ON CHEN’S THEOREM, GOLDBACH’S CONJECTURE AND ALMOST PRIME
TWINS II

RUNBO LI

ABSTRACT. Let N denote a sufficiently large even integer and x denote a sufficiently large integer, we define
D1 2(N) as the number of primes p that such that N —p has at most 2 prime factors. In this paper, we show
that D1 2(N) > 1.9728%, which is rather near to the asymptotic constant 2 in Hardy-Littlewood
conjecture for Goldbach’s conjecture. We also get similar results on twin prime problem and additive
representations of integers. The proof combines various techniques in sieve methods, such as weighted sieve,
Chen’s switching principle, new distribution levels proved by Lichtman and Pascadi, Chen’s double sieve

and Harman’s sieve.
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1. INTRODUCTION

One of the most famous open problem in number theory is the Goldbach’s conjecture, which states
that any even integers can be written as the sum of two primes. Since the original conjecture is so hard,
mathematicians try to consider the problem of writing a large even integer as a sum of a prime and a number
with few prime factors. Let N denote a sufficiently large even integer, p denote a prime, and P, denote an
integer with at most r prime factors counted with multiplicity. We define

Dio(N)=[{p:p<N,N—p= PR} (1)
In 1973 Chen [5] established his remarkable Chen’s theorem:
C(N)N
Dy o(N) > 0.67 2 P
1,2(NV) 067(logN)2 (2)
where
p—1 1
C(N):HH<1—2>. (3)
x50 (p—1)
p>2

Chen’s constant 0.67 was improved successively to
0.689, 0.7544, 0.81, 0.8285, 0.836, 0.867, 0.899

by Halberstam and Richert [11] [10], Chen [7] [6], Cai and Lu [4], Wu [21], Cai [2] and Wu [22] respectively.
Chen [8] announced a better constant 0.9, but this work has not been published.
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In our 2024 preprint [13], we increase this constant to 1.733, which almost doubles Wu’s 0.899. In the
proof we use the distribution levels of Lichtman (see [15], and [16] for an earlier development of this kind of
results) and complicated techniques in sieves. In this paper, by modifying the parameters used in [13] and
inserting more advanced techniques, we obtain the following sharper result.

Theorem 1.1.
C(N)N

Dy o(N) 219728 ————.
1,2( ) (log N)2

Our new constant 1.9728 gives a 13.8% improvement over our previous result 1.733 and a 119% refinement
of Wu’s prior record 0.899. An important meaning of our new constant is that it is very close to the
conjectured asymptotic constant 2 for D; ;(V), the number of primes p such that N — p is also a prime.

Furthermore, for two relatively prime square-free positive integers a, b, let M denote a sufficiently large
integer that is relatively prime to both a and b, a,b < M¢ and let M be even if a and b are both odd. Let
R,5(M) denote the number of primes p such that ap and M — ap are both square-free, b | (M — ap), and
@ = P,. In 1976, Ross [[19], Chapter 3] established that

C(abM)M

M) > 0.608 ———, 4
Ra,b( ) 0608ab(10gM)2 ( )

and in [13] the constant 0.608 was improved successively to 1.733 by essentially the same process. Now by
using the new sieve process and methods in [14], we have the following sharper.

Theorem 1.2.
C(abM)M

Rop(M) 219728 ———.
(M) ab(log M)?

Another famous problem in number theory is the twin prime problem, which states that there are infinitely
many prime pairs differ by 2. Again, mathematicians consider the problem that there are infinitely many
prime p such that p + 2 has few prime factors. For the twin prime problem, let x denote a sufficiently large
integer and define

mo(@) = {p:p<zp+2= P} (5)
In 1973 Chen [5] showed simultaneously that

CQ X

> 0.
T 2(x) > 0.335 (og o (6)

where

CQZQH(l_(p_lW), 7)

p>2

and the constant 0.608 was improved successively to
0.3445, 0.3772, 0.405, 0.71, 1.015, 1.05, 1.0974, 1.104, 1.123, 1.13

by Halberstam [10], Chen [7] [6], Fouvry and Grupp [9], Liu [17], Wu [20], Cai [1], Wu [21], Cai [2] and Cai
[3] respectively.

In [13] we increase this constant to 1.238 by similar methods. Recently, Pascadi [18] got a powerful new
distribution level for primes, which is quite helpful in improving the lower bound for my 2(z). Using his new
distribution results together with sieve inputs in [13], we get the following sharper.

Theorem 1.3.
CQ$

> 1.2759 .
m1,2(2) (log x)?
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2. NEW DISTRIBUTION LEVELS

In this section we put A,B > 0, 6 = 0, 0, = % from Kim-Sarnak [12], and we define the functions
Yo (t1) and 9, (t1,t2,t3) with « = 0 or 1 similar to those in [15], but with § = 6, here for ¥,. We consider
the analogous set of well-factorable vectors D¥e!:

Dg’ell(D)Z{(D1,.~~,Dr):D1"'Dm 1_D2 < D for all m < } (8)

We shall first state the distribution results for Theorem 1.1, which were proved in [15]. We remark that
the maximum possible distribution level here is égégé ~ 0.5969. The first one is used when Chen’s switching
principle is not used, and the second one is used when Chen’s switching principle is used.

Lemma 2.1. Let (Dy,...,D,) € D¥Y(D) and write D = N¥,D; = N% fori <r. If 9 < 91(t1) — ¢, then

N N .
> X (s - )« A 0
b=p1---pr q=bc<D ‘p(Q) (Og )
59 P r
D;<p;<D}™T (Cq‘,l\%a:)l

Moreover if t; < % and r > 3, then (i) holds if 9 < 91(t1,t2,t3) — €.
If9 < 91(t1) — € and r = 2, then

*( m(N) N .
bzpl:Pz q%:@A (Nq’N) w(q))«(logN)A' (if)

D1<p1<D1+5 c|P(N™)
1io9 (@N)=1
Dy<p2<D,

Moreover if t1 < i then (ii) holds if 9 < V1 (t1,t2,u) — €.
If 9 < 91(t1) —5 and r=1, then

3 Y M ( (N;q,N) — W(N)) < (logj\ZfV)A' (ii)

b=p1 q=bc<D (P(q)
9 u
puon oy

Moreover if t1 < 1_91 , then (iii) holds if 9 < V1 (t1,u,u) — e.
Ifr=0and u =

this simplifies as

- N) N
(g <7r Nig.N) - T ) <
& @ | ) ©(q) (log N)4
g< N 32000
q|P(N1/500)
(¢;N)=1

Lemma 2.2. Let (Dy,...,D,) € D¥(D) and write D = N?,D; = N% fori < r. Let e > 0 and real
numbers €1, ...,&, = € such that Zigk gi=1,and let A =1+ (logN)"B. If 9 <91(t1) — ¢, then

500 ’

> > M) > P > 1 <<(logLN)A' (i)

b=p/---pl.  q=bc<D p1--pr=N(mod q) #(a) (p1-+-pr,N)=1
D,<p,<D}*’ fl’}(&) N®i/A<p; <N Vigk N®i JA<p; SN Vigk
q,

Moreover if t1 < 52 and r > 3, then (i) holds if 9 < V1 (t1,ta,t3) — €.
If9 < 91(t1) — € and r = 2, then

2 2, Yot 2 <m ©

b=pipy  q=besD p1---pr=N(mod q) #(4) (p1---pr,N)=1
Dy <y < p1+e® €PN N®i/A<p; <N Vi<k N®i /A<p;<N®i Vi<k
1<PisDi g N)=1
Dy<py<Dyte



Moreover if t; < 15 91 , then (ii) holds if 9 < V1 (t1,t2,u) — €.
If 9 < 91(t1) —5 and r=1, then

> > M) > P > 1 <<(logLN)A' (iii)

b=p] q=bc<D p1-pr=N( mod q) (p1-+pr,N)=1

9 c|P(N" i <N¢&i 1 < €i ;i SINEi 1<
D, <p,<DM** ?111\(/):2 N%i JA<p; <N Vi<k N&i /A<p;<N°%i Vi<k

Moreover if t1 < 1_91 , then (iii) holds if 9 < V1 (t1,u,u) — &.
Ifr=0and u =

500, this simplifies as

- 1 N
AT 1—-— 1| K€ 77—
IR0 > 2 < {log V)7
LN p1---pr=N( mod q) (p1+pr,N)=1
Q\I;(NI/E)OD) N®i /A<pi<N®i Vigk NF/A<piSKN®i Vigk
(g, N)=1

Next we shall state the distribution results for Theorem 1.3, which were proved in [18]. We remark that
the maximum possible distribution level here is iégg = 0.62425. The first one is used when Chen’s switching
principle is not used, and the second one is used when Chen’s switching principle is used.

Lemma 2.3. Let (Dy,...,D,) € D*(D) and write D = 2%, D; = 2 fori <r. If 9 < 9¢(t1) — ¢, then

> > Ml ( (z3q,-2) — 7T(gc)><< S (0
b=p1--pr q=be<D ©(q) (log x)
9 ¢|P(pr
D;<pi<D; T (<|1,2()p:i

Moreover if t1 < 1= 3900 and r = 3, then (i) holds if 9 < Vg(t1,ta,t3) — €.

If 9 < 9o(t1) — e and r = 2, then
> SR m(x) x .
g ( %% =2) - @(Q)) < (oga)?” ()

b=pip2 q=bc<D
'U/
Di<pi <Dt clP(@ )

2
D2<p2<D1+59 (¢,2)=

Moreover if t; < 73990 , then (4) holds if 9 < Vo(ty,t2,u) — €.

If 9 < 9o(t1) —€ and r =1, then
2E( z; (@) * iii
2 2 A < S Lp(q)> < llogn)®” 0

b=p1 g=bc<D
Dy<p<pt” (P
then (iii) holds if 9 < o(t1,u,u) — €.

this simplifies as

~ x) x
%) (vl -2 - 1) <
Zﬁ ) (logz)A
q<z4000
q|P(zl/500)
(¢,2)=1
Lemma 2.4. Let (Dy,...,D,) € D*YD) and write D = 2%°,D; = z for i < r. Let e > 0 and real
numbers €1, ..., = € such that Eigk gi=1, and let A =1+ (logz)~B. If 9 < 9o(t1) — &, then

Moreover if t; <

Ifr=0 andu =

4 39 ’
500’

Y > M 3 I 3 ) e — )

log x
b= pl pr q=bc<D P_l"'PlcEQ( mpd q) @(q) .(p1~~pk72)‘:1' ( g )
Di<p! <D1+5 2\132() ") zi JA<p;<zfi Vikk z%i JA<p;<z®i Vi<k
q,
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Moreover if t1 < 41:39900 and r = 3, then (i) holds if 9 < V¢(t1,t2,t3) — €.

If 9 < 9o(t1) — e and r = 2, then

~ 1 T
> 2 M@ > o X T
L £ e(q) _ (log z)
b=p’ ph ql—lgggul)j :Dl'Apk—Q( mod q) (21"'1%72)71
/ &9 clP(z” fi /A<p; <zt ViLk fi /A<p; <zt Vik
Dy<pl <D o= x% /A<p;<a®i Vi x% /A<p;<a®i Vi
Dy<ph<D3te
Moreover if t; < %, then (ii) holds if 9 < Vo(t1,t2,u) — €.
If 9 < 9o(t1) —€ and r =1, then
~ 1 T
> 2 M@ . lvom X < gt
b=p} q|2}§(6§1?)’ p1--pr=2(mod q) (p1+p1,2)=1
’ 59 “ E”: X E’i g E”: X Ei g
Dy <p, <D ?q72)w:1 2% JA<p; <zt Vi<k % /A<p; <zt Vi<k
Moreover if t1 < %, then (iii) holds if 9 < 9o(t1,u,u) —e€.
Ifr=0and u = ﬁ, this simplifies as
~ 1 T
Z A (9) Z 1= 2(q) Z < (logz)A~
q<az 1000 p1---pr=2( mod q) (p1-+pr,2)=1
q|P\(w1/500) 2% JA<p; <zt ViLk 2% JA<p;<z®i ViLk
(q,2)=1

3. WEIGHTED SIEVE METHOD

Let A and B denote finite sets of positive integers, P denote an infinite set of primes and z > 2. Put

A={N-p:p< N}, B={p+2:p<a},

P={p:(p,2)=1}, Plg)={p:peP,(p,q) =1},

P(z) = HZ% Ag={a:a € A a=0(modd)},

peEP
p<z

Lemma 3.1. We have

S(A; P, 2) =

o1

acA
(a,P(z))=1

4D15(N) > 35 (AP(N), N7 ) + 5 (A P(N), No¥s )

2 Y s (Ap;P(N),Nﬁ)

2

Nﬁ <p<N 155
(p,N)=1

(iii)



_1
S (Aplpz;P(N)v N11'49)
1 1
N TT.49 Lpa<p1 <N 6.18
(p1p2,N)=1

+ 2

1 25
NTT.45 <po< N 6.18 <p; <N 128

$ (Apupai PIN), N5 )

(p1p2,N)=1
+ 3 S (Appas P(N), N7 )
N11 19 Lpa<NG.I8 18 <N% p1<N%— 11?49
(p1p2,N)=1
-2 Z S (Apips; P(Np1), p2)
N3~

3
TT.39 <p1 <p2<(5-)
(p1p2,N)=1

1 1 NyE
N3 <p1 <N 3 <pa<(55) 2
(p1p2,N)=1

N\

- E : S (AP1P2;P(NP1)7 ( > )
1 1 3
N6 Lp<N2 T1I.

1 pP1p2
N3

11.49 <p2<(ﬁ)2

(p1p2,N)=1

>

1
NT1.99 Spy <p3<p2<p1<NG.18
(p1p2p3pa,N)=1

>

1
N L5 <p1 <pa <ps <N T8 <ps<N3~
(P1P2p3ps,N)=1

=351 +85, —253— 854 — S5 — Sg — S7+ Sg + 59

[N

S (AP1P2; P(Npl)aPQ)

S (Ap1pzp3p4§ 'P(N),p?,)

S (Ap1p2p3p4§ P(N),p2)

11.49 49p3 1

+0 (Ni?:ig

+ 810 — 2511 — S12 — S13 — S1a — S15 + O (N%) .
Proof. Taking k1 = 1745 and Ky = 5oz in [[

], Lemma 2.2], we get Lemma 3.1
Lemma 3.2. We have

Ay a(z) > (B P, x*) S (B;P,x%
+ Z S (Bplm;P,zllT‘)
%<p2<p1<ﬂf%
+ Z S (Bplpz;P,x%)
212 <py<aTI <pr<ai
1
+ s (BP1P2;P xlz)
& 11 2 17 4
212 p2<z 72 <z 4 <p1<min(z7,x42p; ")
2 Z S(BuPat) -2 3 §(BiPat)
%g % m%<p<m%7



2 2 2 29
z7 <p<aT 7 " <p<x 100
1 1
- S(ByPat) - Y S(BuPat)
29 1. 1. 1
2100 Lp<x3 3 “Lp<xz3
- E S(BP1P2;P(p1)7p2)

- > s (Bm;mpl), (p”;))

—2 > S (Bpipsi P(p1), p2)

2
x7

N

1
p1<p2<(35)2

B Z S(BP1P2P3p4;P(p1)7p3)

B 1
212 Lpa<pz<p2<p1<z7-2

- S(BP1P2P3P4;P(p1)7p2)

w%<p1<pz<p3<z#*2<p4<min(z%,1%,,;1)

+0 (xi )
= 38|+ S5+ S+ Sy + Sy — 285 — 255 — 8§ — S}

— 819 — S11 — S1g — S13 — 2514 — S5 — {6—&—0(3:%).

l\)‘b—‘

Proof. This is [[3], Lemma 3.2] and [[13], Lemma 3.2]. O

4. PROOF OF THEOREM 1.1

In this section, sets A and P are defined respectively. Let v denotes the Euler’s constant, F(s) and f(s)
are determined by the following differential-difference equation

{F(s)z’;”, f(s) =0, 0<s<2,
(sF(s)) = f(s —=1), (sf(s)) =F(s—1), s=2

and let w(u) denotes the Buchstab function determined by the following differential-difference equation

wlu) ==, 1<u<?,
(uw(u)) = w(u — 1), u > 2.
We first consider S; and Ss. By Buchstab’s identity, we have
S =8 (A;P(N),thg) — 5 (A;P(N),Nﬁ) - S 0s (AP;P(N),Nﬁ)
N0 <p<N T3
(p,N)=1
+ 3 S (Ap,pai P(N), N5 )
NS00 <pp<py <N 149
(p1p2,N)=1
- Z S (Apipopsi P(N), p3) (9)

1 1
N 500 <p3<p2<p1 <N T1T1.49

(p1p2p3,N)=1
7



and

1 1
N 500 <p2<p1<N6A18

(p1p2,N)=1
- Z S (AP1P2P3;7D(N)7P3) : (10)
NS00 <ps<pa<p1 <N 618
(p1p2ps,N)=1
By Lemma 2.1, Iwaniec’s linear sieve method and arguments in [16], [15] and [13] we have
1
2 T3 F (5009 (¢, =i=, s25) — t
S1 > (140(1)= <500f (5000¢) —500/ (50009 (¢, 505 500) ))dt
ey 500 1 t
500
mas [ £(500(9 (t1, to, t—t
+500/ J(50091 (1 2, 505) = 2) 1ty
ti1to
/11449 /751 - F((ﬂl(tl’tZ’tStL — t3)>d dtod CN)N (11)
- tadtodty | -t
L L J tltgtg (log N)?
and
w18 F(500(9 (L, =&, ) — ¢
S22 (1+0(1) = <500f (500195750) —500/ (500091t 55+ 505) = 1)) 4
L t
B f(500(91(th,ta, 5o5) —t1 — t
+500/ f 12 500) ! 2))dt2dt1
ti1t2
500 5
(ﬂl(tl,tg,ts)—tl—tz—ts)>
t
2 t3 C(N)N
dtsdtadty | s, (12)
/0 o / / titat] (log N)?
where 9 = égégé. By numerical calculations we get that
C(N)N
S1 > 12.902021 ——— 13
: (o VY 1)
and
C(N)N
So > 6.533916 ————. 14
’ (log V)2 14

For S3, we can either use Buchstab’s identity and Lichtman’s method to estimate S3 with a better
distribution level as in [15] or use Chen’s double sieve technique as in [22]. The first option leads to

> 5 (4P, N1

p
(p,N)=1

)

S (Apupai P(V), N

Y s (A,,;P(N),N
(pJ\]?)Zl
>

1 P 1
NE <pa<NT11.49
(p1p2,N)=1

>

p1
1 1
NF <ps<pa< N T1.49
(p1p2p3,N)=1

=

)

+ S('Aplpzps;rp(N)?p?)) (15)
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for some k > 11.49, while the second option creates a small saving on S3 itself. We can also use Chen’s
double sieve on the first two sums on the right-hand side of (15) after applying Buchstab’s identity. We
don’t know which of these options gives a smaller value, hence we take a minimum. By Lemma 2.1, Iwaniec’s
linear sieve method and arguments in [16], [15] and [13] we have

25
13 FILAY(O: (1, o, L) — ¢
Ss < (1 -1-0(1))g ™ in (11.49 ( (91(t1, 11450 11.3) — 1))
e t

J
11.49

22.98¢7H (11.49(3 — t1)) . F(k(W1(t1, 4, 7) — 1))
(11495 — 1))ty 11.49%h<500 t
 2keYH(k(3 — 1)) k/ F(O1(t, b2, 1) — 1 — t)) .
k(3 —t1))ta 1 tits 2
mas h(k(L—t, —t
- 2]@67/ T kGt )
% (]{3( — tl — tz))tltg

/11 .49 /t2 F ,'91(t1}t2’t3t)37t17t27t3)) dt dt dt C(N)N
ttat2 i '] (log N)2

C(N)N

< 10.436523 ———
(log N)?

(16)

where we choose k = 12.3 and H(s) = Hy5(s) and h(s) = hy/2(s) are defined as the same in [22]. We have
used the following lower bounds of H(s) and h(s) for 2.0 < s < 4.9. These values can be found at Tables 1
and 2 of [22]. We remark that we have Hy(s) > Hy/2(s) and hg(s) = hya(s) for 9 > 3.

0.0223939, 2.0 <
0.0217196, 2.2 <
0.0202876, 2.3 <
0.0181433, 24 <
0.0158644, 2.5 <
0.0129923, 2.6 <
0.0100686, 2.7 <
0.0078162, 2.8<
0.0072943, 2.9 <
0.0061642, 3.0 <
0.0052233, 3.1<
0.0044073, 3.2<
0.0036995, 3.3 <
0.0030860, 3.4 <

2, (0.0025551, 3.5 <
3, |0.0020072, 3.6<
4, 10.0017038, 3.7<
5, |0.0013680, 3.8<
6, |0.0010835, 3.9<
7, |0.0008451, 4.0<
8, ]0.0006482, 4.1< : an
9, ]0.0004882, 4.2 <

0, |0.0003602, 4.3<
1, |0.0002592, 44<
2, |0.0001803, 4.5<
3, |0.0001187, 4.6 <
4, 10.0000702, 4.7 <
5, (0.0000313, 4.8<

O R S S S S S S R S
VA A A A A A A A A A/ A/ AN/AN/A



0.0232385, s = 2.0, 0.0030123, 3.4 < s < 3.5,
0.0211041, 2.0<s<21, |0.0023901, 3.5<s< 3.6,
0.0191556, 2.1 <s<22, |0.0018097, 3.6 <s< 3.7,
0.0173631, 22<s<23, |0.0015336, 3.7<s< 328,
0.0157035, 23 <s<24, |0.0012593, 3.8<s<3.9,
0.0141585, 24<s<25, |0.0010120, 3.9< s < 4.0,
0.0127132, 2.5<s<26, |0.0008099, 4.0<s<4.1,
h(s) > { 0.0113556, 2.6 < s<2.7, {0.0006440, 4.1 <s<4.2, (18)
0.0100756,  2.7<s<28, |0.0005084, 4.2<s<4.3,
0.0088648, 2.8 <s<29, |0.0003980, 4.3<s<4.4,
0.0077612, 2.9<s<3.0, |0.0003085,  4.4<s<4.5,
0.0066236, 3.0<s<3.1, |0.0002365  4.5< s < 4.6,
0.0055818, 3.1<s<3.2, |0.0001791, 4.6 <s<4.7,
0.0046164, 32<s<3.3, |0.0001396, 4.7 <s <428,
0.0037529, 3.3 <s<3.4, |0.0000981, 4.8<s<4.9.

Similarly, for Sy, S5 and S7 we have

Si<+ 0(1))% (/5 . (11.49F(11.49(191(t1) — 1)) 22.987H(1149(} — 1))

] t (11.49(3 —ta )t
_ ke YH (k(X —
win (R E@L0) —t))  2ke? H(k(5 — 1))
11.49< k<500 t k(3 —t))ta
B / s f (7('91(“ tQ“_m)dt ) canN
1 t1t2 2 "] (log V)2
C(N)N
< 3.311305 ————,
5(log E (19)
57
2 224 . —
S5 < (1+0(1) = /224 min (11.49F(11 (0(t) = 1))
e’ \J1 ty
(V1 (t1)—t1—t2)
@) ) e S () (NN
min k — 5 dto dt1 | ————
11.49<k<500 t 1 13 (log N)?
C(N)N
< 0.272301 2
301 oAy (20)
1 3
2 27114 . — 22.98¢Y H(11.49(% — ¢
S < (1+0(1)) = /2 " mnin <11.49F(11 90, (t) —t) _ 22987 HULANG — 1))
ey 2 tq (11.49(5 — tl))tl
min F(k(’ﬁl(tl) _tl)) 2]€€’YH(]C(* _tl))
11.49<k<500 th (k:(f —t1))t
_ /11 49 f( il tgtlitZ))dt dt C(N)N
1 t1t3 2 "] (log V)2
N)N
< 2.650313C N (21)

(log N)2

10



By the classical linear sieve, for Sg we have

5 F(11.49(3 — 1) '\ C(N)N
11.49 /57 " 2 dt) oz V)?

5o < (14 o(1)) 2 (
C(N)N
(log N2

For Sg—S19 we can also use Chen’s double sieve to gain some savings. Using similar methods as above
together with [[22], Propositions 4.2 and 4.3], we have

1
1 49/6 18 31 f(11.49(191(t1,tt2,tuzg) —t1 — t2))
142

7
224

< 5.259433 (22)

dtadty

55> (14 0(1)) (

11.49 11.49 49

t 2e7h(11.49(5 —t; —t
+ 11 49/ / ¢ (z =t 2))dt2dt1> C(N)N

T Y i 11 49 5 — tl — tg))tltg (log N)2
C(N)N
> 2421452 ——— 23
(1 gN)2’ ( )
25 1
2 25 (5 f(11.49(01(t1, te, —1s) —t1 — ¢
So > (140(1))= (11.49 / fALAOO (b srgg) — 01 =)y
e 1 1 tltg
6.18 11.49
1 2 1
27518 (o1 2e7h(11.49(1 —t; —¢
+11.49/2 / ChULANG —h = 12) gy oy,
L L (11.49(5 — t1 — t2))tato
25 39
28 256 2eVh(11.49(% —t; — ¢ N)N
+ 11.49/128 /256 e7h( - G=ti=t), 5 ) CIN .
12 ) a0 (1149(5 — t — t2))tate (log N)
C(N)N
> 1.382532——— 24
(log N)2 (24)
1 3 1
2 2= [ f(11.49(91(t1,to, —s) — 61 — ¢
St > (1+0(1)) = (11.49/2 we [T JALAY (b ) — i 2 t)) gy
€ 128 11149 tth
1 3 5
27T 2e7h(11.49(% —t; —t N)N
4 11.49 2711 49/1149 e ( ( 1 — 2))dt2dt1 C( ) .
12ﬁ ﬁ (11.49(5 —t1 —tg))tltg (10gN)
C(N)N
457 —— . 2
> 0.960 57(1 e (25)

For the remaining terms, we can use Chen’s switching principle together with Lemma 2.2 to estimate
them. Namely, for S1; we have

Su = > S (Apupai P(Np1),p2) = § (A3 P(N), N¥), (26)
Néiﬁﬁp1<?2<(%)%
(p1p2,N)=1

where the set A’ is defined as
1__3 1
A = {N—plpzm PN2TTE Cpy < pg < (N/p1)2, p [m=p' >pyorp =p1}~

We note that each m above must be a prime number or a P, since % — ﬁ > % By Buchstab’s identity,
we have

Su =5 (A P(N), N ) < 5 (45 P(N), N )
N

*)— 3 rS(A;,;P(N),Nﬁ)



X S (AgPan, N
N'500 <) <p| <Ni3%
(p1p5,N)=1

- 3 S (Al PN, 1)

L ﬁ
N 500 <;/a,5l<p/2 <p1<N 28

(p1pap3,N)=1

Then by Lemma 2.2, Iwaniec’s linear sieve method and arguments in [16], [15] and [13] we have

S11 < (14 0(1)) 2N A1 <5OOF (50019ﬁ) —500/m 1(500(91(t, 505 506) — )

eYlog N 2 P
s [t F(500(9 tataL ot —t
+500/ / (500(91 (1, t2, 555) — ta 2))dt2dt1
5 =5 t1to
2t oty f ((ﬁl(tl,tg,tggg—tl—tQ_ts))
- / / / . dtsdtodt
560 500 ¥ 500 titaly
1 1 1—t1—to
2G4 /§ /‘2(1—t1) w (T) C(N)N
< A +o(l)— —— 2 dtodt] | ——————=
( ( )) e %—ﬁ . tlt% (10gN>2
C(N)N
< 1.30656 ——2—
(log N)?
where
&5 f(500(0 ¢
Gy = 500F (50019%00) —500/ £ (500(91(%, 505+ 506) — 1))
5 o P
B F(500(0 (t, ta, 25) — t —t
+500/ / (500(91(t1, t2, 555) — 1 2))dt2dt1
55 Y sss t1to
500 500
12758 t to f ((ﬂl(tl,t2,t323—t1—t2—t3))
—/ / 5 dtgdtadty
560 500 ¥ 500 titaly
< 6.06932.

Similarly, for S12 and S13 we have

2G1 3(1-t) 71 ¢ tg) C(N)N
512 (1+0 dt2dt1 D ——

t1t2 (log N)?
< 3. 9124365(]\]]3[)]\]27
S13 < (L+o(1 QGI (/ " /é 13:: tita(1 fltl tz)dtzdh) m
< 2.835087m.

(27)

(29)

(31)

For S14 and Si5, we shall use a device that has been used a lot in Harman’s sieve. Since p3 > p4, we have

Z S(Aplpzpzpz;;P(N)ap?))

1 1
N TT99 <pa <ps <pa<p1 <N I8
(p1p2p3pa,N)=1

12



< Z S (Apipapspas P(N), pa) - (32)

1 1
N T1.49 Lps<p3<p2<p1 <N &.18
(p1p2p3pa,N)=1

Here we can apply Lemma 2.1 with » = 4 to handle part of the sum on the right-hand side of (32) if
(Dy,...,Dy4) € DYU(D). We use the similar arguments as above to deal with other parts. Thus, we have

S1a < (14 of (/ / / / (Boole[(D1,...,Dy) € DY**(D)]x

11.49 11.49 11.49

9 F((191(t1,t27t3)—t1—t2—t3—t4)) 2G1 (1 t1—to—t3— t4)

. ta t3
min | — , ——
e titatst] e t1tatdty
1—t1—to—tz—ty
2G1 w ( ts ) C(N)N
Boole[(Dy,...,D,) ¢ DY (D) =—= dtsdtsdtadt; | ——L—
+ Boole[(D1,...,Dy) ¢ DY (D)] = R adtadtzdty | 0 N2
C(N)N
< 0.193502 ———.. 33
(log V)2 (33)
Similarly, for S5 we have
5 11.49 49 —t3
S5 < (1+o0(1 / / / / (Boole[(Ds,...,D;) € DY**(D)]x
t1 t2 6.18
. 9 Ja ((191(t4,t3,t2)7tlt17t27t37t4)) QGl w (1,“,?%>
min | — , ——
e t2totsty e t1t3tsty
1—t1—to—t3—ty
2G1 w ( to ) C(N)N
Boole[(Dy,...,D;) ¢ DY (D) === dtsdtsdiadty | ——L—
+ Boole[(Dy,...,D1) € DY*"(D)] p= 2t adtzdizdhy | 0Ny
C(N)N
< 0.183611 —————.. 34
(log V)2 39

Finally, by Lemma 3.1 and (9)—(34) we get
4D172(N) > (3S1 + S5 4+ Sg + Sg + 510)

— (253 + S4 + S5 + Sg + S7 + 2511 + S12 + S13 + S1a + 515)
C(N)N
> 7.8912————
(log N)?
C(N)N
(log N)*
Theorem 1.1 is proved. Since the detail of the proof of Theorem 1.2 is similar to those of Theorem 1.1 and
Theorem 1.1 in [14] so we omit it in this paper.

Dy o(N) > 1.9728

5. PROOF OF THEOREM 1.3

In this section, sets B and P are defined respectively. For S and S5, by Buchstab’s identity, we have
Sl =8 (B;P,xﬁ) =5 (B;P,xﬁ) - Y s (BP;P,Q;%)

1
x5

- Z S (Bplpzps;P’pT?) (35)

500 p3<p2<p1<z12
13



and

L L
500 Lpa<p1<z 7.2

- Z S(Bplpzps;P>p3) .

1 1
x5 7.

00 <p3<p2<p1<z7-2

By Lemma 2.3, Iwaniec’s linear sieve method and arguments in [16], [15] and [13] we have

1 F(500(90(t, 555+ 555) — 1))
/ / _ ’ 500 500
St > (1+0(1) (500f (5009, ) — 500 /L 7 dt
500
=0 f(500(00(t, ta, =i ) — 1 — ¢
+500/12 F(500(Fo(t1,t2, 555) — t1 2))dt2dt1
Y t1to
500
190(t1,t2,t3)7t1*t2*t3)
to C
/12/ / t32 )dt3dt2dt1 %
500 ¥ 500 ¥ 500 t1t2t3 (ng)
CQ(E
37439
> 0T8T (g

and

1 73 F(500(9(t, =, -L-) — ¢
Sy > (L+o(1)— <500f (50019%) _500/ (500(90 (%, 5555 500) — 1))

500

f f(500(00(t, ta, so5) — t1 —t
+500/ f ot 12, 505) —t 2))dt2dt1
_1 tltg

~+

60(t17t27t3)_t1_t2—t3)

500
) c
/ / / i dtadtzdty |
500 500 50 tthtB ( Og x)

Cox
(log 2)?’

> 4.011646 ————

I
where 19530 = 550"

t F(12(F0(ty, ¢ —t
SL> (1+o(1) (/ / A (12 (Fo(t1, i,tlg) 2))’
102

(kf(k(ﬂo(thtm 1) —t1 —t2))

max
12< k<500 ti1to
L ((190(7517t2,t3t)3—t1—t2—t3)) Oy
— 5 dts dtodtq —
% t1t2t3 (logx)
> 0.875104 20
(log )

Sy = (1+ o (/ /7 max ( 12(190(t1’ti;;:2) i t2))7

(kf(k(ﬁo(t17t27 3) —t1 —t2))
t1to

max
12<kE<500

14

(38)

2197 For S4-S%, by Lemma 2.3, Iwaniec’s linear sieve method and above discussion, we have



iR (Vo (t1,ta,t3)—t1—ta—t3) c
f/m ( t32 )dtg dtodtq 20 5
1 t1tat3 (log x)
Ogl‘
> 1.917212 40
917 o gm)Z’ (40)
. o [T [ EET) Fa2W0(te) — i~ 1) ) | Cax
52 (Ltoll / / tita . (log z)?
> 0.2828267 -~ Cot iR (41)
1
1 i F(12(9(t1, 35, 15) — t1))
Sh < (1+0(1) (/ min (12 T ,
min [ pEE@o(t, wx) —th) ) = f(k(Do(tr 2, 1) =t — t2))dt2
12<k<500 t1 1 t1to
1o F (ﬂo(t17t2»t3t)—t1—t2—t3)) o
+ / / - dtzdts | | dty il
% % tltgtg (IOgJZ)
Cox
< 7410929 — 2~ (42)
(log z)?
2
1 T F(12(90(t1) — 1))
St < (1+0(1) (/ min (12 ‘ ,
4
(o (t1)—t1—t2)
i R (E(o(ty) —t1)) /112 f( I >dt dty | =22
128k<500 t1 ; t1t3 2 ' (log z)2
< 0.925271 2% (43)
(log z)?

For S15,—S6, by Chen’s switching principle, Lemma 2.4 and above arguments on estimating S11-S15 we

have

11 log (2 — 2= C
Sty < (1+o(1))G2 / <tt+1>dt 2t
2

ev (log x)?
< 1960955 7" )2 : (44)
6.2 log 2 5— =% C
< / t+1) gt 2T !
2.5 (log )
22" 45
< 1.69911 o gm)2’ (45)
Gy [ [*°log(t—1) Cox
1 —= dt
Sta< (oS ([ e
Cyx
46
< 0152213527, (46)
t3
St < (14 0(1 (/ / / / (Boole[(Ds,...,Dy) € DY'(D)]x

15



1 F ((1.90(t17t27t3)7t17t27t37t4)) G w (17t17t27t37t4)
2

. ta ta
min | — , —
e t1tatsts e t1tatdty
1—t1—to—tg—ty
Gy v ( t3 ) Cox
Boole[(Dy,...,Dy) ¢ DYY(D)]— dt4dtzdtydt
+ Boole[(Ds, ..., Dy) ¢ DY (D)] o trlat2ty 4dtzataaty (log z)2
Cox
< 0.031709 —"——, 47
(og ) 1)
E (2,42 1;)
7.2 7 42 well
Sie < (1+0(1)) ( / / / (Boole[(Dy,...,Dy) € DY (D)]x
e
| ) ((ﬁg(t4 ts,ta)— t1 to—ts— t4)> G, (1—t1—tt22—t3—t4>
min | — , —
e t? t2t3t4 e t1t3tsty
1—t1—to—t3—1ty
Gg w ( to ) CQJZ
Boole[(Dy,...,D;) ¢ DY (D)]— dtydtzdtadt
+ Boole[(Dy,...,Dy) ¢ DY (D)) = 11 2tsts adiadiadty | G0y
C.
< 0.245969 2% (48)
(log )?
where
500(9 i - t
Gy = 500F (5009, ) — 500 F 1(500(0(t: 5o 5m0) =) 4y
500 1 t
500
t F(500(00(ty, ta, =25) — 1 —t
+5oo/ / vhasng) h ) g,
A tito
: (ﬂo(t17t27t3)—t1—t2—t3)
/ / /2 w dtsdtodt
5 3dtadty.
500 50 ﬁ t1t2t3
< 5.81637. (49)
For the remaining terms, by the arguments in [3] and [22], we have
EOQJ)
Sy 50
8 < (log ZL’)Q, ( )
12 [G=D12 Cox
Sy < (1 1)— dt | <£0.111039————, 51
o < (140 ))e‘Y (/1_2 122%x12—1 (log x)? (51)
(20 100)
12 ( Gn—dw)2 P C
10 < (140(1)= / #dt < 1169696 —2— (52)
eV \Ji-112 gy X 12—t (log x)
, eChx
_ 53
11 < (lOgI)2 ( )

Finally, by Lemma 3.2 and (35)—(53) we get
4y o(x) = (3S] 4 Sy + S5 + S4 + SE)
— (25§ + 257 + S§ + Sg + S1o + 511 + S1a + 513
+ 2814 + Si5 + Sig + S17 + Sig + Sig)

> 51036227
(logz)?
CQ$
1.2 .
7T172( ) 759( g.’L‘)2
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Theorem 1.3 is proved.
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