta) +t1 < o2 29(ts + o) + 19t < — | <2(ta+ -2 ) +t4,
{(2+ 2) +t1 T (t2 + t2) + 19t1 5 357 S (2+817)+1

43

{(t )4 268 41 _, 6t + o) + 1 94 82<(t+79)
2 2 1\473 215 1, 2 2 1\437 301 X 2 )

2ta + ta) + 1181 < 20 1230 oo (14 T o
2 2 1x 437 X 2 317 10>

16 98 123 79
(t2 +t2) < ,(t2+t2)+8t1 , f<6(t2+f)+5t1},

13" 43 817
(ot bt <L B2y S0 ST (T

2t ths g g Sty B2zt ) i S s (2t g7 )

79 161 328 79

196 — (to+ — ) < <12 (o + ) 118 b,

! (2+817) 430 43 <2+817)+ 1}

Attt 411 < 5 sy ) 4on, < 1204 164 (79

2 2 1\3877 2 2 1 43 ) 387\ 2 S17 )

60 615 79

to +t2) + 5t1 < —, <29 (to+ =) £ 1061 b,

(t2 +t2) + 5t1 5 13 (2+817>+ 1}

27 _ h N i)t < 20 AL ) < 15
43 1, 2 2 1\3017 215\ 1, 2 2 1 437

205 t+79 7t PRI R Y € ETLLI R
mS\ter) ™ 2TR17) S a3 a3 SO\ 81y Lo

(t2 1) + 11 < 208 351y 4 1) + 231, < 00 M0 FRLE
2 +t2 1S 2+ t2 1 < 5 473 ta s 1,
130 1476 79
to + t2) + 13t 2 <70 (b + 1) 4594, b
2(t2 +t2) + 13t1 < 5’ 13 (2+87)+ 1}
313 902 492 9
t t t1 < —, 41(¢ t 27t < — <2 — t1,
{(2+ 2) + t1 =59 (t2 + t2) + 27ty 5 559 S (2+817)+1
138 1722 79
Uto +t2) + 151 < ——, — 22 <82 (o + —— ) +69¢
(t2 + t2) + 15t1 5 13 (2+ )+ 1}
2t +t2) +t <536 T0(t2 + t2) + 11t <1534 205< +79
2 2 1x 473: 2 2 1 43 ) 473 X 2 817
65 738 79
t t 6t1 — <35 (t — 12t
(t2 +t2) + 43 13 (2+817)+ 1}
t+(t+t)<@ £< t-l—ﬁ 20¢ t—l—ﬁ <ﬁ% t
PEARTRIS our a3 S\ sr ) T TP s S s sir Y

263 246 79
o+ 1) —t 7 <1261 + 11 (to + —
29(t2 +t2) —t1 < B B 1+ <2+817>}

23



Uo230(t1,t2) :

U231 (t1,t2) :

Uo232(t1,t2) :

Uo233(t1,t2) :

Uo234(t1,t2) :

Uo23s(t1,t2) :

Uo236(t1,t2) :

Uo2s7(t1,t2) :

Uos01(t1,t2) :
Uozo2(t1,t2) :
Uos03(t1,t2) :
Uo304(t1,t2) :
Uos05(t1,t2) :
Uosoe(t1,t2) :
Uoso7(t1,t2) :
Uozos(t1,t2) :
Uos09(t1,t2) :
Uos1o(t1,t2) :
Uos11(t1,t2) :

Uoz12(t1,t2) :

{t1 + (t2 +t2) <

2t1 + 11(t2 + t2) <

{t1 + (t2 +t2) <

t1 + 8(t2 + t2)

{t1 + (t2 +t2) <

19(t2 +t2) — t1 <

632 328 79
» 291 + 19(t2 + t2) < 43 387 < 24 + <t2 + ﬁ)

120 1230 9

S I 58t 449 g+ —— )

437 43 i (2+817>}
268 41 ( +79) 61 4 (ta sty < 24 B2, 10
13 15 S\t gr ) Bttt S e oy STUS e

98 123

79
< 2 <6t 45t + ——
43’ 43 Lt (2+817)}

571 82 TN a4 (1 ey < 21O 5T
g7 ars S\t gy ) Bt et ) S o0 o St
161 328 9
=, <12t +11 (t2 + ——
437 43 it <2+817>}
1264 164
2 B8t + 9t +t2) < ———, — < by,
14+ 9(t2 + t2) 13 387 1

{2151 + (t2 +t2) <

(s

t1 4+ 5(t2 +t2)

60 615

79
<=, <29t +10 (to + —
43’ 43 Lt ( 2t 817)}

27 t+< +79) bt gt <20 AL (L TIN 18
i St \tgy ) tleth)sopn, o s{tgy ) htlath)s 0
205 ) Tlta+ta) —ti < 22 B g s (e
qr3 ST R TRITAS U3 g S SRRFST
767 410 79
t t t , 35t 23(t t <2t t —_—
{1+(2+2) 1+ 23(t2 +t2) < PTRIVTZ 1+<2+817)
2 +13(t2 + t2) < 20, M6 or 450 (10 4 2
1 2 2) XX 437 43 X 1 2 817 i
902 492 79
t t t , 41t 27(t t < 2t —_—
{1+(2+ 2) < 1+27(t2 + t2) < 43 550 1+(2+817)
138 1722 9
2t 15(t to) < —, —— < 82t 69 (¢ —_—
1+ 15(t2 + t2) 5 43 S 1+ <2+817>}
53 1534 205
2t t to) < —, 70t 11(¢ to) < —, — < tq,
{ 14 (t2 +t2) 73 14 11(t2 + t2) 5 173 1

— = A= AN A A N S A S S

t1 + 6(t2 + t2)

65 738 79
< —, <35t1 + 12 te + —

437 43 817
2(t1 +t2) +t2 < 2 2[1)2 4(t1 + t2) + 6t2 < 47% 4t2<47%},
(t1 +t2) < ﬁ, t2 < ﬂ}’

86 344
5 < (1 +t2) < @, t2 < _l(tl +t2) + E}a
129 43 43
%é(tlﬂ-tz)éi,t 1(h-i-kz)-f—ﬁ}
43 86 7 301
4*1<(7ﬁ1+t2)<£7, (t1+t2)+£}
86 473 301
kil < (81 +t2) < @7 t2<—§(t1+t )+i64}
473 4859 9 387
B C(ti+t2) < Xty < 2 (1) + —5}
4859 5203 6 258
2501 < (t1+1t2) < ﬁ, to < —2(t1 +t2) + @}
5203 1032 473
499 < (1 +1t2) < M, ta < **(tl +t2) + @}
1032 57190 473
2(ta +t2) +t1 <2 2(1)2 4(ta + t2) + 6t1 <47%, 4t < 4 Siz }
(t2 +t2) < B o< ﬂ},
86 344

> < (t2+3), (b2 +12) < 2, 11 < —1(t2+t2)+9},
129 817 43 5 43
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20 79 41 1 79 55
Uoz13(t1,t2) := § — < [(ta+ ——= |, (t2+1t2) < —, t1<§ to+— | + ,

{43 817 86 817/ 301

41 79 227 219
Uoz14(t1,t2) := {% < (tz + ﬁ) , (t2 +1t2) < 3 t1 < —(t2 +t2) + 3071}’
U (tr,t2) = {227<(t +79) (t +t)<2333 b < 58(t +t)+1264}
0315\t1,1t2) .— 473 x 2 817 ) 2 2) X 4859, 1 9 2 2 387 }
U (tt)._{2333<(t+79) (ot < 2900 L +t)+65}
os16(t1,t2) == | oo S (T2t o ) (2 t2) S oo S — ot i) + oo s

2501 79 499 536
Uosiz(t1,t2) = 4 = < (tg 4+ =2 ), (to +t0) € —n) t1 < —2(t + o) + o2 L
0317(t1,t2) {5203 (2+817) (t2 + 2)\1032 1< —2(t2 + 2)+473}

U (t1,t2) = 499< t+79 (t +t)<28277 < 70(t +t)+1534
0318(11,12) = S\t2t gy ) Betie) s ooy i1 s — 2+ ie 173 [

and let Uy = Up1 UUp2 UUps. Clearly Upy corresponds to Lemma 3.2, Upz corresponds to Lemmas 3.3-3.6, and Ups corresponds
to Lemmas 4.3—4.4. Then we have

Ss = Z S (Apipssp2) + Z S (Ap1p2:P2)

(t1,t2)€Uo1 (t1,t2)€Uo2
+ Z S (Apipzsp2) + Z S (Ap1pz:P2)
(t1,t2)€Uo3 (t1,t2)¢Uo
= S301 + S302 + X303 + Zo- (7
Note that Upy corresponds to Lemma 3.2, Upa corresponds to Lemmas 3.3-3.6, and Ups corresponds to Lemmas 4.3—4.4.

For S301, by Lemma 3.2 and Lemma 5.4, we can give an asymptotic formula. For Szp2, we can apply Buchstab’s identity
again to get

S302 = Z S (Ap,ps,D2)
(t1,t2)€V02
79
- Z S(Ap1p2’X817> - Z S (Ap1pap3sP3) - (8)
(t1,t2)€Uo2 (t1,t2)E€Up2

wr <tg<min(tz, 1 (1—t1—t2))

By Lemma 5.6 we have

Z S(Aplpmx%):n Z S(Bp1pz7x%>+0(anx)' 9)

log x
(t1,t2)€Up2 (t1,t2)€Up2 g

By Lemmas 3.3-3.6 and Lemma 5.5 we have

enx
Z S (-AplpzpstS) =n Z S (Bmmpsvm) +0 (1 ) . (10)
og T
(t1,t2)€Uo2 (t1,t2)€Uo2
a2 <tg<min(tz, 3 (1—t1—t2)) S <tg<min(tz, 1 (1—t1—t2))

Combining (8)—(10), we have

enx
Se= Y SCnm)=n 5 S +0 (T ()
(t1,t2)EUp2 (t1,t2)€Uo2 s
Before decomposing 3303, we first make a definition: we say a set of variables (t1,...,tn) is good if the variables can be
partitioned into (t;,h) € Up1 or (h,t;) € Upi. Now we can apply Buchstab’s identity twice more to get
Y303 = Z S (Ap1p2,P2)
(t1,t2)€Uo3
79
= Z S <Ap1p27X817> - Z S (Ap1paps»P3)
(t1,t2)€Uos (t1,t2)€Uo3

ok <tg<min(tz, 3 (1—t1—t2))
(t1,t2,t3) is good

79
- § : S (AP1P2P3’X817) + E S (ApipapspasPa)
(t1,t2)€U03 (t1,t2)€Uo3
iy Stg<min(ta, 3 (1—t1—t2)) sir <tz<min(ta, 3 (1—t1—t2))
(t1,t2,t3) is not good (t1,t2,t3) is not good

sir <ta<min(ts, 3 (1—t1—ta—t3))
(t1,t2,t3,tq) is good
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+ Z S (-AP1P2P3P47P4)
(t1,t2)€§}03
£ <tz<min(ta, 5 (1—t1—t2))
(t1,t2,t3) i? not good
87197\t4<min(t3,§(17tl,t2,t3))
(t1,t2,t3,t4) is not good

= S3031 — S3032 — S3033 + S3034 + S3035- (12)
By Lemma 5.6 we have
enx
Sso31 =" > S(Apipsp2)=n >,  S(Bpipy,p2)+ O loem (13)
(t1,t2)€Uo3 (t1,t2)€UVo3 &
and
79 79 enx
S3033 = Z S <AP1P2P3aX817> =" Z S (BP1P2P37X817> +0 (10 x) . (14)
(t1,t2)€Uo3 (t1,t2)€Uo3 &
I9 <tz<min(tz, L (1—t1—t2)) w2 <tg<min(tz, 3 (1—t1—t3))
(t1,t2,t3) is not good (t1,t2,t3) is not good

By Lemma 3.2 and a variant of Lemma 5.5 we have

enx
S3032 = Z S (Apipaps>P3) =1 Z S (Bpipapssp3) + O (10 m) (15)
(t1,t2)€Vo3 (t1,t2)€Uo3 &
22 <tz<min(ta, 3 (1—t1—1t2)) Z& <tg<min(ta, 1 (1—t1—t2))
(t1,t2,t3) is good (t1,t2,t3) is good
and
S3034 = Z S (Apipap3parP4)

(t1,t2)€Uo3
E& <tg<min(ta, 1 (1—t1—t2))
(t1,t2,t3) is not good
E& <tg<min(tz, 3 (1—t1—ta—t3))
(t1,t2,t3,tq) is good

enx
=1 Z S (BpypapsparPa) + O . (16)
log z
(t1,t2)€Up3
Z8 <ty<min(tz,1(1—t1—t2))
(t1,t2,t3) is not good
%§t4<min(t3,%(17t17t2,t3))
(t1,t2,t3,t4) is good

For the remaining S3p35, we can simply discard the whole sum, leading to a loss of size

w1 (m)
/ . 3 dtsdtzdtadts < 0.03, (17)
(t1,t2,t3,t4)EVL t1tataty
where
79 . 1
Vity,ta,ts, ta) := | (t1,12) € Uos, o= <tz <min{t2, (1 —t1 —12) |,
(t1,t2,t3) is not good,

79
817
(t1,t2,t3,t4) is not good,

E <t < 1, E < to <min(t1,1(17t1)>}.
817 2’ 817 2

We note that further decompositions on S3035 are possible, but we do not consider them here.
For the remaining Yo, we cannot give asymptotic formulas using Lemmas 5.3-5.5. Hence we must discard this sum, leading
to a much bigger two-dimensional loss of

1 . 1—tg 1—t1—to
b1 mln(tl, 3 ) w (7t2 )
Ltq,t2)¢U0 Tdtgdh < 0.992, (18)

. 1
< t4 < min t3,5(1—t1—t2—t3) )

79 J 79

817 Y 817
However, we can use Buchstab’s identity in reverse to get asymptotic formulas for some almost-primes counted. When t2 <
%(1 —t1 — t2), we have

1

2X \ 2

Z S(AP1P27p2) = Z S (AP1P27 (7) > + Z S (-Ampzpsapli)- (19)
(t1,t2)¢Uo (t1,t2)¢Uo pipz (t1,t2)¢Uo

ta<Z(1—t1—ta) to<i(1—t1—t3) to<tz<3(1—t1—t2)
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This can be seen as a "reversed” application of Buchstab’s identity. The first term on the right-hand side counts primes, while
the second term counts almost-primes. We cannot give an asymptotic formula for the first term on the right-hand side, but we
can give asymptotic formulas for part of the second term if (¢1,¢2,t3) is good. We can then subtract the size of this part from
the loss of ¥g. The savings from this part are larger than

1—ty—to—t3

( s >dt dtod
U todt; > 0.027, ( )
(t1,t2,t3)€EV3 t1t2t3 20

where

1 .

V3(t1,t2,t3) = {(tl,tg) ¢ Up, ta <tz < 5(1 —t1 — tg), (tl,tz,t;;) is good,

79<t<1 79<1:<' tl(lt)

— < -, ——= < min ,—(1— .
817 >t T2 17 P b9 !
Finally, by (1)—(20) we have

m(z +nz) — m(x) = S (A, (2X)%) > (1 - 0.03 — 0.992 + 0.027) ——— = 0.005
log log

ﬁ is rather near to the limit obtained by the method employed
1

in this paper, and something like i is far out of reach. With the exponent 55, the above method only gives a lower bound
constant less than —0.1, which is even worse than the trivial lower bound. We remark that the above method gives a lower

bound constant > 0.04 when the exponent is i, which is useful for an application in the next section.

and the proof of Theorem 1.1 is completed. The exponent

7. APPLICATIONS OF THEOREM 1.1

Clearly our Theorem 1.1 has many interesting applications. The following application of our Theorem 1.1 is about Goldbach
numbers (sum of two primes) in short intervals. By combining our Theorem 1.1 with the main theorem proved in [4], we can
easily deduce the following theorem.

Theorem 7.1. The interval [X, X + X%] contains Goldbach numbers. That is,

21/860
gn+1 — gn < gn / )

where gn denote the n-th Goldbach number.

Previous exponent % (see either [39] or [41]) comes from Jia’s exponent 2—10 [26]. We remark that if we focus on Maillet

numbers (difference of two primes) instead of Goldbach numbers in short intervals, Pintz [40] improved this exponent to any
e >0.

Another application of our Theorem 1.1 is about prime values of the integer parts of real sequences, improving the previous
result of Harman [13] by adding one more term on both of the sequences [p*a] and [(pa)*].

Theorem 7.2. For almost all o > 0, both of the following statements are true:
(1) Infinitely often p, [pal, [p3al, ..., [p**a] are all prime.
(2) Infinitely often p, [pal, [(pa)?], ..., [(pa)?!] are all prime.

The proof of Theorem 7.2 can be done by replacing [[13], Lemma 4] by a variant of our Theorem 1.1. In this way, the ratio
% in [[13], Theorem 4] can be improved to %
we cannot add even one more term on our Theorem 7.2.

The last application of our Theorem 1.1 is about the Three Primes Theorem with small prime solutions, improving the

previous result of Cai [5] by reducing the exponent % to ﬁlo.

However, due to the lack of a positive lower bound when the exponent is %,

Theorem 7.3. Let Y denote a sufficiently large odd integer. The equation
11

Y =p1+p2+p3, p1<Y320
is solvable.

The exponent % comes from a weaker version of our Theorem 1.1 with exponent i Note that we have ug > 0.04 in
this case, and we can show that u; < 2.88 by similar arguments as in [5]. By using the vector sieve together with the same
bounds for vg and v1 as in [5], the proof of our Theorem 7.3 is essentially the same as the proof of [[5], Theorem]. However,
our sieve machinery is not very numerically significant when the exponent drops to ﬁ (that is, we only have ug > 0.005 by
11
our Theorem 1.1), we cannot use vector sieve to prove Theorem 7.3 with condition p; < Y 230.
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