HYBRID ESTIMATION OF SINGLE EXPONENTIAL SUMS, EXCEPTIONAL
CHARACTERS AND PRIMES IN SHORT INTERVALS

RUNBO LI

ABSTRACT. We provide a new hybrid estimation of single exponential sums, combining Van der Corput,
Huxley and Bourgain’s result. We also focus on primes in short intervals (z —z®, z] under the assumption of
the existence of exceptional Dirichlet characters and get a small improvement of a 2004 result of Friedlander
and Iwaniec. By using our new estimation of exponential sums, we extend the previous admissible range
04937 < a<1t004923 < v < 1.

1. INTRODUCTION

The famous Riemann Hypothesis is equivalent to the asymptotic formulas

— _ T+e __Z I+e
P(z) = n;cj\(n) =240 (w ) and 7(z) logz +0 (ZL‘ ) ) (1)
where A(n) denotes the von Mangoldt function. These imply that
o ) — o %+8 o e xa %+5
Y(z) —Ylx —a%) =24+ 0 (x ) and 7(z) —w(x —z) g 7 +0 (:C ) (2)

for % +¢& < a < 1. Clearly this shows that there is always a prime number in the short interval (z — x%*‘g, x).
Unfortunately, we can’t prove (2) unconditionally. Now the best unconditional result is due to Baker,
Harman and Pintz. In [1] they showed that 0.525 < a < 1 is admissible. But even we assume the Riemann
Hypothesis, we can’t extend the range % + ¢ < a < 1 anymore.

In 2004, under the assumption of the existence of exceptional Dirichlet characters, Friedlander and Iwaniec
[3] first extended the range of « to some numbers below % Actually they proved the following theorem:

Theorem 1.1. ([[3], Theorem 1.1]). Let x = xp denotes the real primitive character of conductor D,
x > D" with r = 18289 and % < a<1l. Then we have

b(@) = e — o) =2 {140 (L1, ) (log )" ) }

and
«

m(@) = m(w—2%) = = {140 (L1, ) (log )" ) },

log
where L(s,x) is the Dirichlet L-function.

In fact, their result strongly depends on a deep result involving product of three Dirichlet L-series by
themselves ([4], with only classical Van der Corput method):

Theorem 1.2. ([[4], Theorem 4.2]). Let x; (modD;) denote primitive characters and D = D1DyD3. For
any x > 1, we have

A= X ) xe(na) o (na) ~ Resecn (L (sv0) L (s x) L o) & )
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In 2017, based on his previous work on higher order derivative tests for exponential sums [7], Nowak [§]
[9] combined the classic Van der Corput method with Huxley’s ”Discrete Hardy—Littlewood method” (see
[5]) and obtained the following two estimations of A:

Theorem 1.3. ([[8], Theorem 1], [[9], Theorem 3]). Put Dpax := max (D1, D2, D3), then for any x > 1,
we have

2498 79 1281 5185055

474
A < € (D 603 D3t 1691 'L 5073 4 [)B1168 s1i6s DA 152336 I54112 + 144981 rioeT D3t 16109 x 11681 + D 3101605 D6764 3;4809204) (A)

and
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B)

Obviously, both (A) and (B) in Theorem 1.3 imply the same bound A < D367 3073 <. In this paper,
we further combine Nowak’s work with Bourgain’s new bound (see [2]) and get some improvement on
Theorem 1.3. We will give a detailed proof of one of our results which is the following one:

Theorem 1.4. Put D,y := max (Dy, Da, D3), then for any x > 1, we have

511 675 56039 419257 17936 éﬁ 91507 )

A <zt (D 519 D346 1038 | D692D13841‘1384 + D213309 D284412 853236  [) 50843 [) 92 1201372
< D163 g Toss
Then by the similar arguments as in [3], we can get the following result on primes in short intervals:

Theorem 1.5. Let x = xp denotes the real primitive character of conductor D, x > D" with r = 433433
and 0.4923 < o < 1. Then we have

b(@) — Yz — 2%) = 2° {1 +0 (L(1,X)(1ogx)“)} .

and
«

m(x) — 7wz —a%) =

s {1 1o (L(1,X)(1ogx)“)}.

remark. We have 0.4936 < 23 < 0.4937 and 0.4924 < 2509 < 0.4925.

Compare our Theorem 1.5 with Theorem 1.1, we can find that our result is non-trivial if

L(1,X) < (log ) =348 (3)
or
L(1,x) < (log D)~ 433433771 (4)
if D is a positive power of z. Unfortunately, Zhang [10] posited that there is no L-function with
L(1,x) < (log D)~2°22, (5)
Corollary 1.6. If the condition (3) holds, then there is always a prime number in the interval (x—x%4923 z].

2. HIGHER ORDER DERIVATIVE TESTS FOR SINGLE EXPONENTIAL SUMS

Lemma 2.1. Forr > 4 a fixed integer, and positive real parameters M > 1 and T, suppose that F is a real
function on some compact interval I* of length M, with r + 1 continuous derivatives satisfying throughout

FO <TM™ for j=r—2,r—1,r
Then, for every interval I C I*,

F = Z ezﬂ'iF(m) < Mav-Tbr + Mng"']r + Ma‘r + M’YT»TflsT,
mel
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_ 13 _ 13 _ _ 31 _ 334 _ _ 1 .
where ay = 5,by = g5 + 6,84 =0,m4 = g7 +€,04 = 377,74 = 1,04 = 3, and for every j > 4,

g Gt tbia kL b
T2(ba 1) T 2(ba 1)
(G )by + 1) —ajimi B nj—1 Lo+l
6‘7 - ] 9 T]] ~ 5(n. _ L1\’ Oéj - T 5 >
2(bj—1+1) 2(bj_1+1) 2
b= G0t i A ) (i 1) -y G
! 2(bj—1+1) T 2(b + 1)

Proof. The proof is very similar to that of [[7], Theorem 1]. The only difference is that we use the bound
E < M2T#&%¢ in the range T ¢ < M < T? and the bound E < M2T36s5¢ <« Mitote <« M1l in
the range T: < M < T3ste. We remark that Bourgain and Huxley considered the exponential sums
defined on different summation ranges of m. For this, we just need to set a function g by g(m) = f(2m) or
g(m/2M) = F(m/M) in the range T32 ¢ <« M < T2, where the function f is defined by F(m) = T'f(m/M)
as the same as in Nowak’s papers. O

Lemma 2.2. For positive real parameters M > 1 and T, suppose that F' is a real function on some compact
interval I* of length M, with 6 continuous derivatives satisfying throughout

FU <TM™7 for j=3,4,5.
Then, for every interval I C I*,
E < MIiTate 4 M Tioste 4 V5235 4 M 101 757

Proof. This is the case r = 5 of our Lemma 2.1. O

3. A PROBLEM CONSIDERED BY FRIEDLANDER, [WANIEC AND NOWAK

We follow in all essentials the argument of [8] and using our Lemma 2.2. We write e(w) := €™ and

start from the estimate
1
_ _ — 1 D 2\ 3
A< Dbty lm)Xe(m)Xs(na), <i3 (=) ) +a (Af ) (6)
ninanz <N (ningng)®
where the sign + is chosen so that the modulus involved becomes maximal. This result is immediate from
[[4], Proposition 3.2]. The exponential sum here can be split up into O (log3 ) subsums

S(N1,Na,N3) = > X1 (n1) X2 (n2)X3(n3)e<i3 (W)é>

ny~N; (n1nans) D
21,23

ol

@l

with NyNoN3 < N throughout. Without loss of generality we assume that Ny < No < N3, and put
P = N1 N3;N3. Then obviously

S (N1, N2, N3) < p3 Z

’I’L]'NN]‘
§=1,2

> xs(na)e <i3 (mngw)é> ‘ : (7)

’I’LgNNg

Here integration by parts has been used with respect to n3, and trivial estimation with respect to ni,ns.
For each fixed pair (ny,m2), the range for ng is chosen in such a way that the absolute value on the right
hand side becomes maximal.

The next step is to express the character ys by means of the Gauss sums G (m, x3):

X3 (n3) = ;iG(m»Xa)e <—ﬂ;?> . G(m,xs) = g:l)—(g(k)e (g?)
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Since |G (m, X3)| < Dé < Déax, it follows that for each fixed (ni,ns), with ny ~ Ny, ng ~ Na,

1 1
_ Nn1MNoN3T\ 3 1 N1MN2N3T\ 3 mns
S olm)e (23 (W) )« Db e, | 52 e (3(F)" )

n3~N3 nz~N3

The last exponential sums will now be bounded by Lemma 2.2. The conditions of Lemma 2.2 are satisfied

with )
Pzx\?3
M - 2\737 T — (D)

Therefore, by Lemma 2.2 we have

5 o (05

n3~N3

13 L. 3L
1 1s9 Px A 163 Pz\?®\ ' e 745 215 Px
<K Dhax | N (D) + N3 (D) + N3** + N3 (D)

By (7)-(8) we get that
DéZC%S(Nl,NQ,Ng)

=
SN——
|
4
S
—~~
oo
=

<<D6:L‘3P Dr?lax < TB]\/'3 T 582 ;582 +D7582N3 388 D¥s3 582 +N3 822 +DWN3194P79—77 79—77)
55

69 69 11 7&
101 3

<Diay (D97N %5 pii g9 4 DB A,

By the trivial facts P3 < < N3 < N to get rid of N3 and P < N, we have

Dz
se(2

Finally, by choosing

) +Dmax (DwNzglxﬁ% 4+ D57 N 358 p 194 4 )5 N 3466 15 | DFss N 555 201 ) . (10)

55 291 181
N = D713 D, 548 36
we obtain the bound

A < xf (D 519 D546 1'1501318 + D592D13841~1637854 + D25163033099 _D284412 xéégggg + Déggig D& {E%)
<Dy e, (11)
which is our Theorem 1.4, improves Nowak’s Theorem 1.3 (we have 0.4924 < 2198 < (.4925 and 0.4922 <

511 5073
S < 0.4923).

4. A NEW APPLICATION: PRIMES IN SHORT INTERVALS

In his articles [7]-[9], Nowak considered several problems concerning products of L-series and pointed
that his method is more powerful in the case of exponential sums depending on several parameters. For
exponential sums depending on one parameter only, multiple sum estimations are often more powerful. (see
[[9], Concluding Remark]). Clearly our new estimation can improve these results. Now we follow Friedlander
and Iwaniec directly and show that our Theorem 1.4 can be used to extend the range of . We first introduce
some arithmetic functions:

An) = > x(d), v(m):= > pla)u(d)x(d), p(n):= > Am

ad=n ad=m lm=n

and a close relative of A(d), namely

which has the follovving properties:

=D A A(n) = > N(dv(m), 0<N(d)<7(d)logd.

be=d dm=n



In the classical divisor problem, one need to get an asymptotic formula for the functions:

D(z;)) =Y An),

n<x

and we also need the asymptotic formula for

Lemma 4.1. For x > 1 we have

D(z;N) =Y XN(n)

nx

D (;)) =L(1, )z + O (D%x%+€) , (12)
D (2:N) =L(1,x)zlogz + (L'(1,x) — L(1,y)) = + O (Dx+) , (13)
D (x;p) =L(1,x)xlogz + (L'(1,%x) + (2y — 1)L(1,x))z + O (D%x%ﬁ) ) (14)

where v is the Euler constant and the implied constant depends only on €.

Proof. These can be proved by similar arguments as in [4], and the only difference is that we use our
Theorem 1.4 instead of Theorem 1.2 in order to prove the formula (14). ]

Now we split the functions p = p* + p,, A = A* + A, and further define

)= 3 A(m),
Im=n

puln) =Y A(m),
Im=n

mgz)Q m>732
A(n) = Y N(dv(m), Aun):= Y N(dv(m),
m<D? Rt
Pr(x) =Y A*(n), u(x) = Au(n).

Lemma 4.2. [[3], Corollary 4.2]. For D3z% <y < x we have

¥ (z) — " (z —y) =y + O (L(1, x)y(log z)")

where the implied constant is absolute.

(15)

By Lemma 4.1 and similar arguments as in [3], for D2z 1000000 < y < & we obtain the following asymptotic
formula

D (x;ps) = D (x — y; p) = L(L, x)y{logz + O(1)}. (16)
Now by (16) and
() = vu(z — )| < (log ) Y (27(8)* [D (267} p.) =D ((z — y)6 "5 ) ] (17)
S<A
with the bound
3 7(0)457 < (log A)** (18)
s<A
where A = g7, A = Tlloogg; and r is a positive integer, we have
Lemma 4.3. For D3z 1000000 T 10000007 < y < x with r > 1, we have
bula) = (@ =) = O (L1, yllog ) %), (19)

where the implied constant depends only on r.



Adding (19) to (15) we find that
b(@) = (@ —y) = O (L1, )y(log )" **) | (20)

subject to the conditions of Lemma 4.3. We require D < x7 and then choose a number 6 with
satisfies

492293 1
1000000 < < 2

5 492293 507707

2r + 1000000 + 1000000r ~
By choosing 0 = 0.4923 and r = 433433, we complete the proof of Theorem 1.5. We remark that the range
0.4923 < o < 1 is rather near to the limit obtained by this method. In his preprint [6], Merikoski mentioned
that some sieve arguments can be used to this problem.
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