ON THE LARGEST PRIME FACTOR OF INTEGERS IN SHORT INTERVALS II

RUNBO LI

ABSTRACT. The author sharpens a result of Baker and Harman (2009), showing that for sufficiently large

1
x, the interval [z,z + 2] contains an integer with a prime factor larger than 29-7437 Optimized bounds
for multiple exponential sums and accurate numerical calculations are used for this improvement.
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1. INTRODUCTION

The Legendre’s conjecture, which states that there is always a prime number between consecutive squares,
is one of Landau’s problems on prime numbers. Clearly this means that there is always a prime number in
the interval [z, + m%]. However, we cannot prove it even on the Riemann Hypothesis. Assuming RH, one
can only show that there is always a prime number in the interval [z, z + z? log z]. The best unconditional
result is due to Li [15], where he showed the interval [z, z + 2°-52] contains primes. Under a special condition
concerning the existence of Siegel zeros, he [12] also showed that the interval [z, x + 2°4923] contains primes
for long ranges of .

Instead of relaxing the length of the short interval, one can attack this conjecture by relaxing our restriction
of primes. A number with a large prime factor is a good approximation of prime numbers. Thus, we can try
to find numbers with a large prime factor in the interval [z, 2 + 22] or [,z + z2+¢]. In [14] we considered
the latter interval, and here we shall focus on the former one.

In this direction, Ramachandra [18] showed in 1969 that this interval contains a number with a prime
factor larger than 2°-°76. The exponent 0.576 has been improved to

0.625, 0.662, 0.675225, 0.692, 0.7, 0.71, 0.723, 0.728, 0.732, 0.738, 0.74 and 0.7428
by Ramachandra [19], Graham [5], Zhu [22], Jia [7], Baker [1], Jia [8], Jia [9] (and Liu [16]), Jia [11], Baker
and Harman [2], Liu and Wu [17], Harman [[6], Chapter 6] and Baker and Harman [3] respectively. In this

paper, by optimizing the estimation of exponential sums and the sieve machinery, we obtain the following
result.

2020 Mathematics Subject Classification. 11N05, 11N35, 11N36.
Key words and phrases. prime, sieve methods, exponential sums.
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Theorem 1.1. For sufficiently large x, the interval [z, x—i—x%] contains an integer with a prime factor larger
thamn, 207437

Throughout this paper, we always suppose that ¢ is a sufficiently small positive constant. The letter p, with

or without subscript, is reserved for prime numbers. Let 7 = exp(3/¢), 0.5 < 0 < 0.75 and ¥(a) = a—[a] — 2.

Let ’
Nd)y= > 1,

1
rz<n<xr+x 2
d|n

then by [[6], Section 6.2] we know that

STA@N@) = > (logn—A(n) =2 logz+ 0 (:f) (1)

1
d<z rz<n<r+x2

Z Ad)N(d) = (0.6 — £)z? logz + O (33%) ; (2)
d<az0-6—¢

Y AW@N(@) =0 (az) . (3)

206" <d<a
d not prime

Now it suffices for the proof of Theorem 1.1 to show that
Z (log p) N (p) < 0.4z log . (4)
20-6—¢ < pL 07437
Let
A={n:2’ <n<exl, Nn)=1}, B={n:2% <n<es?},

Ag={a:ad e A}, P(z):Hp, S(A, z) = E 1
p<z acA
(a,P(2))=1

and write S(8) = S (A, (ex‘g)%) that counts the number of primes in A. Let T(0) = S(0)z~2 logz. It is
not hard to see that (4) follows from the bound

0.7437
/ OT(6)d0 < 0.4 (5)
0

.6—¢
which we shall establish in the following sections.

2. BOUNDS FOR MULTIPLE EXPONENTIAL SUMS

In this section we shall give various estimations on the following two types of multiple exponential sums

with 1-bounded coefficients:
hx
Type-1I —
SIS 5D S SR £y

h~H m~M n~N
z? <mn<exe

(Type-II) SN > ambge (::;)

h~H m~M n~N
z? <mn§ew9

which will be very helpful for obtaining asymptotic formulas for some sieve functions. Now we define ¢; by
the following table and put J; = [¢;, ¢j+1) as in [3].

Gr| P2 | P3| b1 | D5 | P6 | 97 | P8
S| B [ I 16l [ I3 5 |47 | 35
5 | 720 | 18 | 261 | 21 | R

and

P10 | ¢11 | 12 | P13 | P1a
50 73

226 547
131 | 323 | 721 | 35 | O-T437

<
SRS

75 | 54

We then write
JO)=10-05+¢, 7(0) —c]U[d—7(0) +e, 0.5—¢],

where 7(8) is given by the next table.



Interval J1 J2 J3 J4 J5 J@ J7 Jg Jg J10 J11 J12
1 i i 1 1 90—3 1260—5 550—25 590—28 2450—119
7(0) |2-3012-30 |5 515|535 17 17 17 66 261

For 6 < 0.625 — ¢, we also write

K@O)=[20—-14¢, 1.5-20—c]UB0—15+¢, 1 —0—¢].
Note that J(0) and K(6) are the “Type-II asymptotic regions” that will occur later. We shall first present
our “Type-I” estimation, which gives a minor improvement over [[3], Lemma 1].

Lemma 2.1. Suppose that 0.6 < 0 < 0.75 — ¢ and % < HK [:1:9*%““7]. If either

M < x5~ ¢

or

. _ 13 110p9_5
rmn(60 T o3 0 2)

x te o M < g e

holds, then we have

YOy ame<:lfl><<xe6n.

h~H m~M n~N
z? <mn<ew9

Proof. The first case comes from [[17], Corollary 2]. For the second case, we apply [[21], Theorem 2] with
k=4or5 a=v=—1, 3 =1 and replace (H, M,N, X) by (N, H, M, Hz'~?). We then have the bounds

hx n 1-0\16 52 1768 1 ;60 0 1-6\ Ar2 772 1 s4\ 1
SN ane(n ) <o (((H2)ONZEEMO)T 4 (Ha'0) N2 M)
h~H m~M e<n~]i 0 mn

_1
+NH + N(HM)} + NYEM + (Ha'~%)"* HMN)

and

h biet 1
Z Z Z A€ <x> < 2" <<(Hx10)32 N114H147M137> HEE ((Hmka) N2H?MY)
h~H m~M n~N mn
m9<mn<ex9
1 1 _1
+NH + N(HM)} + NYEM + (Ha'~")"* HMN).
After verifying all conditions as in [3], the proof of Lemma 2.1 is completed. Note that Baker and Harman

[3] only use k = 4 to get the exponent 66 — 14—3, and an application of k = 5 can be found in [[4], Section 2.4].
Using k£ = 3 or 6 will not lead to any better estimations here. |

Next we shall present Baker and Harman’s estimation for “Type-II” exponential sum, which mainly uses
the work of Robert and Sargos [20].

Lemma 2.2. (/[3|, Lemma 2]/). Suppose that 0.6 < 0 < 2 nd Ll <HK 2034 [f either
32 2

x97%+5 <M< xT(Q)fs
or
5 .
0 < 3 e and 71t <« M« g320-¢

holds, then we have

) DIND SRS Cy PR

h~H m~M n~N
z? <mn<exe
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3. SIEVE ASYMPTOTIC FORMULAS

In this section we shall give some asymptotic formulas for sieve functions of various types. We shall also
use many results proved in [3] in our final decomposition and the readers can easily check them. We remark
that for many applications of lemmas in this section, we omit the process of using a truncated Perron’s
formula to remove the dependencies between variables (conditions like p, < p,—1 < --- < p1). For the
removing process one can see [[1], Lemma 11].

Lemma 3.1. ([[3], Lemma 5]). Suppose that 0.6 < 0 < 23. If we can group {1,--- ,n} into I and J with

HpiNM and HijN

iel jed
such that either

xé—%+e <M< x'r(é))—s
or .
0 < 3¢ and 2207 < M < z3720C

holds, then we have the asymptotic formula

Z S (Apy-pnsPn) = %14'0 Z S (Bpy-p,sPn) -

1,"""Pn

Lemma 3.2. ([[3], Lemma 6]). Suppose that 0.6 < 6 < 23. If we can group {1,--- ,n} into I and J with

Hpin and HijN
il jeJ
such that
M < 2?3t N« g7 0tae
holds, where

2

1 73
£ — 2 formogﬂg

then we have the asymptotic formula

Z S(Apl.i.pn,x T(0)— 9+»25) =272(1+40(1)) Z S(Bpl...pn,:f(e)**%*a),

P1, P P1, Pn
Lemma 3.3. Suppose that 0.6 < 0 < g — e. If we have either
73 _
0 < 120~ e and H pi K 20 T(O)+e
1<ign

or

0 < 161 and  z™n(00— 5 0-5)+e o H pi < a7 TOFe
1<ign
then we have the asymptotic formula

3 S(Apl..,pn,f(@—“%—?e) = (1 +o(1) Y. S(Bpl,..pn,f(f’)—“%—%).
PL P D1y P
Lemma 3.4. Suppose that 0.6 < 0 < % —¢e. If we have
H pi < zse—gﬁ’
1<i<n
then we have the asymptotic formula

Z S( T 25): “2(1+4o0(1 Z 5( T 2€>'

1,7 sPn

Notethatwehave7‘(9)—9+§—7—49f07”9 i, ndwehcwer(@)—@—F > 2 —40 for 7 <6< 2.
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Proof. These two lemmas can be proved by the essentially same process as in [[3], Lemma 7], using our
Lemma 2.1 instead of [[3], Lemma 1]. Note that we have

min (69 _B 1109— 5) <f—7(9)

47237 2
when 6 < 305 O
Lemma 3.5. ([[3], Lemma 8]). Suppose that 0 < 0.65 — ¢ and

p1 < :1:27'(9)726'

Then we have the asymptotic formula

ZS (ApUxT(e)—eJr%—ze) — x_%(l +o(1)) ZS (Bpnxf(e)—eﬁ_za) _
P P1

Moreover, by a simple calculation we know that

0
holds for 0.6 < 0 < 0.65.

Lemma 3.6. ([[3], Lemma 9]). Suppose that 0.6 < 0 < g — ¢ and no combination of variables satisfy the
conditions of Lemma 2.1. If we have either

or

then we have the asymptotic formula

S (At ) =2 1o)X S (Bypn ).

1 1
O 0t g -2 ORI
1 1
p2<p1 <(ex9) 2 p2<p1 <(ea:9) 2
p1p3<a’ p1p3<a’

4. THE FINAL DECOMPOSITION

In this section, we ignore the presence of ¢ for clarity. Let w(u) denotes the Buchstab function determined
by the following differential-difference equation

{w(u)zi, I<u<?,
(uw(u)) = w(u — 1), u=?2

Moreover, we have the upper and lower bounds for w(u):

4 1<u<2,
1+log(u—1) 2<u<3
w(u) 2 wolu) = 1410 u(ufl), 1 ru—1 log(t—1) _ ’
e L0 =Bt > 05607, 3 < u <4,
0.5612, u >4,
4 1<u<?,
1+log(u—1) 2<u<3
w(w) S wi(U) = § 1410g(u—1) | 1 pu-1 log(t—1) - ’
e o [ 2B A < 0.5644,  3<u <4,
0.5617, u > 4.

We shall use wg (1) and w (u) to give numerical bounds for some sieve functions discussed below. We shall also
use the simple upper bound w(u) < max(1,0.5672) (see Lemma 8(iii) of [10]) to estimate high-dimensional
integrals. Let p; ~ 2% and ¢1 < 0 < ¢14. We shall split this range of 6 to several subranges and use different
methods to treat them and obtain good bounds for T'(6).
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Write v (0) = 7(0) — 6 + 3 and v2(0) = 3 — 46. We begin our final decomposition with, using Buchstab’s
identity,

S(0) =5 (A, (exg)%):S<A,x”1(‘9))— S S (). (6)
v1(0)<t1<$

We can give an asymptotic formula for the first sum on the right-hand side.

4.1. Case 1. ¢1 < 6 < ¢y. In this case we have v1(0) = 12(0) and

o 1 7(0) 1 3

. <2 <0< <2-1<5-20<

571 < v1(0) 0 5 < T(0) <20 <3 0
We start by splitting the summation range of the second sum on the right-hand side of (6). Now (6) becomes

that

0
2

) =S (Az" @)= 3 S(Aym)

v1(0)<t1< 4

=S40 = Y S () - S(Appt) = > S(Apm)
v1(0)<t <=2 T <ti<0-1 0—3<t1<7(0)
- Z S(Apnpl) - Z S(Apupl) - Z S('Apupl)
T(0)<t1<20—1 20—1<t1<5—20 220<t:1<g
= S11 — S121 — S122 — S123 — S124 — S125 — S126- (7)

By Lemma 3.1, we can give asymptotic formulas for Si23 and S125. We can also give an asymptotic formula
for S121 by the discussion in [[6], Section 6.7.1]. For the remaining sums, write

Si2 = S122 + S124 + S126 = Z S (Ap,,p1)- (8)

<<y
t1 €T (0)UK(0)
Let T',, denote a positive partial sum of t; +to + - - - +¢, (corresponding to a partial product of pips - - - pn
except 1) and T’n denote a positive partial sum of t; +t5 + --- +t,_1 + 2t,. Clearly we must have T = t;.
We define the Type-I asymptotic regions corresponding to Lemmas 3.2-3.4 as

1

£1(0) = {o, 92}, Lo(6) = {0, 79+ﬂ,

Mi(0)=[0, 0 ()],  Ms(6) = {min (66— R g) 9—7(9)] N0 = [0, 36 g}

and J(0) and K(0) defined in Section 2 are Type-II asymptotic regions. Note that in Case 1 all five regions
are valid.
Using Buchstab’s identity on Si2, we have

Sy = > S(Ay.m)
<<
t1 & T (0)UK(0)
= > S(Apl,:c”l“’))— > S (Ap,pa»p2)
TP <hi<s P <<g
t1¢ T (0)UK(0) t1¢T(0)UK(0)

v1(0)<ta<min(t1,3(0—t1))

= Z S (‘Al’l’xulw)) - Z S (Ap1p2>p2)

$<t1<% #§t1<%
t1 ¢ T (0)UK(6) t1 €7 (0)UK(0)
v1(0)<ta<min(t1,4(0—t1))
T, (9)UK(0)

6



- Z S (Aplpz7p2)

7(29) <t1<%
t1 T (0)UK(6)
v1(0)<t2<min(t1,%(9—t1))
T2¢T(0)UK(6)
= Y 5(4em®) - > S (Apupasp2)
TAKt<4 TA<t<4
€T (0)UK () t1 ¢ T (0)UK(9)
v1(0)<ta<min(t1,3(0—t1))
T2eJ(0)UK(0)
- Z S (Aplpzvxyl(e)) + Z S (Ap1p2pavp3)
P<t<g P<hi<g
t1 €T (0)UK(0) t1 ¢ T (6)UK ()
v1(0)<ta<min(t1,3(0—t1)) v1(0)<ta<min(t1,3(0—t1))
T2¢J(0)UK(0) T2¢ T (0)UK(0)
v1(0)<ts<min(ta, 3 (0—t1—t2))
T3€J7(0)UK ()
+ Z S (Apipopss P3)
P<hi<g
t1¢J(0)UK(6)
v1(0)<ta<min(t1,3(0—t1))
T2¢J(0)UK(8)
v1(0)<ts<min(ta, 3 (0—t1—t2))
T3¢ J(0)UK(6)
= S131 — S132 — S133 + S134 + S135. 9)

Lemma 3.5 yields an asymptotic formula for Sy31. By Lemma 3.6 (case 1), we can give an asymptotic formula
for S133. We can also give asymptotic formulas for S35 and Sy134 by Lemma 3.1. For Sy35, we can perform a
straightforward decomposition by using Buchstab’s identity twice if any of the following 2 conditions holds:
(Al) t1+to + 2t3 € Ml(g),
(A2) Té S ﬁl(G) and t1 + to + 2t3 — Té S ,62(9)
For those parts of Sy35 that satisfy either (Al) or (A2), we can get

Z S (Aplpzpsﬁp?ﬁ)

0
A<

t1¢T (0)UK(0)
v1(0)<tz<min(t1,3(0—t1))
To¢ T (0)UK(0)
v1(0)<ts<min(ta, 3 (0—t1—t2))
T3¢ T (0)UK(0)

either (A1) or (A2) holds

= Z S (Aplpzpa ) xl/l(e)) o Z S (Aplp2p3p47p4)

O << P <h<g
t1¢ T (0)UK(0) t1¢T(0)UK(6)
v1(0)<ta<min(t1,3(0—11)) v1(0)<t2<min(t1,3(0—t1))
T2¢J(0)UK(0) T2¢ T (0)UK(6)
v1(0)<ts<min(ta, 5 (0—t1—t2)) v1(0)<ts<min(ta,3 (0—t1—t2))
T3¢ T (0)UK(0) T3¢ T (0)UK(0)
either (A1) or (A2) holds either (A1) or (A2) holds
v1(0)<ta<min(ts, 3 (0—t1—ta—t3))
T4 €T (0)UK(0)
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- Z ) (Aplmpsmvmyl(e)) + Z S(Aplmpspwsva)

O <t <8 TP <h<g
t1 ¢ (0)UK(6) t1 €T (0)UK(6)
v1(0)<ta<min(t1,5(0—t1)) v1(0)<ta<min(ts,5(6—t1))
T2¢J(0)UK(0) T2¢ T (0)UK(0)
v1(0)<tz<min(ta, 3 (0—t1—t2)) v1(0)<tz<min(ta, 5 (0—t1—t2))
T3¢J(0)UK(0) T3¢7(0)UK(0)
either (A1) or (A2) holds either (A1) or (A2) holds
v1(0)<ta<min(ts, 3 (0—t1—t2—t3)) v1(0)<ta<min(ts, 3 (0—t1—t2—t3))
T4 2T (0)UK(0) T4¢ T (0)UK(6)
v1(0)<ts<min(ts, 3 (0—t1—ta—t3—t4))
T5eJ(0)UK(0)
+ Z S (Aplpfzpsmpsvpf))
#<t1<%
t1 €T (0)UK(0)
v1(0)<ta<min(t1,3(6—t1))
T2¢ T (0)UK(0)
v1(0)<tz<min(ta, 5 (0—t1—t2))
T3¢ T (0)UK(0)

either (A1) or (A2) holds
V1(9)§t4<min(t37%(9—t1—t2—t3))

T4¢T(0)UK(0)
v1(0)<ts<min(ts, 3 (0—t1—ta—t3—t4))
T5¢T(6)UK(6)
= Si351 — S1352 — S1353 + S1354 + S1355. (10)

We can give asymptotic formulas for Sy350 and S1354 by Lemma 3.1. Note that ¢1 +to+t3+1t4 < t1+t2+2t3.
If (A1) holds, then we can use Lemma 3.3 (case 1) to give asymptotic formulas for Sy353 and Sy351. If (A2)
holds, then we can use Lemma 3.2 to give asymptotic formulas for S1353 and S1351. We discard the whole of
S1355 since the corresponding loss is small enough, and it is not worth to consider the seven-dimensional sum
after two further Buchstab iteration. We also discard the remaining parts of Sigs (in which neither (A1) nor
(A2) holds). Here we don’t use the reversed Buchstab’s identity since the possible savings are quite small.
By summing up the loss from these two sums, we get the following upper bound for T'(6):

1 w(m)
t
o<+ [ Bt i
0 (t1,t2,t3)€L11 t1tat3
w(w
i / 5 dtsdtydtsdtadty |
(t1,t2,ts,ta,ts)EL12 titatstst?

where

0 0
Lii(t1,t2,t3) = {7—(2) <t < 3 t1 ¢ J(0)UK(®),

V1(0) < to < min (tl, %(9 — t1)> , Ty ¢ J(@) @] ’C(Q),
1/1(0) < t3 < min (tz, %(0 -t — t2)> , T's ¢ j(@) U IC(H),
neither (A1) nor (A2) holds},

0 %)
Lya(t1,t2,t3,t4,t5) := {7(2) <t < ok t1 ¢ J(0)UK(®),

1 (0) < ts < min (tl, %(9 _ tl)) Ty J(0) UK(O),

1 (6) < ts < min (t2, %(9 - tg)) Ty ¢ T(0) UK(®O),
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either (A1) or (A2) holds,
1
V1(9> <ty < min (tg, 5(9 —t1 —ty — tg)) , Ty ¢ J(Q) UK(9)7

V1(9) < t5 < min (t4, %(9 —tl —t2 —t3 —t4)> s T5 ¢ J(G) UIC(@)} .

Numerical calculation gives that

P2
/ 0T (0)df < 0.008349. (11)
1

4.2. Case 2. ¢3 < 0 < ¢3. In this case we have v (0) = 1»2(0) and

7(0) 1 1-6 13 3 9 0
< —Z <= — <0 — ) <2-1<Z-20<——0< .
() < 5 <0 2<7-(9)< 5 0 (69 4><9 <3 9<10 0<2

0

1
2 4
By a similar process as in Case 1, (6) becomes that

S(@):S(A,x”l(a))f S S (A

V1(9)<t1<g

=S (A = S S = Y S = > S (A1)

v1(0)<t1 < 20 O <t <o-1 0—5<t1<7(0)
- E S('Aplvpl) - E S(Al)lapl) - E S(Apupl)
T(0)<t1< 52 150t <o—(60—12) 0—(60—13)<t1<20—1

- Z S(Aplapl) - Z S(Aplapl) - Z S(Aplvpl)

20-1<t1 <220 220<t1< 50 2 —0<ti<$

= 521 - 5221 - 5222 - 3223 - 5224 - 5225 - 5226 - 5227 - 5228 - 8229- (12)

By Lemma 3.1, we can give asymptotic formulas for Sss3 and Ss27. We can also give an asymptotic formula
for Sgo1 by the discussion in [[6], Section 6.7.1]. For the remaining sums, write

Sao = S999 + So04 = Z S (Ap,,p1)- (13)

I} _
T2)<t1<¥

t1 g J (0)UK(0)

We shall consider Saoz, Sa25, S226, S228 and Saog respectively. For Sao, we perform a straightforward decom-
position just like the decomposition of S15 in Case 1. By Buchstab’s identity, we have

Soo = Z S (Apsp1)
shcigt
t1 ¢ T (0)UK(0)
- Y s (.Apl,xm(@)) ~ 3 S (Ap,psp2)
<<zt <<zt
t1 €T (0)UK(0) t1 €T (0)UK(0)
u1(0)<t2<min(t1,%(0—t1))
T2eJ(0)UK(0)
- Z S (Aplpzvmyl(g)) + Z S(‘AplpzpsaPB)
O <y <150 o
t1¢ T (0)UK(0) t1¢T (0)UK(0)
v1(0)<ta<min(t1,3(0—t1)) v1(0)<ta<min(t1,3(0—t1))
T2¢J(0)UK(0) T2¢T(9)UK(9)
v1(0)<ts<min(ta, 3 (0—t1—t2))
T3eJ(6)UK(0)



+ Z S (Ap1p2p37p3)

) _
7(2)<t1<129

t1 €T (0)UK(0)
v1(0)<ta<min(t1,3(0—t1))
T2¢J(8)UK(6)
v1(0)<ts<min(ta, 3 (0—t1—t2))
T3¢ J(8)UK(6)
= So31 — Sa32 — S233 + S234 + Sass. (14)

We have asymptotic formulas for So3; by Lemma 3.5 and for Ss32 and Ss34 by Lemma 3.1. By Lemma 3.6
(case 2), we know that Sasz also has an asymptotic formula. For Sass, we can perform a straightforward
decomposition by using Buchstab’s identity twice if any of the following 3 conditions holds:

(B1) T4 € £1(0) and t; + to + 2t5 — T € Lo(0);

(B2) t1 +ty + 13+ V1(9) € M2(9> and t1 + to + 2t3 € Mg(tg),

(B3) t1 + 12+ 2t3 € N(O)
Note that in Case 2 M, (0) is invalid. For those parts of Sass that satisfy (B1) or (B2) or (B3), we have

Z S (Apipopss P3)

0 _
1—(2)<t1<129

t1¢J(0)UK(6)
v1(0)<ta<min(t1,3(0—t1))
T2¢J(0)UK(0)
v1(0)<ts<min(ta, 3 (0—t1—t2))
T3¢ J(0)UK(0)

(B1) or (B2) or (B3) holds

= Z S (Aplp2p3vxyl(e)> - Z S (Ap1p2p3p4,p4)

LOP Pt TPt <150
t1¢ 7 (0)UK(0) 17 (0)UK(8)
v1(0)<ta<min(t1,1(0—t1)) v1(0)<ta<min(t1,1(0—t1))
T2¢J(0)UK(0) T2¢J(6)UK(0)
v1(0)<ta<min(ta, 3 (0—t1—t2)) v1(0)<ts<min(ta, 3 (0—t1—t2))
Ts¢J(0)UK(0) Ts¢.J(0)UK(0)
(B1) or (B2) or (B3) holds (B1) or (B2) or (B3) holds
v1(0)<ta<min(ts, 3 (0—t1—t2—t3))
TLeT(0)UK(0)
- Z 5 (AP1P2P3P4’ at (0)) + Z S (AP1P2P3P4P57P5)
<t <15t sh<igt
1 T (0)UK(6) t1¢.7(0)UK(6)
v1(0)<ta<min(t1,5(0—t1)) v1(0)<ta<min(ts,5(6—t1))
T, ¢ (0)UK(0) T2 2T (0)UK(6)
v1(0)<tz<min(tz, 3 (0—t1—t2)) v1(0)<tz<min(ta, 5 (0—t1—t2))
T2 J(0)UK(0) Ts¢.J(0)UK(6)
(B1) or (B2) or (B3) holds (B1) or (B2) or (B3) holds
v1(0)<ta<min(ts, 3 (0—t1—t2—t3)) v1(0)<ta<min(ts, 3 (0—t1—t2—t3))
T4¢T(0)UK(0) T4¢T(0)UK(0)
v1(0)<ts<min(ts, 3 (0—t1—ta—t3—t4))
T5eJ(0)UK(0)
+ Z S (Ap1p2p3p4psvp5)
@§t1<¥
t1 T (0)UK(6)
v1(0)<ta<min(t1,5(6—t1))
T2¢ T (0)UK(9)
v1(0)<tz<min(ta, 5 (0—t1—t2))
Ts¢.J(0)UK(6)

(B1) or (B2) or (B3) holds
v1(0)<ta<min(ts, 3 (0—t1—t2—t3))
T4¢T(0)UK(0)
v1(0)<ts<min(ts, 3 (0—t1—ta—t3—t4))
Ts¢.J(0)UK(6)

= So351 — S2352 — S2353 + Sa3sa + S2355. (15)
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We can give asymptotic formulas for Sy352 and Si354 by Lemma 3.1. Note that we have
t1 +t2+t3+l/1(9) <ty +ty+it3+ts <t + 1o+ 2t3.

If (B1) holds, then we can use Lemma 3.2 to give asymptotic formulas for Sasss and Sazsi. If (B2) holds,
then we can use Lemma 3.3 (case 2) to give asymptotic formulas for Sazs3 and Segsi. If (B3) holds, then we
can use Lemma 3.4 to give asymptotic formulas for Sozs3 and Sosz51. We discard the whole of Ss355 and the
remaining parts of Sass, leading to two integrals of loss.

For Si28 we can do a similar decomposition as (14). Using Buchstab’s identity twice, we have

Soog = Z S (Aplapl)
2 20<ti<5—0
t1 €T (0)UK(0)
= Z S ('Aplvxyl(e)) - Z S (Apipz>p2)
220t <50 320Kt <50
t1 €7 (0)UK(6) t1 €T (0)UK(9)
U1(6)<t2<min(t1,%(9—t1))
T2eJ(0)UK(0)
- Z S (-Aplpzvxyl(e)> + Z S<AP1P2P37P3)
2-20<t1<75—0 2-20<t1<{5—0
t1 €T (0)UK () t1¢7(0)UK(6)
V1(9)<t2<min(t1,%(9—t1)) u1(9)<t2<min(t1,%(0—t1))
T2 T ()UK (0) Tog T (0)UK(0)
1/1(6)<t3<min(t2,%(9—t1—t2))
T3eJ(0)UK(0)
+ Z S(AP1P2p37p3)
2-20<t1<{5—0
t1 €7 (0)UK(0)
u1(0)<t2<min(t1,%(0—t1))
T2¢T(0)UK(0)
v1(0)<tz<min(ta, 3 (0—t1—t2))
T3¢ T (0)UK(0)
= S2281 — Sa2282 — 52283 + S2284 + So085. (16)

We have asymptotic formulas for Saogs and Sosgs by Lemma 3.1. For Saoss, we know that if 5 > 7(6), then
we have
11

3
- — — = — — >
<2 29> +2(2-30) = —80 >0

0 >ty + 2ty > (“;’ — 20> +27(0)

when ¢ < 1%, which is a contradiction. Hence we must have t, < 7(6). Because t ¢ J(6), we have ty < 6— 1
in S9283. Now by Lemma 3.2, we can give asymptotic formulas for Soog3 and Saog1. For Saag5, we can perform
a further decomposition if some parts of it satisfy (B1) or (B2) or (B3). Working as in Sa3s, we can get a
loss of two integrals.

For Sa25 we can use a variable role-reversal mentioned in [3]. We refer the readers to [15], [14] and [13]
for more applications of role-reversals. By [[3], Lemma 11(i)], the loss of Sa95 is just the three-dimentional
sum

Z S(Aﬁp2p37p3) ) (17)
130t <0—(60—12)
t1 €7 ()UK (0)
v1(0)<ta<min(t1,3(0—t1))
T2¢ T (0)UK(0)
v1(0)<ts<st
U3¢ J(0)UK(0)

where B ~ 2"t =t2 = gto (B, P(py)) = 1 and Uj denotes a positive partial sum of tq + to + t3.
11



For Sag9 we also need to use a role-reversal. By [[3], Lemma 10(ii)], the loss of Saz5 is just the three-
dimentional sum

Z S (ABP?,;DS ) p3) . (18)
&—0<t1<§
t1 €T (0)UK(0)
v1(0)<ta<min(t1, 3 (0—t1))
Tog T (0)UK(0)
v1(0)<ta<gzti
UsgJ(0)UK(6)

Finally, we discard the whole of Ss96 and summing up the total loss. The value of T(0) in Case 2 can be
bounded by

1 w<67t1tt2 ts)
-+ / — L Qtsdtodty
0 (t1,t2,t3)€L21 t1t2t2

O—t1—to—ts—ts—ts

o o ra—
—+ / - dt5dt4dt3 dtg dtl
(t1,t2,t3,ta,t5)E L2 t1t2t3t4t§

O0—t1—ta—t3

* / tsQ)dtS dtadty
(t1,t2,t3)EL23 t1tat3

(9—t1—t2—t3—t4_t5>
7
+ > dtsdtadtsdtadt

(t1,t2,ta,ta,t5)ELaa titatstat?

t1 t3) w <a—t1—t2)
t3 12
+ / 5.5 dtsdtsdty
tst
(t1 t2,t3 €L25 2Y3

t1 td) w (G—tl—tz)
ts to
+ / dtsdtodty
(t1,t2,t3)E€L2g

t5t3
20—1 9;“)
* /0 69—E t% ancf
where
7(6)
Loy (t1,t2,t3) := 5 <t < — t1 & J(0) UK(0),

i (6) < ts < min (tg, %(9 4y t2)> Ty ¢ T(O)UK®O),
None of (B1), (B2) and (B3) holds},

{“9) <t <20 4 ¢ g0 uk),

Loy (ty,ta,t3,14,t5) := 9 5

1 (6) < ts < min (tl, %(9 - t1)> Ty ¢ T(0) UK(O),

v1(0) < t5 < min (tQ, %(9 - t2)> , Ts ¢ J(0) UK(6),

One of (B1), (B2) or (B3) holds,
12



1 (0) < g < min <t3, %(9 ity t3)> T ¢ T(0) UK(®),

Ul((g) < ts < min (t4, %(9 —t1 —ty — 13 —t4)> , Ts ¢ ._7(9) UIC(Q)},

3

Lt tanta) = {520 <1< 5 =0, 11 ¢ TO) LKD)

1/1(9) <t < min (tl, %(0 — t1)> s T, ¢ j(@) U ’C(G),

i (6) < ts < min (tg, %(9 i @)) Ty ¢ T(0) UK(®O),
None of (B1), ( 2) and (B3) holds},

3
Loa(ty,ta,t3,14,t5) := {—29 t1 < —0, t1 & J(0) UK(),

2

v1(6) t2<m1n(t = —t1>, Ty ¢ J(0) UK(6),

1 (0) < t3 < min (t (Ot — tg)) , T5 ¢ J(0) UK(),

One of (B1), ) holds,

1 (6) < t4 < min (t - —tl—tg—t3)>, T, ¢ J(0)UK(®0),

v1(0) < ts < min (t4, —(0 —ty —ty —t3 t4)> , Ts ¢ J(0) UIC(B)}7

L25(t1,t2,t3) = {1 9 <t < 60— <69— ) R t1 ¢ j(@) UIC(G),
U](Q) ty < min (t1,2(9—t1)) , Ty ¢j(0)UK(9),

n(0) < ta < 30 Us £ TO)UXO)).

9

Las(tstavta) = {5 -0 <1 < §. 11 ¢ 7160) LK),

1/1(6) <ty < min (tl, %(0 — t1)> , Ty ¢ J(@) @] ’C(@),

n(0) < ts < %tl, Us ¢ J(6) un(e)}.

Numerical calculation gives that

@3
0T (0)d9 < 0.003204.
¢2
4.3. Case 3. ¢3 < 6 < ¢4. In this case we have v1(0) > v2(0) > 0 and
1 1-6 3 9 0
< - = . 1< = -
(0) <1y(0) <6 5 <7(0) < 5 <20-1< 5 20 < 10 —-0< 5
By a similar process as in Case 1, (6) becomes that
S) =5 (A,zmw)) - > S(A,p)
D1(9)<t1<g
=9 (A» xy1(0)> - Z S(Apnpl) - S(A;Dlvpl) - Z S(Aplapl)

vy (0)<t1<6—13 60— L <ty <7(0) T(0)<t <152



Z S(Aplvpl) - Z S(Aplvpl) - Z S(Aplvpl)

o<t <201 20-1<t1 <520 §-20<t1<§

= S31 — S321 — 5320 — S303 — S324 — S325 — S326.

By Lemma 3.1

, we can give asymptotic formulas for S3o0 and S3o5. For the remaining sums, write

S32 = S321 + S323 = > S(A.m)

v1(0)<ty <¥
t1€J(0)UK(0)

and use Buchstab’s identity twice to reach

Sz =

Z S(Aplapl)

v ()<t <152

t1 €T (0)UK(0)
Z ) (Aplvmyl(0)> - Z S(‘Aplppr)
v (0)<ti <52 v (0)<ti <52
t1¢ 7 (0)UK(6) t &7 (0)UK(0)
V1(9)<t2<min(t1,%(9—t1))
T2eT(0)UK(0)
- Z S (AP1P27p2) - Z S (AP1P27p2)
v (0)<ti <52 v ()<t <252
t1 ¢ T (0)UK(0) t1¢ T (0)UK(0)
v1(0)<ta<f—1 0—1<ta<min(ty,3(6—t1))
T2¢ T (0)UK(0) T2¢J(0)UK(6)

= Z IS (Apl,xyl(9)> _ Z S (Ap,p12)

v1(0)<t1 <52 v ()<t <52
t1 27 (0)UK(0) t1¢ T (9)UK(6)
v1(0)<ta<min(t1,3(0—11))
ToeT(0)UK(0)
- Z S (‘Aplpza‘ryl(e)) + Z S (AP1P2;D37P3)
V1(9)<t1<% V1(9)<t1<%
t1¢ T (0)UK(0) t1¢ T (0)UK(0)
D1(9)<t2<97% U1(6)<t2<97%
T2¢J(0)UK(0) T2¢ T (0)UK(0)
v1(0)<ts<min(ta, 3 (0—t1—t2))
T3€J(0)UK(0)
+ Z S (AplmpmpB)
v ()<t <152
t1 €T (0)UK(0)
V1(0)<t2<97%
T2¢ T (0)UK(6)
v1(0)<tz<min(ta, 3 (0—t1—t2))
T3¢J(0)UK(6)

- > S (Apipar 2”@ + > S (Appapasps)
V1(9)<t1<1%9 V1(9)<t1<1%9
t1¢J(0)UK(0) t1¢.7(0)UK(6)

0—3<ta<min(t1,5(0—t1)) 0—3<ta<min(t1,5(0—t1))
T2¢J(0)UK(0) T2¢ T (0)UK(9)
v2(0)<tz<min(ta, 5 (0—t1—t2))
T3€J(0)UK(0)
+ Z S (AP1P2P3ap3)
V1(9)<t1<¥
t1¢J(0)UK(0)
97%<t2<min(t1,%(97t1))
T2¢J(0)UK(0)
V2 (0)<ts<min(ta, 3 (0—t1—t2))
T3¢ J(0)UK(0)

14
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= S331 — S332 — S333 + S334 + S335 — S336 + S337 + Sass. (22)

Lemma 3.5 gives an asymptotic formula for S33;. We have asymptotic formulas for S332, S334 and S337 by
Lemma 3.1. By Lemma 3.2, we know that Ss33 also has an asymptotic formula. By Lemma 3.6 (case 2), we
know that S33¢ also has an asymptotic formula. For S335, we can perform a straightforward decomposition
by using Buchstab’s identity twice if any of the following 3 conditions holds:

(C1) T4 € £1(0) and ty + to + 2t5 — T € Lo(6);

(02) t1 +to +t3 + 1/1(9) € MQ(G) and t1 + to + 2t3 € MQ(G),

(C3) t1 +tg + 2t3 € N(6).
Note that in Case 3 M;(0) is invalid. For those parts of Ss35 that satisfy either (C1) or (C2), we can
perform a similar decomposition as (15), with lower bound v4 () for p, and ps. For other parts of Ss35 that
satisfy neither (C1) nor (C2) but satisfy (C3), we can perform a similar decomposition as (15) but with
v2(0) as the lower bound for ps and ps instead of v4(6). We discard the remaining parts of S335 and the
corresponding two five-dimensional sums after the above two decompositions. For S33s we can repeat the
above procedure, but the lower bound for p; and ps; must be v5(6) regardless of which condition the sum
satisfies. To sum up, for S35 we get five integrals of loss, two of those are three-dimensional and the remaining
three are five-dimensional. We choose to discard the whole of S324 and S326. Putting them together, the
value of T'(#) in Case 3 is no more than

1 / w(éfh;%)d "
7T ———— 5 dtzdtadty
0 (t1,t2,t3)€La1 tytot3

w (9—151 —tQ;tg —ty—ts )
5
+ / dtsdtsdtsdtadty
(t1,t2,t3,ta,t5)€ L32 t1t2t3t4t§

w (0—t1—t2;t3 —ty—ts
5

i dtsdtydtsdtsadty
(t1,t2,t3,t4,t5)E L33 t1totstyt?
(M)
t3
" / —2dt3dt2dt1
(t1,t2,t3)€E L34 t1tats
w (w
ts
i / dtsdtsdtsdtadty
(t1,t2,t3,t4,t5)E€ L35 t1t2t3t4tg

20— 1w % w(@;h)
+ / dt1 + / — |,
3
3_

where
1-46
Lgl(tl,tg,tg) = {Ul(e) <t < —, 1) ¢ j(@) UIC(@),
() < ts < 0 — % T ¢ 7(0) UK(O),

Vl(e) < t3 < min (tg, %(9 — 1t — Ifg)) , Ty ¢ ._7(9) U IC(Q),
None of (C1), (C2) and (C3) holds},

1—-6
L3s(t1,t2,t3,ta,t5) := {ul(ﬁ) ] < —— 5 , b ¢ J(0)UK(0),

() < ts < 0 — % Ty ¢ 7(0) UK(0),
15



1 (0) < ts < min (tg, %(9 - t2)> Ty ¢ T(0) UK(®O),
Either (C1) or (C2) holds,

v1(0) <ty < min <t3, %(9 —t; —t2 — L‘3)> » Ta g T(0) UK(O),

Ul((g) < ts < min (t4, %(9 —t1 —ty — 13 —t4)> , Ts ¢ j(@) UIC(Q)},

1-6
Las(t1,ta,t3,ta,t5) 1= {Vl(g) <t < 5 t1 & J(0) UK(0),

n(O) <t <03, To g JO)UKE),
Vl( < t3 < min (t —(0—1t1 — tQ)) , T's ¢ j(@) U ]C(g),
Neither (C1) nor (C2) holds, but (C3) holds,

VQ(H) ty < min (tg, 2(0 —t] —ty — t3)> R T4 ¢ j(@) U IC(@),

1/2(9) < t5 < min <t4, %(0 — 11 —to —t3 — t4)> , T's ¢ J(G) UIC(H)} s

1-4
L3y(ty,t2,t3) = {V1(9) <t < — t1 ¢ J(0)UK(@),

0 — % <ty < min (tl, %(9 —t1)> , To ¢ J(0) UK(O),

V1(0) < tg < min (tg, %(0 - tl - t2)> s T3 ¢ 7(9) U ]C(g),
None of (C1), (C2) and (C3) holds},

Las (s ta, o £, £5) = {mw) <t <l ngaeuke),

977 t2<m1n(t = tl),ngéJ(G)UIC(G),

v1(0) < t3 < min <t2 ~(0—t — t2)> , T3 ¢ J(0)UK(9),

One of (C1), C3) holds,

v1(0) < t4 < min <t3 = —tl—tg—t3)>, Ty ¢ J0O)UK(),

v1(0) t5<m1n(t4, —tl—tz—t3—t4>>, T5¢j(9)uIC(9)}.

Numerical calculation gives that

¢4
0T (0)d6 < 0.00852.
@3
4.4. Case 4. ¢4 < 6 < ¢5. In this case we have v1(0) > v5(0) > 0 and
1 1-6 3 9 0
- Sl -l< s —20< = 2.
v (0) <11(6) <0 2<r(0)< 5 < 26 <3 0<10 9<2

By the same process as in Case 3, (6) becomes that

$O) =5 (Aa®) = 3 S (Am)
v (0)<t1<g
16



>

v (0)<t1 <9—%

S(A;Dmpl) -

= 5 (A ) -

>

L0t <201

= S41 - 5421 - 5422 - S423 - 5424 - S425 - 5426-

S(Aplvpl) - Z S(Aplvpl) - Z S(-Apupl)
6—1<t1<7(0) T(0)<t1 <152
Yo SAwp) = Y S(Ap)
20—-1<t1 <3 —20 3 _20<t; <Y
(24)

By Lemma 3.1, we can give asymptotic formulas for Syo5 and Syo5. For the remaining sums, write

Sz = Sag1 + Sa23 =

and use Buchstab’s identity twice to reach

>

v (0)<ti <52
t1 €T (0)UK(6)

>

v (0)<t1 <52
1 gJ(0)UK(0)

>

v1 (9)<t1<%
t1 ¢ T (0)UK(0)
v (0)<t2<9—%
T2¢ T (0)UK(0)

Z g (Apl,x”ﬂ@)) _

v (0)<t1 <152
t1 ¢ T (0)UK(0)

Sa2 S (Ap,,p1)

S (Apl , (9)) —

S (AIHPQ 7p2) -

>

v1 (9)§t1<%
t1¢ T (6)UK(0)
vy (0)<t2<97%
T2¢J(0)UK(0)

S

>

v (0)<t <152
t1 €7 (9)UK(0)

141 (9)§t2<9—%
T2¢J(0)UK(0)
v1(0)<ts<min(ta, 3 (0—t1—t2))
T3¢ J (0)UK(0)

>

121 (9)<t1<1%0

t1 €T (0)UK(0)
0—L1<ta<min(t1,5(0—t1))

T2 T (0)UK(0)

S (Apipar 2 @) +

5 ('Ampz’ xww)) +

S (Apl7p1)

>

v (9)<t1 <152
t1€J(0)UK(0)

S (AplpzﬁpQ)

>

v (0)<ti< 52

t1¢ T (0)UK(0)
v1(0)<ta<min(t1,3(0—t1))

T2e.7(8)UK(6)

>

V1(9)<t1<%
t1 ¢ T (0)UK(0)

0— 3 <ta<min(t1,3(6—t1))
T2¢J(0)UK(0)

>

v1(0)<t1 <252

t1 €T (6)UK(0)
v1(0)<ta<min(t1,3(0—t1))

ToeT(0)UK(0)

>

V1(9)<t1<¥
t1 €T (0)UK(0)

v (9)<t2<07%
T2¢J(0)UK(0)
v1(0)<ta<min(ta, 5 (0—t1—t2))
T5€.7(0)UK(6)

S (Aplpz ) p2)

S (APM?Q ) P2)

S (Aplpzps ) pS)

(A;D1P2P3 ) p3)

S ('AP1P2:D3 ’ p3)

>

12 (9)<t1<1%0
t1¢.7(8)UK(6)
97%<t2<min(t1,%(97t1))
T2¢J(0)UK(0)
v2(0)<ts<min(ta, 4 (0—t1—t2))
T3€7(0)UK(0)
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+ Z S ('A;D1P2p37p3)

v (0)<ti <152

12T (0)UK(0)
0—1<ta<min(t1,1(0—11))
T2¢J(0)UK(0)
v2(0)<tz<min(ta, 3 (0—t1—t2))
T4¢.7(0)UK(6)
= S431 — Saz2 — Su33 + S434 + Sazs — Suze + Sa37 + Sazs. (26)

Lemma 3.5 gives an asymptotic formula for Sy31. We have asymptotic formulas for Syse, Sy34 and Sysz7 by
Lemma 3.1. By Lemma 3.2, we know that Sy33 also has an asymptotic formula. By Lemma 3.6 (case 2), we
know that S43¢ also has an asymptotic formula. For Sy35, we can perform a straightforward decomposition
by using Buchstab’s identity twice if any of the following 2 conditions holds:

(Dl) Té S 51(9) and t1 + to + 2t3 — Té S ﬁg(@),

(D2) t1 +to + 2t3 € N(0).
Note that in Case 4 both M;(0) and Mz (6) are invalid. By a similar discussion as in Case 3, we can get
five corresponding loss integrals for S4o. We remark that we can use the reversed Buchstab’s identity to gain
a small saving on parts of Sy if neither (D1) nor (D2) is satisfied. This can be seen as the following: if we
have t3 < %(9 —t] —tg — t3), then

0 \?
Z S(Aplpzps’p?)): Z S('A;mp’zpsv(ex) >

ti,t2,ts ti,t2,ls P1p2ps

+ Z S (Apipapspas P4)

t1,t2,ts
ts<ta<Z(6—t1—ta—t3)
T4¢T(0)UK(0)

+ Z S (Ap1p2p3p47p4) . (27)

t1,t2,t3
ts<ta<$(6—t1—tz—t3)
T4€T(0)UK(6)

We cannot give an asymptotic formula for the sum on the left-hand side of (27), but we can give an asymptotic
formula for the last sum on the right-hand side, hence we can subtract it from the loss. We refer the readers
o [15], [14] and [13] for more applications of reversed Buchstab’s identity. We discard the whole S424 and
Sio6 just as in Case 3. The value of T'(0) in Case 4 can thus be bounded by

1+ / w(efh;%)dtdtdt
0 12 atzdiadly
0 (t1,t2,t3)E€La1 t1t2t§
w (Hrttz%)
- dtsdtsdtsdty
/(tl,tz,tg,M)GL“ tﬂfgtg,t?1
w (é)—tl—tz;w)
5
" dtSdt4dt3dt2dt1
(t1,t2,t3,ta,t5)ELas t1t2t3t4t§
w (e—tl—tz;w
" / ; dtsdtsdtsdtadty
(t1,t2,t3,ta,t5)€ELaa t1t2t3t4t§
t
+ S L dtsdtsdty
(t1,t2,t3)€Las t1t2t3
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w (97t17t27t37t47t5

ts
n / dtsdtydtsdtsdty
( (t1,t2,t3,ta,t5)€Las t1t2t3t4t§

261 (G;tl) s (0;:1)
NN NNV
+ /ﬂ 12 v /3729 t] !

2 2

where

1-46
L41(t1,t27t3) = {Vl(o) < tl < T, tl ¢ j(@) UIC(@),

V1(9) <t < 0 — %, T, ¢ j(@) U’C(@),

v1(0) < t3 < min (tg, %(9 —t) — tg)) , Ts ¢ J(0)UK(6),
Neither (D1) nor (D2) holds},
1-4
Lya(t1,ta,t3, 1) == {V1(9) Sthi<—— h ¢ J(0) UK(0),
1/1(9) <ita <O — %, T, ¢ j(@) U ’C(e),
1 (0) < ts < min (tg, %(9 . t2)> Ty ¢ T(0) UK(O),
Neither (D1) nor (D2) holds,

ta <ts < %(9—t1—t2—t3), T, EJ(H)UK:(H)},
1-6
Lys(ty,ta,t3,t4,t5) := {Vl(e) <t < —5 t1 & J(0) UK(0),
1
r1(0) <ty <0 — 3 Ty ¢ J(0)UK(9),

1/1(9) < t3 < min (tz, %(9 — 1t — tg)) , Ty §é j(g) U IC(G),
(D1) holds,

v1(0) < t4 < min (t3, %(9 —t; —ty —t3)> , Ty & T(0)UK(0),

1 (0) < ts < min (t4, SOttt - t4)> T ¢ J(0) U IC(H)} ,
Lua(tr, to, by, ta, t5) = {Vl(o) <t < % t ¢ T(0)UK(®),

n(0) <ty < 0— % Ty ¢ J(6) UK(H),

1 (6) < t5 < min (tg, %(9 i @)) Ty ¢ T(0) UK(®O),

(D1) does not hold, but (D2) holds,

va(6) < t < min (t3, %(9 i —ty— t3)> L Ty ¢ J(0) UK(O),

1/2(9> < ts < min (t4, %(9 —t1 —ty —tg — t4>> , Ts ¢ j(@) UK(Q)} s
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1-6
L45(t1,t2,t3) = {1/1(9) <t < T, tq ¢ j(@) UIC(G),

0 — % <ty < min (tl, %(9 - t1)> , To ¢ J(0) UK(6),
V1(0) < tg < min (tg, %(9 - tl - t2)> s T3 ¢ j(g) @] ]C(g),
Neither (D1) nor (D2) holds},

1-6
Lys(t1,t,t3,ta,t5) 1= {V1(9) <t < —5 t1 & J(0) UK(0),

0 — % <ty < min (tl, %(0 — tl)) s T, ¢ j(@) UIC(Q),

1 (6) < t5 < min (tg, %(9 - @)) Ty ¢ T(O)UK®),
Either (D1) or (D2) holds,

v1(0) <ty < min (7«‘3, %(9 — 1t —t2 — 7«‘3)) » Ta g T(0) UK(O),

11(60) < t5 < min (t4, %(9 bty — t4)> T ¢ J(0) UIC(H)} .

Numerical calculation gives that

s
OT(0)d9 < 0.003636. (28)
Pa
4.5. Case 5. ¢5 < 0 < ¢g. In this case we have v4(0) > v2(0) > 0 and
1 3 9 0
_ - _1< 2 _ Z z
va(0) <11(0) <6 2<7’(9)<29 1\2 29<10 0<2

By a similar process as in Case 3, (6) becomes that

S(G)zS(A,a:”l(e))— S 5 (App)

v1(0)<t1< 4

=5 (A, 17”1(9)) — Z S(Ap,,p1) — Z S (Ap,,p1)

vi1(0)<t1<0—3 0—L1<t1<T(0)
- Z S(‘Aplvpl)_ Z S(‘Aplvpl)_ Z S(Aplapl)
7(0)<t1<20—1 20-1<t1 <2 —20 220<t1<d
= S51 — Ss21 — Ss22 — S523 — S524 — Ss05. (29)

By Lemma 3.1, we can give asymptotic formulas for S520 and Ss24. For Sso1, using Buchstab’s identity twice
we have

Sso1 = Z S (‘Aplﬂpl)

121 (9)<t1 <07%

= Z S (Apl’xyl(e)) - Z S (Apipsrp2)

V1(9)<t1<07% V1(0)<t1<07%
v1(0)<ta<min(t1,3(0—t1))
T, T (9)UK(8)
- Z S ('Aplpwxyl(e)) + Z S<AP1P2P37p3)
v1(0)<t1<6—3 v1(0)<t1<6—3
v1(0)<ta<min(t1,3(0—t1)) v1(0)<ta<min(t1,3(0—t1))
T2¢J(0)UK(0) T2¢J(6)UK(0)
v1(0)<ts<min(ta, 3 (0—t1—t2))

T3 (0)UK(0)
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+ Z ) (A;D1P2p3ﬂp3)

V1(0)<t1 <97%
v1(0)<ta<min(t1,5(0—t1))

T2¢T(0)UK(0)
1/1(6)<t3<min(t2,%(9—t1—t2))
T3¢ T (0)UK(0)
= S531 — S532 — S533 + S534 + Ss35. (30)

We have asymptotic formulas for Ss3; by Lemma 3.5 and for Ss32 and Ss34 by Lemma 3.1. We remark that
we have

1 9
to <t1 <0 3 <71 5 6.

By Lemma 3.2, we know that Ss33 also has an asymptotlc formula. For S535, we can perform a straightforward
decomposition by using Buchstab’s identity twice if any of the following 2 conditions holds:

(E1) T € L£1(0) and t1 + to + 2t5 — T € L2(0);

(E2) t1 + t2 + 2t3 € N(6).
Note that in Case 5 both M;j(f) and Mx(0) are invalid. By a similar discussion as in Case 3, we can
get three corresponding loss integrals for Ss01. We discard Sso3 and Ssa5 and use the reversed Buchstab’s
identity to handle part of Ss21. By the discussion in [[3], Section 5(v)], we know that there is an extra saving

integral
1—0—t; 1
/ / Wdtgdtl. (31)
max 0—7—t1 t1 1%2

Combining the above loss integrals, the value of T'(f) in Case 5 is less than

1+ / w<9_h;%)dtdtdt
) —— 5 dtzdiadty
0 (t1,t2,t3)€Ls1 t1t2t§
- / dtsdtsdtzdty
(t1,t2,t3,t4)ELs2 t1t2t3t4
w ((Hrtz;w
+ / ° dtsdtydtsdtsdt,
(t1,t2,t3,ta,t5)ELs3 t1t2t3t4t§
w (Ww
+ / dtsdtydtsdtadt
(t1,t2,t3,ta,t5)ELsa t1t2t3t4t§
v (5) Y (p e()
+ —pdty | + A gt
(6) ty 309 1]

# /10t1 1
— ——dtadty |,
max(SO—%—tl,tl) t%t%

ty & J(0) UK(0),

B S

where

1
Lsq(t1,t2,t3) := {V1(9) <ty <0— >

v1(6) <tz < min t1 —(0 -t ), Ty ¢ J(0)UK(),

v1(0) <tz <min | te, - (60 —t; — t2)> , T3 ¢ J(0)UK(),
Neither (E1) nor (E2 ) holds},



Neither (E1) nor (E2) holds,

t3<t4<%(9—t1—t2—t3), T4EJ(9)UK(9)},
1
Ls3(ty,t2,t3,14,1t5) := {V 0)<t1<0— -, t1 & T(0)UK(H),
v1(0) < ta < min tl,f —t ), T, ¢ J(0) UK(9),

Vl( < t3 < min tQ,* —tl—tz)), T3¢j(9)UK(9),
(E1) holds,

2
Vl( <ty < min (tg, —tl—tg—tg)), T4¢j(9)U’C(9)7
Vl( < ts < min t4,% —tl—tz—ts—t4)>, T5¢»7(9)UIC(9)}7
Loa(t tartastasts) = {1(6) <01 <0 5. 11 ¢ T(0) LKD)

v1(0) < ta < min (t —(0—-t4 > T, ¢ J(0) UK(H),

U](Q) t3 < min (tg, 2(9 e tg)) , Tg ¢ j(G) U K(Q),
(E1) does not hold, but (E2) holds,

va(6) < t4 < min (tg, %(9 oty — t3)> T ¢ T(0) UK(),

1
VQ(@) < t5 < min (t4, 5(9 —t] —ty —t3 — t4)> , Ty ¢ j(@) U IC(Q)} .
Numerical calculation gives that

b6
/ 0T (0)d < 0.011398. (32)
5

4.6. Case 6. ¢g < 0 < ¢g. In this case we have v4(0) > 0, v2(0) < 0 and

0

y1(6)<9—1<7(0)<g—9<—.

2

Note that all of K£(8), M1(6), M3(6) and N (6) are invalid in this case. By a similar process as in Case 5,
(6) becomes that

S(G)zS(A,x”l(9)>— S S (Apm)

v1(0)<t1< 4

_ 9 (A, me)) — Y S - Y SMp) - Y. S(A.p)
v1(0)<t1<0—1 0— 1<t <T(0) T(0)<t1<g

= Se1 — Se21 — Se22 — S623- (33)
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We have an asymptotic formula for Sgoo by Lemma 2.1. We discard the whole of Sgo3 and make further
decompositions on Sg21. Using Buchstab’s identity, we have

Sea1 = Z S (Aplﬂpl)

v1(0)<t1<0—1

> 8 (Apan@) - > S (Apupa: p2)

V1(9)<t1<07% V1(9)<t1<07%
u1(9)<t2<min(t1,%(0—1&1))
Tzej(e)
- Z S (-Aplpgvxyl(a)) + Z S<AP1P2P37p3)
V1(9)<t1<07% v (0)<t1<97%
v1(0)<ta<min(t1,3(0—t1)) v1(0)<ta<min(t1,4(0—t1))
T2¢7(9) T2¢7(0)
v1(0)<ts<min(ta, 3 (0—t1—t2))
T3€J(0)
+ Z S('Aplpzps’p?))
v1(0)<t1<0—3
u1(9)<t2<min(t1,%(97t1))
T2¢7(0)
v1(0)<ts<min(ta, 3 (0—t1—t2))
T3¢J(0)
= S631 — S632 — S633 + Se34 + Se3s- (34)
Since we have
to <ty <6 L < ) 0
2 1 2 10 )

we have asymptotic formulas for Sg3; and Sgzz by Lemma 3.2. We also have asymptotic formulas for Sgs32
and Sgz4 by Lemma 3.1. For Sgs5, we can perform a straightforward decomposition by using Buchstab’s
identity twice if the following condition holds:

(Fl) Té S El(e) and t1 + to + 2t3 — Té S EQ(@)
By a similar decomposing process as (15), we can get a five-dimensional sum. For this sum, we can even use
Buchstab’s identity twice more if the following condition holds:

(F2) T3 € £1(0) and t1 + to + t3 + ta + 2t5 — T5 € Lo(0).
Of course we will obtain a seven-dimensional sum after this decomposition. After using a reversed Buchstab’s
identity on the remaining part of Sgzs and combining all the losses, we can give an upper bound for T'(d) in
Case 6.

1 w (M)
t3
9 (t1,t2,t3)€Le1 tltgt%

O—t1—to—tz—ty

/ w( - >dt dtsdiydt
- 4dtzdladty
(t1,t2,t3,t4)ELg2 t1tatst?

O—t1—to—ts—ts—ts

s
n / : dtsdtydtsdtsdty
(t1,t2,t3,t4,t5)E L3 t1t2t3t4t§

w (97t17t27t37t47t57t67t7

) dtdtgdtsdtydtsdtadt,

t7
_|_
(t1t2,ts,ta,ts,te,t7)ELoa trtotstatstet?
¢ w ()
+ / 2 dtl )
0 U
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where

L61(t1,t2,t3) = {1/1(0) tl < 9 ;, tl §é j( )
v1(0) < t2 < min (t 0—t ), Ty ¢ J(0),

v1(0) < t3 < min (tg, —t1—t2)> , T3 ¢ J(0),
(F1) does not hold},

1
Lo (t1,to,t3,14) = {yl(ﬁ) th<O—<, t1 ¢ J(0),
v1(8) < ta < min

2

(t —t1>,T2¢j(9),
v1(0) < t3 < min <t2, t1t2)> , Ts ¢ J(0),

d,

(F1) does not hol

t3<t4<2(0*t1*t2 ) T4€‘7( )}

1
Le3(ty,ta,t3,t4,t5) 1= {1/1(0) t1 <0 —, t1 € J(0),

2

v1(0) < t2 < min <t1,; — 11 )7 Ty ¢ J0),

1
v1(0) < t3 < min <t272 —t1—t2)>7 T3 ¢ J(0),
(F1) holds,
v1(0) t4<m1n<t % _tl_tZ_tS))aT4¢j(0)7
v1(0) t5<mm<t % t1t2t3t4)),T5¢j(9),
(F2) does not hold},

1
Les(ti,ta,t3,ta,t5,t6,t7) := {1/1(0) <t <0-— 5 t1 ¢ J(0),

1 (6) < ta < min (tl, %(9 - t1)> L Ts ¢ J(6),

1 (6) < t5 < min <t2, %(9 - t2)> T ¢ J(9),

(F1) holds,

v1(0) € t4 < min <t3, %(9 —t —ty — t3)> , Ta ¢ J(0),

11 (6) < t5 < min (t47 %(e ot — iy — t4)> L Ts ¢ J(0),

(e—tl—tg—tg—t4_t5)>7 T ¢ J(0),

(e—tl—tg—tg_t4_t5_t6)>a T7¢j(9)}

N |



Numerical calculation gives that

b9
0T (0)d0 < 0.097444. (35)
b6
4.7. Case 7. ¢g < 6 < ¢14. Just as in [3], we have
$13
/ OT(6)d0 < 0.17597 (36)
b9
and )
P14 )
/ 0T (0)do < g 0.7437% — <32> : (37)

5. PROOF OF THEOREM 1.1
By (11), (19), (23), (28), (32), (35), (36) and (37), we have

0.7437
/ 0T (0)df < 0.008349 + 0.003204 + 0.00852 + 0.003636 + 0.011398
0.6—¢

5 . (257
+0.007444 + 017597 + o | 0.7437° — ( ==

< 0.3998 < 0.4.
Now (5) holds and the proof of Theorem 1.1 is completed.
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