AN AVERAGE BRUN-TITCHMARSH THEOREM AND SHIFTED PRIMES WITH A LARGE PRIME
FACTOR

RUNBO LI

ABSTRACT. The author studies an average version of Brun—Titchmarsh theorem with large moduli. Using Maynard’s recent
breakthrough on the Bombieri—Friedlander—Iwaniec type triple convolution estimates, we refine the previous result of Baker
and Harman (1996). As an application, we improve a result of Baker and Harman (1998) on shifted primes with a large
prime factor, showing that the largest prime factor of p — 1 is larger than p0'679 for infinitely many primes p.
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1. INTRODUCTION

One of the most important problems in number theory is the twin prime conjecture, which states that there are infinitely
many primes p such that p + 2 is also prime. This conjecture still remains open, and there are three main ways to attack this
conjecture. The first way is to study p + 2 with few primary factors, and the best result is due to Chen [8], who proved in 1973
that there are infinitely many primes p such that p + 2 has at most two prime factors. One can also see [7], [36], [25], [24],
[30] and the author’s preprints [20] [21] for further refinements. The second way is to study bounded gaps between consecutive
primes, and we refer the interested readers to the works of Zhang [37], Maynard [27], Polymath8b [31] and Stadlmann [34].

The third way to attack the twin prime conjecture is to consider the largest prime factor of p + 2. Let PT(n) denote the
largest prime factor of n. Since we have Pt (p) = p, the twin prime conjecture is equivalent to the following statement: There
are infinitely many p such that

PT(p+2)> Pt (p)=p. (1)

Or, in general, there are infinitely many p such that

Pt(p+a)>p (2
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for a fixed non-zero integer a. We don’t know how to prove (2), but we can prove some weaker results along this way. Using
the Bombieri-Vinogradov Theorem proved in 1965, Goldfeld [14] showed in 1969 that there are infinitely many p such that

Pr(p+a)>p®© (3)

@} . In order to deal with
one needs to study an average version of Brun—Titchmarsh inequality, and prove strong upper estimates

for some ® > % After Goldfeld, many mathematicians improved the lower bound for ®. Let 6 € [%,
6 larger than %,

C(0)x

v(q) logz “)

7 (2;¢,a) <

with an upper constant C(0) for almost all moduli ¢ < 2 (with at most O (z?(logz)~#) exceptions). The progression of

records for ® can be seen in the following table.

© =~ Author Year New ”almost all” Brun—Titchmarsh result
+
1-lemid 0.6105 Motohashi [29] 1970 7 (z:q,a) < %7102 q<x, g~ z° (for all q)
. 1 [[17], Theorem 1]
2-3e 12 0.6199 Hooley [17] 1972 (fg+e)e 1 4 .
™ (:¢,0) < Cyioge 0 T2 <a<z5, g~z
5 0.625 Hooley [18] 1973 9], )] 1 3
5 . oy, 1 3
8 w(m;q,a)giwﬁq_)‘_fg;z, 2 <g<zi
[[19], Theorems 6 and 10]
5 173 1 (6—870 +5)z 1 8 0
33— 7135 3€ 8 0.6381 Iwaniec [19] 1982 ) <) e 2 <¢<z13, g~z (for all )
273757 m(z39,0) < 125+e)a
5—30 8 2 0
“e@logs > PP SIS<TP 4T
3 [[9], Theorem|
1—1e78 0.6563 | Deshouillers and Iwaniec [9] | 1984 4 4\
3 . < \3(-9) 2 <qg< ~ 70
W(xv%a)\va qg<T, g~T
55 XD (555 X
(35 — 21log (L‘g) 1! }( Theoreme]
40 _ =
-&-3_56101020T 6T))) (25 e ;O ( ) ) , ac% <g< 13100347 q~zf
8 (369))) > | 0.6578 Fouvr 10010
. y [11 1984 __as_ o (10(1-6) ..
(20exp (ng X . m(@g,0) < (artm A;Zi)(loggze )+E)$, 2101 < g <219, g~ af
(35—2110g (—3) 48
100 (47—569+€ x 10 1 0
—6010g(ﬁ) o) ogT r19 < qg<x20, g~ T
+351og (355))) = 9)
[[12], Théoréme 3|
(1+Sleve Integrdls«ke)z7 £E2 <qg< x3—7 g~ 20
(1—9)
5 —1 z
(ot w?g)( )H)Lv 23 < g <15, g~ af
0.6683 0.6683 Fouvry [12] 1985 ) (52055 —tog (245 & ‘” )+e) 5 4 0
77(£7Q7a)< Lp(q)logz 5 x5 <qg<x7, qg~T
+e)x 4 3
%@szgj 7 o <ot anst
( 9+s x 3 5 0
e(g)loga > rTh<g<zTT,q~T

In 1996, Baker and Harman [1] presented a mixed approach to this problem. They combined the traditional average Brun—
Titchmarsh approach (with a refined version of [[12], Théoréme 3] which will be used in Section 6.10) with the alternative
sieve developed by Harman [15], using the estimates of Bombieri-Friedlander—Iwaniec type (see [5] and [6], for example) as
arithmetic information inputs. Their method is more powerful when € is near to % In this way they got ® = 0.676. Two
years later, they [2] further developed a variant of the three-dimensional alternative sieve used in [1] and obtained a saving over
one-dimensional sums, leading to a better result ® = 0.677. Although this result only improved the previous one by 0.001,
it was still a improvement since they used a continuous version of alternative sieve, and any saving on a single point became
quite small after integrating. Because of the lack of new arithmetic information, even 0.678 seems impossible without any new
things.

Recently, Maynard [28] got a new breakthrough on the distribution of primes in arithmetic progressions to large moduli
q=qiq2 ~ x%_a. The main theorem in his paper is not applicable here, but we find that one of his lemmas (Proposition 8.3)
can be used here as a new arithmetic information input. By inserting this into the sieving process in [1] and [2], together with
a careful numerical calculation for sieve integrals, we get the following sharper result.

Theorem 1. There are infinitely many primes p such that

P+(p+a) > pOA679—E.
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In order to prove our Theorem 1, we need to give good upper bounds for C(6) in (4). Clearly this yields an improvement
over the main (numerical) theorem for C2(6) in [1]. All the numerical values of integrals in Section 6 are calculated using
Mathematica 14.

Throughout this paper, we always suppose that ¢ is a sufficiently small positive constant and z is sufficiently large. Let
0 €[0.5,0.679] and Q = x?. The letter p, with or without subscript, is reserved for prime numbers.

2. AN OUTLINE OF THE PROOF

Let
Al={n:n~z, n=a(modq)}, BI={n:n~z, (nq) =1}

Ca={n:ndeC}, P(z)= Hp, S(C,z) = Z 1.
p<z nec
(n,P(2))=1
To prove our Theorem 1, it suffices to show that
> m(z;p, —a)logp > ex. (5)
z0‘579§p§z+a

Note that we have

Z log(p + a) Z Z A(n)

p<w p<z n|(pt+a)

S logpe +ofe)

P1<z p2|(p1ta)

> 7(x;p,—a)logp + o(x) (6)

p<z+ta

and

Z log(p + a) ~ . (7)

P
By the Prime Number Theorem, we have

> w(@;p,—a)logp > (1 — &) (8)
p<z+ta

From the Bombieri—Vinogradov theorem and the Brun—Titchmarsh inequality, we have

1
S (29, —a) logp < (5 +s) 2. (9)
PSI%

Thus, in order to show (6), we only need to establish that

1
Z m(z;p, —a)logp < (5 - 35) x. (10)
z% <p<a0-679
We remark that one can also see [22] and previous articles on that topic to get the idea of using a continuous version of Harman’s
alternative sieve to give an upper bound for a special sum over primes in a fixed range. By the definition of the sieve function
and Prime Number Theorem, we have

3 1:5(,4‘1,(235)%) and S(Bq7(2:c)%):(1+o(1))

peAd

=, (11)

log z

Thus, we need an estimate for S (Aq, (295)%) that holds for almost all ¢ ~ Q. Our aim is to show that the sparser set A9

contains the expected proportion of primes compared to the larger set B9, which requires us to decompose S (Aq, (2x)%> and
prove asymptotic formulas of the form
S (A, z) = (1+0(1))i5(5"72) (12)
©(q)
for some parts of it, and drop the other parts. The dropped parts must be negative, since we want an upper bound. If we have,
for almost all ¢ ~ Q,
x

S(AQ,(zz)%) < C(e)m,

(13)

then trivially
m(z;q,a) < C’(@)#. (14)
¢(q)logx

Note that C(0) is monotonic increasing ([[1], Theorem 1(i)]). Combining (15) with the bound

0.679 1

/ co)do < (15)

0.5 2
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we can easily deduce (11) and prove Theorem 1. Now we only need to prove (16) by giving upper bounds for the function
C(0). In Section 6 we shall consider it with @ lies in different intervals. Note that each 6 corresponds to an independent sieve
decomposition.

In the process of giving asymptotic formulas like (13) in Harman’s sieve, one needs the following types of arithmetic
information (with all variables are dyadic constrained, and all coefficients are divisor-bounded):

Z Ya Zam Z 1=(01+ o(l))ﬁ Z Yq Zam Z 1, (Type-1;)

q~Q m mny--n;€AL q~Q m mny--n;EBI

1
Z Yq Z al1,m1a2,mo """ Aj,m; = 1+ 0(1))% Z Yaq Z a1,m1a2,mg """ Aj,my, (Type-11;)

~Q  mym  EAT q~Q  my-m;EBY

v Y ambn Y 1=(1+ o(1))$ v D ambn > L (Type-1/11)

q~Q m,n mnleAd q~Q m,n mnleBI
We can combine Type-I; and Type-II information together to prove asymptotic formulas for sums of S (Ap,...p, ,2"0), and
sometimes we can use only Type-II information to give asymptotic formulas for sums of S (Ap, ...p,,, Pn). For the two-dimensional
or even three-dimensional alternative sieve, Type-Is and Type-I3 information is required.

3. TYPE-II ARITHMETIC INFORMATION

In this section we give several results of the form

1
Z Yq Z A1,m1a2,my " Aj,m; = 1+ O(D)ﬁ Z Ya Z al,mya2,my """ Aj,m;
q~Q  my---mjeAl Lol my--m;€BY
mi~M; mi~M;
NN NN
(The errors, here and in lemmas below, can be bounded by z(logz)~# for some large A > 1.) The three conditions we want
the coefficients to satisfy are as follows:
(Condition 3.1: Siegel-Walfisz condition) For any f > 1, kK > 1, b # 0 and (k,b) = 1, we have

! (Sior INI2) 2 L2 (d(f))P
2 M= om 2, N+0 - (log L)A

I~L I~L
I=b(mod k) (1, fk)=1
4, f)=1

(Condition 3.2: No small prime factors) We have A\; = 0 whenever | has a prime factor less than exp (log z(log log z) ~2).
(Condition 3.3: Values often larger than 1) We have

2
AR BIPEES (Z |)\l|2> .

I~L I~L
Lemma 3.1. ([[1], Lemma 3], [[16], Lemma 8.1]). Let M1 Ms = x and min(M1, M2) > 2=’ Suppose that az m, satisfies
Conditions 3.1-3.3. If we have
e2—1,2 5 g2 4
T Q7 < My <zx6 Q7 3,

then 1
Z Yq Z a1,ma2,my = (1+ O(D)ﬁ Z Yq Z a1,mya2,my-
q~Q  mimaeA? Lol mima€B?
m;~M; mi~M;
1<i<2 1<i<2
Proof. This follows from [[5], Theorem 3]. O

Lemma 3.2. ([[1], Lemma 4], [[16], Lemma 8.2]). Let M1 MoM3z = z, min(My, M2, M3) > 2¢” and A > 0. Suppose that
@j,m,; (G = 1,2,3) satisfy Condition 3.2 and a2 m, also satisfies Condition 3.1. If there exists B = B(A) such that the
following conditions
Q(logm)B < M1 Ms,
M2ME < Qu'—=,
MPM2 < 22=%°
and ,
Mi{M3 < 2?7
hold, then
1
Z Yq Z a1,m;02,m203,m3 = (1+ 0(1))@ Z Yq Z a1,m;a2,moa3,ms3-

q~Q mimomg€eA? q~Q mimomg€eBY
m i~ M; m i~ M;
1<i<3 1<i<3

Proof. This follows from [[6], Theorem 3]. O



Lemma 3.3. ([[1], Lemma 5], [[16], Lemma 8.3]). Let M1 MoMs = x, min(Mi, M2, M3) > 2¢” and A > 0. Suppose that
ajm; (3 = 1,2,3) satisfy Condition 3.2 and az,m, also satisfies Condition 3.1. If there exists B = B(A) such that the
following conditions

Qlog )8 < My Ms,

2
My M2Q? < 2273

and
MPM3 < 2273
hold, then
1
Z Yq Z a1,m102,m303,m3 = (1 + 00))? Z Ya Z a1,m1a2,ma3,m3-
q~Q mimomgeA? P q~Q mimomg€eB
m i~ M; m i~ M;
1<i<3 1<i<3
Proof. This is a slight variant of [[6], Theorem 4]. O

Lemma 3.4. Let M1 M>Ms = x, min(M1, Mo, M3) > 2= and Q< 20-7-¢2, Suppose that aj m; (7 = 1,2,3) satisfy Condition
3.2 and az,m, also satisfies Condition 3.1. If the following conditions

&_2
Qz= < MMz,
—1,_1-2¢2
M2 < Q T € )
My My < Q7 231~ 102

and o ,
MfMg < Q*1x§7_10€
hold, then
1
Z Yq Z a1,mq102,moA3 mg = (1 + 0(1))ﬁ Z Yq Z a1,mqa2,msa3 mg-
a~Q  mimomzEA9 LSl my1momg€BI
my~M; m;~M;
1<i<3 1<i<3
Proof. This follows from [[28], Proposition 8.3]. O

4. SIEVE ASYMTOTIC FORMULAS

In this section we give asymptotic formulas for sums of sieve functions S (Ap;...p,,, Pn) and S (Ap,...p,, £0) with ko = K or
/
r’, where

s och--

k= k() = %—35, %—a<9<%—a7
3-56 7 4
S22 -2, 3 —e<0< % —¢

and

We also write

3(15—0) —e, 0K 1%7
T=1(0)=1%-¢ 5 <0<{r—e
57—;69 —&, % —e <9,
and
T':T’(O):{S;w’ %75.<9§%75,
T, otherwise.
Now, we put p; = 2% and write o, to denote (ai,...,an). We shall use the terms partition and ezactly partition many

times in the rest of our paper. One can see [[16], Page 162] for the definition of them. Next, we shall define some regions that
represent parts of the conditions of the asymptotic formulas. Note that all regions below are defined on 6 € [1 4

27
— 86
{(s,t):249—1<s<5 68 },

g, = {(s,t):s+t>0, 2s+3t <146, 5s+2t <2, 4s+ 3t < 2},
gs = {(s,t):s+t>0, s+2t<2—20, 5s+ 2t < 2},
153 1 57
= ) : t>0,t<1—20, t< — — =6, 4 t< ——0,,
94 {(S)S+ SIS pp — 7t BTt }

{a]-:82<aj<-~~<a1<7', a1+--~+ozj<1}7

g1

Aj
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T*:{(st) 0<s< - ,0<t< -

T% = {a; : o partitions exactly into T},
S={(st):s<1-0, s+2t<2-20, s+4t<2—-0},
S; = {a; : o partitions exactly into S},
U, =U.0) = {aj:a; € Aj, (a1,...,an,20 —1+¢€) € Sjt11},

80 — 2 5—60}

J J
U’(9), 0< L,
U;=U;(0) =1’ 13
J 5(0) {{aj:a]-GAj, ajET;f}, 92%,

2
U’ = {a; : o partitions exactly into T"*},

1—
T**:{(st) - <s<1-0,0<t< s},

G; = {aj tay € U;f, or a; partitions exactly into g; U g, U g3 Ug4} s
R= {052 tag < ap, a1 +2a2 <1, a1 +4az >3 — 360, 3a2 > 2a7,

10 -1
max(r, %) galémin(g, 4—70)},

Ry = {a2:a1 +2a2 <1, a1 +4as >3 — 30, 3az > 2a1,

19 —7 500 — 19 3
max , ——— | <a1 < oo,
7 17 7

D= {as:a1 >k, ag 2 K, ag > K, a3 ¢ Gs,

(a1,a2 + a3) € R with ag > a3 or (a1 + a2,a3) € R with a1 > as},
Dy={as:a1 2K, a2 2K, a3 2 K, a4 2 K
ay & G4, (o1 +a2,a3 +a4) € R},
D3 = {as:a1 2k, az 2k, az 2k, a3z ¢ Gs,
(1,2 + a3) € Ro with a2 > ag or (a1 + az2,a3) € Ry with a1 > as},
Dy={as:a1 =2k, ag 2k, ag = Kk, aq = K,
as & Ga, (01 +az2,a3 +a4) € Ro},
Uzz{agzé 6<g Héalég,n<a2<min(a1,%(l—a1))},
A= {ag roe € U, ag %GQ, al + a2 <9},
B = {ag to2 € U, ag %GQUA, a1 + 4das <3—39},
C={az:a2 €U, s ¢ GoUAUB}.
Then we list some asymptotic formulas for sums whose variables lie in some suitable intervals. Note that from here we write

A9 and B? as A and B for simplicity, and the readers should remember the outer summation over gq.

Lemma 4.1. ([[1], Lemmas 7 and 18], [[16], Lemmas 8.6 and 8.14]). Let % <0< % and suppose that min a; > €2. Then we

have, for almost all ¢ ~ x?,

Z S(Am---pjzpj):( +o(1)) <p() Z S Bm pJvPJ)

a; €G a; €G
Lemma 4.2. ([[1], Lemmas 15 and 16], [[16], Lemmas 8.11 and 8.12]). Let £ <0< %. Then we have, for almost all ¢ ~ z?,
ST S (Apypy,z®) = (1+0(1)) ( > S (Bpypy,a").
a;eU; ajel;

<0 < L Then we have, for almost all ¢ ~ z?,

20
Z S (.Aplmpj,m"i) =(14o0(1)—

oy w(a)

1
Let 2

Z S (Bplmpj,m"/) .

. 7
oy GU]-

Lemma 4.3. ([[16], Lemma 8.15]). Let % <0< ; and M < x27°Q73. Then we have, for almost all ¢ ~ 2% and a
divisor-bounded sequence am,,

s

") = o S a "
> amS(Am,2") =(1+ (1))w(q) > amS (Bm,z").

m~ M m~ M

3
Note that we have 7 < x2~°Q~3 when 0 < 357 —E



L Then we have, for almost all q¢ ~ x?,

Lemma 4.4. ([[16], Lemma 8.16]). Let £ <6 < &

K 1 K
> S Appssa®) =1 +0(1)—= > S(Bpips,a").
?(@) 308

a€EAUB
5. HIGH-DIMENSIONAL SIEVES
In this section, we mention several results regarding the upper bounds for some sieve functions. These upper bounds are

0

L7 Then we have, for almost all g ~ x?,

proved using two- or three-dimensional sieves.
<0< 535

Lemma 5.1. ([[1], Lemma 20/, [[16], Lemma 8.18]). Let %

1
- > S (Aprop1) < (1 o(0) o5 | = > SBpp)+ > S (Bpymupgp3) |
1-0<a1<d v 1-0<a1 <} r<ag<a;<g
1-0<a1+68<0
a3<min(,8,%(lfa17ﬁ))
(a1,8,a3)¢G3

0

where m = z# and (m, P(p1)) = 1.
Then we have, for almost all q ~ x,

Lemma 5.2. ([[1], Lemma 24], [[16], Lemma 8.23]). Let % <0< é—f.

S smm,x”)s(lwunﬁ > 8 Brupars®) + o+ 12) |

az€ER as€ER
where
w (14171&271&3)
1 3
I = 7/ ——— - dt3dtadty,
K J(t1,t2,t3)€D1 titats

1—t1—to—tg—
w( 1—t2—t3 t4)
K

t1tatsta

1
dtadtsdtadty,

.y
K J(t1,t2,t3,t4)€ED2

where w(u), here and below, denote the Buchstab function determined by the following differential-difference equation
z;.)(u):l7 1<u<2?,
u
(uw(w)) = w(u — 1), u > 2.
0

Lemma 5.3. (/[2], Lemma 24]). Let % <0< 3—725. Then we have, for almost all ¢ ~ zY,

3 S(Am,w“><<1+o(1>>$ > S (B ™) + o Us 1) |

azERy

azERy

where
1—t]—to—t3 )

I 1/ w( =
3=

K J(t1,t2,t3)€D3 titats
w (M)

dtsdtadty,

K

dtydtsdtodty .

: /
K J(t1,t2,t3,t4)€EDy

6. THE FINAL DECOMPOSITION

Iy =
4 titataty

In this section, we ignore the presence of ¢ for clarity. Let w(u) denote the Buchstab function defined in Lemma 5.2. Let
< 0 < 0.679. We shall split this range of 0 to several subranges and use different methods to treat them and obtain good

1
2
bounds for C(9).

25

6.1. Case 1. % <0< o
Buchstab’s identity, we have

S(A,(Qz)%):S(A,a;")— ST 5 (Apy,p1)

. In the first subrange, we can use the lemmas in Sections 4 and 5 with their full power. Using

n§a1<%
= S(A,z") - Z S (Apy;p1) — Z S (Apy;p1) — Z S (Apy,p1)
r<a1<2 2<a1<1-9 1-0<a1 <1
(16)

= S11 — S12 — S13 — S14.



By Lemma 4.3, we can give an asymptotic formula for S11. By Lemma 4.1, we can also give an asymptotic formula for Sis3.
For S14, we can use Lemma 5.1 to give an upper bound with a loss of

Z S (Apymps,P3) - (17)
m<a3<a1<%
1-0<a1+B<0
a3<min(ﬁ,%(17a1 7[:?))
(a1,B,03)¢G3

For the remaining Si2, we perform Buchstab’s identity twice again to get

Si2 = Z S (Apy,p1)

k<a1 <3

p— K

= § S (Apy,z") — E S (Apypy,D2)
k<ar1 <3 k<a1<3

n<a2<min(a1,%(1—a1))

= Z S (Apy,x"™) — Z S (Apipasp2) — Z S (Apipzsp2)

k<a1 <2 r<a1<3 k<ar <3
n§a2<min(a1,%(1fa1)) n§a2<min(a1,%(17(xl))
azeG2 as#Ga
= S121 — S122 — S123. (18)

We can give asymptotic formulas for S121 by Lemma 4.3 and for Si22 by Lemma 4.1. For S123, we can easily find that as € Us.
Thus, we split it into two parts ag € AU B and a2 € C:

S123 = Z S (Apips,p2) + Z S (Apypz,P2)

ayceAUB azeC
= Z S (Apyps, ™) — Z S (Apipaps: P3) — Z S (Apipaps s P3)
ay€AUB asceAUB ayceAUB
m<a3<min(a2,%(1fa17a2)) m<a3<min(a2,%(171117(,12))
a3zeG3 a3¢Gs
+ Z S (Apipz, ) — Z S (Ap1paps»P3) — Z S (Ap1paps>P3)
azeC ageC agseC
n<a3<min(a2,%(1—a1—a2)) n<a3<min(a2,%(l—a1—a2))
a3zeG3 a3¢G3
= S1231 — S1232 — S1233 + S1234 — S1235 — S1236- (19)

For S1231, we can use Lemma 4.4 to give an asymptotic formula. We can also give asymptotic formulas for Si232 and S1235 by
Lemma 4.1. However, for S1234 we cannot give an asymptotic formula. Note that we cannot discard any part of Sj234 since it
has a positive sign. Now we must use Lemma 5.2 to give an upper bound for this sum. After checking the boundaries of the
region R, we find that R covers the whole region C, and the loss from Si234 is the sum of two corresponding integrals I1 and
I>. We discard the whole sum Si236.

Now we only need to deal with the remaining sum S1233. We want to use Buchstab’s identity twice again, hence we need to
check whether the conditions in Lemma 4.2 are fulfilled. That is, if we have aes € Uz and

(a1, 2,a3,a3) € Uy,

for parts of S1233 (say, S|,35), then we can use Buchstab’s identity twice again to get

/ —
S1233 = E S (Ap1p2pssP3)
a€EAUB
n§a3<min(a2,%(lfa17a2))
azZGs
azeUs
(a1,02,a3,a3)EU4
— K
= E S (Apipaps,x”™) — E S (Ap1papapasP4)
aycAUB as€EAUB
m§a3<min(a2,%(lfa17a2)) n<a3<min(a2,%(17a17a2))
ag¢Gzoz€Us az¢Gs
(a1,002,003,03)EU 4 azeUs

(a1, 002,003,03) €U
n<a4<min(a3,%(1—al —ag—ag))
as€Gy

8



- Z S (Apipapspa> ) + Z S (Ap1p2pspaps > P5)

ags€EAUB a€EAUB
n§a3<min(cx2,%(1fa17a2)) N<a3<min(a2,%(lfa17a2))
a3¢Gs az¢Gs
azeUs azeUs
(a1,a2,a3,a3)EU4 (ay,a2,a3,a3)EUy
m<a4<min(a3,%(17a17a27a3)) m$a4<min(a3,%(17a17a27a3))
as¢Gy oy ¢€Gy
n§a5<min(a4,%(l—al—ag—ag—a4))
a5€G5
+ Z S (Ap1p2p3paps>P5)
aycAUB
n<a3<min(a2,%(1—a1—a2))

a3¢G3
az3cUs

(a1,a2,a3,03)€U 4
n§a4<min(cx3,E(lfalfagfag))

a1 ¢Gy
~<a5<min(a4,%(lfa17«127&3*04))
a5¢Gs
= 512331 — S12332 — S12333 + S12334 + S12335. (20)

We can give asymptotic formulas for Si2332 and Si2334 by Lemma 4.1. Since ez € Ugs, we can use Lemma 4.2 to give an
asymptotic formula for S12331. Again, since a4 < a3 and (a1, a2, a3, a3) € Ua, we have oy € U4 and thus Lemma 4.2 is usable
for S12333. We discard S12335 and the remaining parts of S1233, leading to a three-dimensional integral and a five-dimensional
integral of loss. Note that we can use the reversed Buchstab’s identity to gain a small saving over the remaining parts of S1233.
The process can be seen as the following:

S1233 — S1233 = Z S (Apipaps-P3)
asEAUB
n<a3<min(a2,%(1—a1—a2))
a3¢Gs
either ag¢U3 or (aq,0,a3,a3)¢U4
= Z S (Ap1paps>p3) + Z S (Ap1p2pssP3)
ayceAUB ax€AUB
m<a3<min(a2,%(1—a1—o¢2)) n<a3<min(a2,%(l—a1—a2))
az¢Gg a3¢G3
either a3¢U3 or (aq,an,a3,a3)¢U4 either a3¢@U3 or (a,az,a3,a3)¢U4
a3>%(17a17a27a3) a3<%(17a17a27a3)
1
x 2
= Z S (Ap1paps>P3) + Z S Apipaps; (7)
as€AUB as€AUB p1p2p3
n<a3<min(a2,%(1—a1—a2)) n<03<min(a2,%(l—a1—a2))
a3¢G3 a3¢Gg
either a3¢U3 or (aq,an,a3,a3)¢U4 either a3¢U3 or (a1,az,a3,a3)¢Uy
az>l(1-a;—az—as) az<L(l—ar—az—ag)
+ Z S (Ap1papsparPa) + Z S (Ap1p2pspasPa)
ay e AUB aycAUB
K<a3<min(a2,%(lfa17a2)) n§a3<min(a2,%(1fa17a2))
a3¢Gsy a3¢G3
either ag@U3 or (ay,09,a3,a3)¢U4 either ag¢U3 or (aq,0,a3,a3)¢U4
a3<a4<%(1—a1—a2—a3) a3<a4<%(1—a1—a2—a3)
ay €Gy ay#Gy
as>3(1—aj—az—ag—oay)
+ Z S (ApipapspasPa)
azxEAUB
n<a3<min(a2,%(l—a1—ag))
az?G3
either a3¢U3 or (aq,a2,a3,a3)¢U4
az<as<i(l—a1—az—as)
oy #Gy
u<i(l—a1—az—az—ay)
1
x 2
= Z S (Apipaps,p3) + Z S| Apipaps; (7)
asEAUB as€EAUB p1ip2p3
H<a3<min(a2,%(1fa17a2)) K§a3<min(a2,%(lfa17a2))
azZGs a3¢Ggy
either a3¢U3 or (aq,as,a3,a3)¢U4 either a3¢U3 or (aj,as,a3,a3)¢Uy

az>i(l-—aj—az—as) az<f(l—a1—az—as)



+ Z S (Ap1papsparPa) + Z S (Ap1p2pspasPa)

as€EAUB ags€EAUB
n§a3<min(a2,%(lfa17a2)) n§a3<min(a2,%(1falfoc2))
as3¢Gs a3¢Gs
either a3¢U3 or (aq,a2,a3,a3)¢U4 either a3¢U3 or (aq,as,a3,a3)¢U4
a3<a4<%(1—a1—a2—a3) a3<a4<%(1—a1—a2—o¢3)
a1 €Gy a1 ¢Gy
(1—a1—ag—az—ay)

)

gz

T
+ Z S (AP1P2P3P4: (7)

crEAUB p1p2p3p4
r<ag<min(ag, 3 (1—a1—asz))
a3¢Gg
either az@Ugz or (ay,a2,a3,03)¢U4
a3<a4<%(17a17a270¢3)
s ¢Gy
y<i(l—a1—az—asz—ay)

+ Z S (Ap1 papspaps s P5)

as€eAUB
nga3<min(a2,%(lfa17ag))
a3¢Ggy
either a3¢U3 or (aq,az,a3,a3)¢U4
a3<a4<%(170417(x27a3)
as¢Gy
a4<a5<%(1—a1—a2—a3—a4)
as€eGs

+ Z S (Apipapspapss P5)

axceAUB
K<a3<min(a2,%(lfa17ag))

a3¢Gs
either a3¢U3 or (aq,az,a3,a3)¢U4
a3<a4<%(170417a270¢3)
ay¢Gy
a4<a5<%(1—a1—az—a3—a4)
as¢Gs

= S1241 + S1242 + S1243 + S1244 + S1245 + S1246 + S1247.

Nl= ol

(21)

We can use Lemma 4.1 to deal with Si243 and S1246. Therefore, we can subtract them from the loss of S1233. By (17)-(22),

we get the total loss when % << % of

o))

t1 t3

/ 55 dtsdtodty
(t1,t2,t3)€EL101 1ty

—t1—ta—13 )

1y Lol w <17

2 (2 2
7/ / / ﬂ(t1,t2,t3)ED17’{dt3dt2dt1
K Jk K K t1tats

1—t]—to—tz—ty

L phoph b o (1=tmtamtazts)

K
- 1 D dtadtzdtadty
H/’; /K A /'; (t1,t2,t3,t4)ED2 t1tatsts

—t]—toy—t3 >

1
/ w( ts dtzdtodt
— 5 ——dt3dtadty
(t1,t2,t3)€EL104 tltzt%

1—t)—tg—t3

¢ ( t3 >
+ / 72dt3dt2dt1
(t1,t2,t3)€L105 titaty
E

w ( 1—t 7tt27t37t4 )
_ / o dtadtsdtadty
(t1,t2,t3,t4)€L106 titatsty
w (14142434445
ts
_ dtsdtydtsdtodty
/(t1,t2,t3,t47t5)EL107 t1t2t3t4t§
w ( 1—t) —to—tg—ta—ts )
ts
+ / dtsdtydtsdtodty
(t1,t2,t3,t4,t5)€L108 t1tatstat?

101(0) + E102(0) + E103(0) + E104(0) + E105(0) — E106(0) — E107(0) + E108(0),

10
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where

,1—0—a1 <azs<0—ai,

N D

Lio1(a3) == {H <op <

1(1*011*012)), a3 ¢G3},

K < a3 < min (042,2

1
L104(a3) : {062 € C, Kk < az < min (OQ7 5(1 — a1 — az)) , O3 ¢ Gs,

1 . 1
n<a1<§,n<a2<mm 041,5(1—041) ,
. 1
Lios(as) == {a2 € AU B, k< az < min 0c27§(1 —a1—a2) |, a3 ¢ Gs,
either a3 ¢ U3 or (a1, a2,as3,a3) ¢ U,
1 X 1
n<a1<§,n<a2<mln 041,5(1—041) ,
1
Lios(oua) := {ag € AUB, k < a3 < min (ag, 5(1 —a 7042)) , az ¢ Gs,
either az ¢ U3z or (1,2, as3,a3) ¢ Uy,
1
Oc3<oc4<5(1—041—(%2—043)7 ay € Gy,
1 K 1
n<a1<5,ﬁ<a2<mm 011,5(1*041) ,
1
Lio7(as) := {QQ € AUB, k< a3z < min (ag, 5(1 — o —a2)) , as ¢ Gs,
either az ¢ Ugs or (a1, a2, a3,a3) ¢ Uy,
1
a3<a4<5(170417a27a3), a4(£G4,

1
a4<a5<§(1704170427a37a4), as € Gs,

1 X 1
n<a1<§,/€<a2<m1n 061,5(1—041) ,
. 1
Liog(as) := Sas € AUB, k< a3z < min  as, 5(1 —a1—a2) |, az ¢ Gs,
a3 € Us, (a1,a2,a3,a3) € Uy,
1
k < a4 < min (a3,5(1 — a1 — a2 fa3)> , og & Gy,

1
ngag,<min(a4,§(17a1fa27a3fa4)), as ¢ Gs,

1 . 1
n<a1<§,n<a2<mm o<1,5(1—a1) .

Finally, for % <0< % we have

C(0) < C1(0) := 1+ (E101(0) + E102(0) + E103(0) + E104(0) + E105(0) — E106(0) — E107(0) + E108(0)) .

6 | C1(0)
0.501 | 1.00001
0.503 | 1.00124
0.505 | 1.00633
0.508 | 1.01001

051 | 1015
25
[ 1.02079

(23)

6.2. Case 2. 25 <0< %. In this subrange, we note that 4 — 70 < % and the upper bound for a1 € R becomes 4 — 76. Since

19
we cannot discard any parts of the sum

Z S (Apipa»p2),

agseC
we must split the sum

Z S(Aplvpl)

k<ar<3

11

(24)



into two sums. Now we start our decomposition by using Buchstab’s identity:

S(A,(2x)%>:S(A,x")— > S(Apyip1)

m<a1<%
=SAz") - 3 Sy — Y. S(Ap.p1)
<oy <4-70 4-79<a1 <3
- > SUpp) - D> S(App1)
2<a;<1-0 1-0<o1< 3
= So1 — S22 — S23 — S24 — Sos. (25)

Just as S11 and Si3 in Case 1, we can give asymptotic formulas for S2; by Lemma 4.3 and for Sg4 by Lemma 4.1. For Sas,
we can use Lemma 5.1 to give an upper bound similar to that for S14. We can use the same process as in the estimation Si2
to show a similar upper bound for Sz, with a loss consisting of 7 integrals (I, Iz, 3D for a2 € C, and 3D, 4D, 5D~ and
5Dt for aes € AU B). Now we only need to deal with the remaining S23. In this sum Lemma 5.2 is not applicable, but we can
use Lemma 5.3 to deal with some parts satisfying

196 — 7 500 — 19 3 1960 — 7 3 . .
max — T <al < 7 or — < a1 < — in this case.
That is, we use Buchstab’s identity on S23 twice again, giving the following expression.
Siz= >, S(Ap,m)
4-70<a1< 3
= Z S(Aplvp1)+ Z S(Apl7p1)
4-70<1 <3 4-70<a1 <3
9${199777,$] 96{19977,%}
= Z S(Apl’p1)+ Z S(Am’mﬂ)
4-70<a1<3 4-70<a1< 3
9%[1997_712] 96[1987_7,%}
- Z S (Apypas ™) — Z S (Apypz, ")
4-760<01 <2 4-70<01 <2
oc 19?7777%] 66[1987777%}
as€AUB aseC
+ Z S (Apipaps,P3) + Z S (Apipaps:P3)
4-70<a1 <3 4-70<a1 <3
1960—7 1960—17
0c[129-",3] oe[ 1091 2
ase AUBUC ase AUBUC
n§a3<min(a2,%(lfa17a2)) n§a3<min(a2,%(1falfoc2))
az3eG3 a3éG3
= S231 + S232 — S233 — S234 + S235 + S236- (26)

We give asymptotic formulas for Sz (Lemma 4.3), Sa33 (Lemma 4.4) and S235 (Lemma 4.1). After checking the conditions

we find that Rg covers parts of C satisfy a1 € [%777, %] We use Lemma 5.3 to give an upper bound for S234 and discard

19197—77 So34 — I3 and I4, and Sa36 — 3D

the whole of S231 and Sa36, leading to 4 loss integrals (S231 — 1D for 4 — 70 < a1 <
for %7_7 < a1 < %) Together, the total loss when % <O < % can be bounded by

w (Lz) w (m)
t1 t3
/ 5.3 dtsdtadty
(t1,t2,t3)€L201 1yts

1 7% s o w (m)
" / / / ﬂ(tlvtz,ta)EDl = dtsdtodty
KR Jk K A titats

RS e w (M)

K
- L4y to ta.ts)eD dtydtsdtodty
’i-/n /’; /K _/)i (t1,t2,t3,t4)€ED2 t1tataty

w (17151;;2*753)
/ Wdtgdtgdtl
(t1,t2,t3)€L204 1t2t3

1—t]—to—tg )

w
J
(t1,t2,t3)€L205 tlt?t%

dtsdtodty

+
N N N N

12



1=t —tg—tz—
w ( 1—ta—t3 t4)
2

dtadtsdtodiy
/t17t21t37t4)€L206 t1t2t3ti
w < l—tl—tz;tg—t4—t5
5 dtsdtadtsdtodts
/(tl,tz,ts,m,ts)eLzm tatatatat?
w <17t17t2;t37t47t5 )
5 dtsdtadtsdtadty

+

(141)
/ ;1 dtq
(t1)€L209 51
(1 tl—tQ—tg)
1 —Z dtsdtadt
/ / / (t1,t2,t3)€Dg — t1tats 3atz2aty

1—t1—t2—t3—t4)

o G
/ / / / L(¢1,to,t3,t4)€D4 I dtadtsdtadty

w(l tlztg t3>
732dt3dt2dt1
t17t2,t3)€L212 titaty

= E201(0) + E202(0) + E203(0) + E204(0) + E205(0) — E206(0) — E207(0)
+ E208(0) + E209(0) + E210(0) + E211(0) + E212(0),

+

+

+ / -
(t1,t2,t3,t4,t5)€L20s titatstaty

where

,1—0—a1 <az <0—oa1,

N D

Logi (ex3) := {n <aj <
. 1
k < az < min (az, 5(1 —aq —aQ)) , as ¢ Gs} ;
1
Loosa(a3) := {al <4-70, az € C, k < a3 < min (ag, 5(1 — oy — ag)) , a3 ¢ G,

1 . 1
n<a1<§,n<a2<m1n 041,5(1*041) ,

l\)\»—t

Lops(a3) := {al <4-70, az € AUB, k< a3 <min | az,=(1 — a1 — ag)) , a3 ¢ Gs,
either az ¢ Ugs or (a1,a2,a3,a3) ¢ Uy,
1 . 1
n<a1<§,n<a2<m1n 04175(1—041) ,
1
Loos(aua) := {al <4-7T0, ag € AUB, kK < a3z < min (on, 5(1 —a] — ag)) , a3 ¢ Ga,

either az ¢ U3z or (1,2, a3,a3) ¢ Uy,

1
a3<a4<§(1—a1—a2—043), ay € Gy,

1 . 1
n<a1<§,n§a2<m1n a1,§(17a1) ,

1
L207(C\z5) = {al <4-7T0, ag € AUB, kK < az < min (012, 5(1 — o] — 042)) , O3 ¢ Gs,

either az ¢ U3z or (a1,a2,as3,a3) ¢ Uy,

1
a3<a4<5(1—o¢1—o¢2—o¢3), oy ¢ Gy,

1
Oé4<045<5(1—061—062—043—O¢4)7 as € Gs,

1 . 1
n<a1<§,n<a2<mm 041,5(1*041) ,

1
Loos(as) := {oq <4-170, g € AUB, k< ag < min (042, 5(1 —oq — ag)) , a3 ¢ Gs,

a3 € Uz, (a1,a2,a3,a3) € Uy,

13
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Lagg(a1) = {4* 79 < a1 <

Lai2(a3) == {4— 70 < a1 <

k< aq < min (ag,

Kk < a5 < min (a4,

Nl—= N

1 1
n<a1<§, n<a2<min(o¢1,f(1—

2

5 e 199 -7 3
3 3
7 9 7 7
3 199 -7 3
=, a1 € y oo
7 7 7

)

)

az ¢ Ga,

1
k < a3 < min (az, 5(1 — o1 — ag)) , a3 ¢ Gs,

1 . 1
n<a1<§,n§a2<m1n 041,5(1—0c1) .

Finally, for % <0< % we have

C(0) < C2(0) := 1+ (E201(0) + E202(0) + E203(0) + E204(0) + E205(0) — E206(0)

“1-o —0<2—03)>, ay ¢ Gy,

7(1—a1—a2—a3—a4)>7 as ¢ Gs,

—FE207(0) + E208(0) + E209(0) + E210(0) + E211(6) + E212(0)) .

0 C2(0) 0 C2(0) 0 C2(0) 0 C2(0)
0.5103 | 1.02214 | 0.5109 | 1.02349 0.5114 1.02441 | 0.5119 | 1.02757
0.5104 | 1.02236 | 0.5111 | 1.02365 0.5115 1.02623 0.512 1.03146
05105 | 1.0227 | 0.5112 | 1.02385 | 0.51155 | 1.02639 | 0.5121 | 1.0315
0.5107 | 1.02297 | 0.5113 | 1.02414 | 0.5116 1.02656 % 1.03169

6.3. Case 3. % <0< % In this subrange, we have

=S (A,z") —

3160—15
3

>

(28)

> 7, and the lower bound for a; € R becomes % Because
the lines a1 = a2 and a1 + 4az = 3 — 36 intersect in (a1, a2) = (7,7), we have a2 € AU B if as < a1 < 7. Thus, we start our
decomposition by using Buchstab’s identity and split the second sum in the following way:

S(A@0)2) =S = Y S(Ay,m)

r<ar<i

S(Apl’pl) -

alE[N,T)U(m%,4—79)

D- >

1-0<a1<d

>

S<ar<1-0

S (Apy,p

= S31 — S32 — S33 — S34 — S35.

ar€[r, 2018 | Ua—70,2]

S (Apy ,P1)

>

S (Ap1 ,Pl)

(20)

By a decomposing process similar to our decomposition in Case 2, we can get 7 loss integrals for Sag, 4 loss integrals for Sa3
and a loss integral for Sa25. Thus, the total loss when i—} <0< % can be bounded by

/ (i
(t1,t2,t3)€L301

1 1 1
1 2 2 2
» Lty ta,t3)€D4
K K K K

1.1 .1 1
1 (2 (2 [2 [2 w (
" ﬂ(t17t2,t37t4)€D2
K K K K K

/ - (
(t1,t2,t3)€L305

/(t17t21t37t4)€L306

153

1—t1 —to—
o (iams)
t3

242
32

1—t1—t2—t3>

t3

t1tat?

“

1—t]—to—t3 )

t3

t1tat?

1—t)—tg—t3—ty )

2

w (17t17t27t3>
K

titats

dtsdtadty

1—t)—tg—t3—ty

K

dtsdtodty

dtsdtodty

dtsdtodty

t1t2t3t£

<
<
™
<
<
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ti1tatsty

dtydtsdtodiy

) dtadtsdtadty



1—t)—ty—ta—tg—t
w( 1 2 3 4 5)

ts
_ dtsdtadtsdtadty
/t17t21t37t41i5)€L307 t1t2t3t4t§
w <1—t1—t2—t3—t4—t5
ts
" / ; dtsdtadtzdtadiy
(t1,t2,t3,ta,t5) € L3os titatstaly

1—ty
[,
(t1)€L309 tl
(1 tlftg t3>
/ / / (t1,t2,t3)€EDg — t1tats dizdtadty

1—t)—tg—t3—ty )

w (statacts
/ / / / Lty to,t3,64) €Dy t1tatats dtadtzdtadiy
1—t)—tp—t
w( 1t32 3)

+
/\/\/_\/\/_\

—+ dtsdtodty
t1,t2,t3)€L312 tlt?tg
= E301(0) + E302(0) + E303(0) + E304(0) + E305(6) — E306(6) — E307(8)
+ E308(0) + E309(0) + E310(0) + E311(0) + E312(0), (30)
where
6
L3p1(a3) := ¢k < ag < > 1-0—oa1 <az <0—oa,
X 1
k < a3 < min (QQ’E(I_al —az)) , a3 ¢G3},
316 — 15
L3psa(a3) := {al S [K,, T)U (T7 4 — 79) , ag € C,
. 1
k < a3 < min (az, 5(1 —a1 — az)) , a3 & G,
1 X 1
k<o < 3 k< as <m1n(a1,5(17a1)>},
310 — 15
L305(a3) = {Cvl c [R, T) @]} (T, 4 — 70) , ag € AUB,

1
k < a3 < min (ag, 5(1 — a1 —ag)) , as ¢ G,

either ag ¢ U3z or (a1,a2,a3,a3) ¢ Uy,
1 . 1
m<a1<§,ﬁ<o¢2<m1n 041,5(1—@1) s
310 — 15
Lsos(as) := {ozl €k, U (T, 4— 76) , az € AUB,
. 1
k < a3 < min (ag, 5(1 — o 7042)) , a3 ¢ G,
either ag ¢ U3z or (a1,a2,a3,a3) ¢ Uy,
1
043<044<5(1—0&1—042—043)7 a4 € Gy,
1 X 1
n<a1<5,n<a2<m1n al,i(lfal) ,
3160 — 15
L3o7(as) := {011 S [fi, T)U (T, 4 — 79) , ag € AUB,
. 1
k < a3 < min (ag, 5(1 — a1 —a2)> , a3 ¢ G,
either g ¢ U3 or (a1, a2, a3,a3) ¢ Uu,
1
a3<a4<§(1—a1—a2—a3), a4¢G4,

1
a4<a5<5(17a17a27a37a4), as € Gs,

15



1 . 1
n<a1<5,n<a2<m1n a1,5(1—a1) ,
310 —
ngg(a5) = {041 E U ( , 4 — 79) , g € AUB,

a3<m1n(a 1—a1—a2)),a3¢G3,
as € Us, 041,0427013,043) €Uy,

< ag < min | as, — 1704170427043)), ay ¢ Gy,

ag, - 1—a1—a2—a3—a4)), as & Gs,
. 1
K<061<2 K < a2 < min a1,§(1—a1) ,

316 — 15 3 199 -7 3
= Clula-Te, = °
e [n g e ] e e [P 2]

3160 — 15 3 199—7 3
L3i2(a3) := {0116[ 3 } {4 70, *}70116[ P *]7012%(;2,

L3og(a1)

-~

a3<m1n( 1,a1,a2)),a3¢G3,
. 1
n<a1<§,m<a2<m1n a17§(1—a1) .

Finally, for 47 <0 < 37 we have

0(9) < C3(0) := 1+ (E301(0) + E302(0) + E303(0) + E304(0) + E305(0) — E306(0)
—E307(8) + E308(0) + E309(0) + E310(0) + E311(0) + F312(0)) . (31)

0 Cs(0) 0 Cs(0) 0 Cs(0)
0.5124 | 1.03763 | 0.5132 | 1.09167 | 0.5152 | 1.23885
0.5126 | 1.05089 | 0.5135 | 1.11171 | 0.5155 | 1.2675
0.5127 | 1.05778 | 0.514 | 1.14303 | 0.516 | 1.31088
0.5128 1.0652 0.5145 | 1.17429 | 0.5161 | 1.32981

0.513 1.07887 0.515 1.21983 % 1.3326

6.4. Case 4. 18 <0< %. From here we note that Lemma 5.2 is not applicable. Buchstab’s identity yields

1
S(A@enE) =S = 3 S(Apm)

N<C¥1<%
=SAz") = > SApp)— D S(Apy,p1)
rSay <7 Téalgg
- > SUpp)— D> S(Ap.p1)
2<ar<1-0 1-0<a1<}
= S41 — Sa2 — S43 — Saa — Sas. (32)
Now, we can only use Lemma 5.3 to deal with parts of Sy3 satisfy al € [199 7 ?] and discard the remaining parts. Combining
with the loss integrals from Sy2 and Sys, the total loss when =<0 < is no more than
w (Lz) w (w)
t1 t3
/ ) dtsdtodty
t1,t2,t3)€L401 t1t3
w (1—t1;t2—t3
+ / 732dt3dt2dt1
(t1,t2,t3)€Lao2 titaty

w ( 17t17t27t37t4>

ty
_ dtydtsdtodty
</(‘t1vt2,t3,t4)€L403 t1t2t3tz21

w ( 1—t)—tg—t3—tg—ts
s
dtsdtadtsdtodiy
/(t1,t27t3,t47t5)€L404 t1t2t3t4t§
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M)

w ( :
+ / i dtsdtsdtsdtadt,
( (t1,t2,t3,t4,t5)€Lgo5 t1t2t3t4t§

1—t;
+ / ol — 7 >dt1
(t1)€Laoe 51

1—ty 4243 )

( / / / H(t17t2,i3)ED3 t1tals dtsdtadty
1 (m)
K
+ /4/ / / / Lty ta,t3,ta)€Dy titatats dtadtsdtodty
= Fao

1—t]—tg—
w(M)
t3

dtsdtodty
tlat27t3)EL4og t1t2t§

) + E102(0) — E103(0) — E404(0) + Ea05(9) + Ea06(0) + Es07(0) + Ea0s(0) + Es09(0),

where
0
Lao1(o3) == H<O¢1<§ —0—o01 <oz <0—ai,
1
" ( 51—%—&2))7%%3},
1
Laoz2(a3) := {n <a1 <7, £ < ag < min (aQ, S(1—a1— a2)> , a3 ¢ Gs,

either aeg ¢ U3z or (a1,a2,a3,a3) ¢ Uy,
1 . 1
n<a1<5,n<az<m1n a175(1—al) ,
1
Lyos(aq) == {H <a; <7, k<a3 < min (ag, 5(1 — o1 — ag)) , a3 ¢ Gs,
either ag ¢ Us or (a1,a2,a3,a3) ¢ Uy,
1
az < ag < 5(1704170427043), ay € Gy,
1 . 1
H<a1<§,m§a2<m1n 04175(1—011) ,
1
Lyosa(as) == {K <a; <7, k< a3z < min (az, 5(1 —a] — ag)) , a3 ¢ G,
either ag ¢ U3z or (a1,a2,a3,a3) ¢ Uy,
1
a3 < ag < 5(1—011—012_013)7 ay ¢ Gy,
1
ay < ag < i(l—al—ag—a3—a4), as € Gs,
1 X 1
H§a1<§,/{<a2<mm 041,5(1*&1) ,
1
Lyos(as) = {n <a1 <7, k< a3 <min (az, 5(1 —a1 — a2)) , a3 ¢ Gs,
a3 € Us, (a1,a2,a3,a3) € Uy,

1
K < aq < min (0‘3’5(1—01 —az—a:s)), ay ¢ Gy,

1
”<a5<min(0¢47§(1—a1—oc2—a3—oc4)), as ¢ G,

L ) 1
k< ar < 5 K< a2 <mln<a17§(1—a1))}’
3 196 —7 3
L = < < =, , 2 ,
() {T <y ond { 7 7”
3 196 —7 3
L409(QS) = {T < alp < ?, oy € |: - , ?:| , Qo ¢ Go,

1
5(1 T _0‘2)) , o3 ¢ Gs,

17
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1 X 1
n<a1<§,n<a2<m1n a17§(1—011) .

Finally, for —6 <6 < we have

C(0) < Cu(0) =1+ (E401(9) + E402(0) — E103(0) — E404(0) + E105(0) + Ea06(0) + E107(0) + Ea0s(0) + Ea00(0)) . (34)

0 C4(0) 0 C41(0) 0 Ca1(0)
0.5163 | 1.55978 | 0.5168 | 1.56977 | 0.5178 | 1.59006
0.5164 | 1.56181 | 0.5169 | 1.5718 | 0.518 | 1.59476
0.5165 | 1.56386 | 0.517 | 1.57396 | 0.5182 | 1.59927
0.5166 | 1.56604 | 0.5172 | 1.5775 | 0.5185 | 1.60315

0.5167 | 1.56778 | 0.5175 | 1.58362 % 1.60358

6.5. Case 5. % % < . In this subrange, we have "091;19 > &;7, and the lower bound for av; € Ry becomes % By

an exactly same process as the decomposition in Case 4, the total loss when é—‘; <0< % can be bounded by

w (tl) w (1_t1_t2_t3>
1 3
/ 575 dtsdtadty
(t1,t2,¢3)€Ls0 tits

1—t)—tg—t3

“ ( t3 )
+ / 72dt3dt2dt1
(t1,t2,t3)€L502 litoty

( w (1—t1—t2—t3—t4)
J ¥

2
(t1,t2,t3,t4)EL503 titotsty

i

“ (5)
</(t1)EL506 t% an

dtadtsdtodty

1ty —to—ta—ty—
w ( ty—to—tz—ta—ts
ts

dtsdtydtsdtodty
‘/(-t11t27t31t47t5)€[‘504 t1t2t3t4t§

w (141 —to—t3—ts—t5
ts

) dtsdtydtsdtodty

2
At1,t2,t3,t4,t5)€L505 titatstaty

+

1— tl—tg—f'; )

( / / / H(t17t2qt3)€D3 t1tals dtsdtadty
1 (M)
K
+ n/ / / / Lty ,t,t5,t4)€Da trtatala dtadtsdtodty
= FEso

1—t;—to—
w ( 1—ta—t3 )
t3

dtsdtadty
t1,t27t3>€L509 t1t2t§

) + E502(0) — E503(0) — E504(0) + Es05(0) + Es06(0) + Es07(0) + Es08(6) + Es00(6), (35)
where
Lso1(as) := {H a1 <
1
5(1 —ai *042)> , a3 ¢ G3}»
1
Lso2(a3) := {n <a1 <7, k< a3 <min (ag, 5(1 —a1 — az)) , a3 ¢ Gs,

either aeg ¢ U3z or (a1,a2,a3,a3) ¢ Uy,

1 X 1
n<a1<§,n<ag<m1n a17§(1—al) ,

1
Lsoz(oua) : {H <o <7, k<a3 < min (ag, 5(1 — a1 — ag)) , as ¢ Ga,
either gz ¢ U3 or (a1, a2, a3,a3) ¢ Uu,

1
a3<a4<§(17a17a27a3), ay € Gy,
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1 X 1
n<a1<§,n<a2<m1n al,i(l—aﬂ ,

Lsoa(as) := {H <o <7, k<a3 < min (ag, %(1 — a1 — ag)) , as ¢ Ga,
either gz ¢ U3 or (a1, a2, a3,a3) ¢ Uu,
az < ay < %(1*041*042*043), as ¢ Gy,
ay < as < %(17041704270437044), as € Gs,
k< ar < %7 K< ag <min<o¢1,%(1—a1))},

Lsos(as) = {/{ <a1 <7, k<a3z < min (az, %(1 — a1 — ag)) , a3 ¢ Gs,
a3 € Us, (a1,a2,a3,a3) € Uy,

1
k < ag < min (ag,i(lfal 70427&3)), ay ¢ Gy,

1
n<a5<min(a4,5(1—a1—ag—a3—a4)), as ¢ Gs,

1 . 1
H<a1<§, m<a2<m1n<a1,§(1—a1))},
3 500 —19 3
L = < <z, — > = )
506 (1) {7' @S o, o ¢ { = 7]}
3 500 —19 3
L :: < g 77 77 - bl G b
509 (ax3) {T a <o, o € { 7 7] as ¢ Go

1
k < a3 < min (ag, 5(1 — a1 —ag)) , as ¢ Gs,
1 . 1
H<a1<§,fe<a2<m1n 04175(1—011) .
Finally, for % <6< % we have

C(0) < C5(0) :== 1+ (E501(0) + E502(0) — E503(0) — E504(0) + E505(0) + Es06(8) + E507(0) + Es08(0) + Es09(0)).  (36)

We remark that Harman [[16], Page 188] mentioned that C(0.52) < 1.632, and we decide to use this value since our C5(0.52)
is larger than 1.632.

0 Cs(0) 0 Cs(0) 0 Cs(0) 0 Cs(0)
0.5186 | 1.60737 0.52 1.632 0.5215 | 1.67861 | 0.5232 | 1.71925
0.5188 | 1.60886 | 0.5205 | 1.64649 | 0.522 1.68723 | 0.5234 | 1.72482
0.519 1.61355 | 0.5208 | 1.65321 | 0.5225 | 1.70046 | 0.5236 1.7305
0.5195 | 1.62485 | 0.5211 | 1.66246 | 0.523 1.71379 | 0.5237 | 1.7337

6.6. Case 6. % <0< % From here, Lemma 4.4 is not applicable. However, we do not need to worry about that. We note
4

thatfor9>%,wemusthaveageAifocg < a1 <T:%. If9<a1+a2<27:7,
ag € G3. Otherwise we have a1 + a2 < 0 (a2 < a1 < g), which means that (a1, a2,20 — 1) € S3 (one can easily check the

wehave%<1—oq—a2<1—0and

corresponding conditions) and a2 € U} (or Uz when 6 < %) Thus, we can use Lemma 4.1 or Lemma 4.2 to deal with the
sum

Z S (Apipz, ™). (37)
K<ao<a1<T

The decomposing process of the remaining sums are similar to those in Case 5.
For the sake of simplicity, we choose to use the simple bound

C(0) < 1.725+ 13.125(6 — 0.523) (38)
for % <0< % given by Harman [[16], Page 186]. Note that C'() is monotonic increasing, we have
11 11
cO)<C (ﬁ) < 1.725 + 13.125 (ﬁ — 0.523) (39)

for 0.5237 < 6 < % We also use the bound C/(0.525) < 1.75 (mentioned in [[16], Page 188]), which is slightly better than using
(39) directly.
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6.7. Case 7. % <0< % From here, Lemma 5.3 is not applicable and we must discard the whole of
> S(Apup). (40)
T<a1< %

For the sake of simplicity, we shall also use the simple bound

C(0) < 1.725 4+ 13.125(6 — 0.523) (41)
for 22 < 0 < 3L given by Harman [[16], Page 186].
6.8. Case 8. % <0< 1—73 From here, Lemma 4.3 and Lemma 5.1 are not applicable. Buchstab’s identity yields

S(A@0)E) =S = > S(Apm)

rK<ar<i
=S(Az") - Z S (Apy;p1) — Z S (Apy,p1)
rLar <7 T§a1<%
- > SMAp) - D> S(App)
f<ai<i—o 1-0<ay <}
= Sg1 — Sg2 — Ss3 — Sg4 — Sss. (42)

Ss1 and Sgq4 have asymptotic formulas. Since we cannot estimate the corresponding two-dimensional sums, we must discard
the whole of Sg3 and Sgs. We can perform Buchstab’s identity twice more on Sga to get

Sga= > S(Ap,p1)

K1 <T
_ K K
= E S (Apy,z") — E S (Apips,p2) — Z S (Apips,z")
rLa1<T K<ag<a1<T K<ao<a1<T
a2€Ga a2¢Ga
+ E S (Apipaps,ps) + E S (Ap1p2ps:P3)
K<ag<a1<T Klag<a1<T
as¢Ga axZGo
n§a3<min(a2,%(lfoqfcx2)) n§a3<min(a2,%(1fa17a2))
a3z3eG3 a3¢G3
= Sga1 — Sg22 — Sg23 + Sg24 + Sg25. (43)

Sg22 and Sg24 have asymptotic formulas. We can use Lemma 4.2 to give an asymptotic formula for Sg23 (and also Sg21) by
the discussion in Case 6. For Sgas we can check the same conditions as those in Case 1: if s € U3 and

(a1,2,a3,a3) € Uy,
for parts of Sga5, then we can use Buchstab’s identity twice again to get a five-dimensional sum. We can even get a seven-
dimensional sum if we have aus € Uy and
(al,a2,a3,a4,a5,a5) c Us.
For the sums without further decompositions, we use the reversed Buchstab’s identity to gain savings from almost-primes

counted. Note that the halved value of k in this subrange of § doubles the maximum number of prime factors of the elements
counted in these sums. Summing up those resulted integrals, the total loss when % <0< 1—73 is no more than

o2
/2 édtl
1

2
—0 ty

—t1—to—t3

w (! )
/ édtgdtgdtl
(t1,t2,t3)€Lgo2 tltztg

1—t)—tp—ta—
w ( 1—tp—t3 t4)
tg

2
/(tl,t27t3,t4)€L803 titataty

1—t)—to—tz—tg—
w( t1—to—t3z—t4 t5>

ts

dtadtsdtodty

dtsdtydtsdtodty

2
/(tl,tzﬁts,m,ts)eLsm titatstats

g

(
(

(

dtsdtydtsdtodty

+ / _
(t1,t2,t3,t4,t5)€ELgos titatstaty

1—t)—top—ta—ty—ts—
w ( 1—tp—tz—tsg—ts te)
te

dtgdtsdtadtsdtadty

2
/(t11t27t35t47t51t6)€L806 titatatatsiy
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. /% w(lﬂtl)dtl

t2
1
= FE301(0) + Fs02(0) — Eg03(0) — Eg04(6) + Ego5(8) — Egos(8) + Eso7(6),

where

1
Lgo2(a3) := {H <a1 <7, k< a3 <min (ag, 5(1 —a1 — ag)) , a3 ¢ Gs,

either ag ¢ U3z or (a1,a2,a3,a3) ¢ Uy,
1 . 1
n<a1<5,n<a2<m1n 04175(1*01) ,
. 1
L803(Q4) = k< a1 <7, K< a3 <min ag,g(l—al—ag) s 0L3$G3,
either ag ¢ U3z or (a1,a2,a3,a3) ¢ Uy,

1
a3<a4<§(17a17a27a3), ay € Gy,
1 . 1
H<a1<§,fe<o¢2<m1n 04175(1—011) ,
. 1
Lgoa(as) == Sk < a1 <7, k< az < min a2,5(1—a1 —a2) |, oz ¢ Gs,
either ag ¢ U3z or (1,2, a3,a3) ¢ Uy,
1
a3<a4<5(1—a1—a2—a3), 044¢C—r'47
1
a4<a5<5(1—a1—a2—a3—a4), as € Gs,
1 . 1
N§a1<§7ﬁ<o¢2<m1n 06175(1—011) ,

1
Lgos(as) = {H <a1 <7, k< a3 <min (ag, 5(1 —a1 — ag)) , a3 ¢ Gs,

az € Us, (on,a2,a3,a3) € Uy,

1
n<a4<min(a3,§(1fa17a27a3)),a4¢G4,
. 1
k < a5 < min a4,5(1—a1—a2—a3—a4) , as ¢ Gs,
1 . 1
H<a1<§,m§o¢2<m1n 061,5(1—01) ,

1
Lgos(ap) = {/{ <a1 <7, k< a3 <min (az, 5(1 —a1 — ag)) , a3 ¢ Gs,

a3 € Us, (a1,a2,a3,a3) € Uy,
1

n<a4<min(a3,§(1fa17a27a3)),a4¢G4,

. 1
k < a5 < min a4,§(1—a1—a2—a3—a4) , as ¢ Gs,

1
a5<a6<5(170417042704370447045), ag € Gg,

1 . 1
H<a1<§,fe<o¢2<m1n 04175(1—011) .

Finally, for ;ITZ <0< 1—73 we have

C(0) < Cs(0) := 1+ (Eg01(0) + Eg02(0) — Eg03(0) — Eg04(0) + Ego5(0) — Egos(0) + Eso7(0)) -

0 Cs(0) 0 Cs(0) 0 Cs(0) 0 Cs(0)
0.5316 1.8603 0.5342 | 1.87985 | 0.5353 | 1.90671 | 0.5373 | 1.93236
0.5328 | 1.86462 | 0.5343 | 1.89006 | 0.5355 | 1.91223 | 0.5374 | 1.93399
0.533 | 1.86571 | 0.5345 | 1.89323 | 0.5358 | 1.91673 | 0.5376 | 1.93644
0.5333 | 1.86834 | 0.5348 | 1.8991 | 0.536 | 1.91998 | 0.5377 | 1.93829
0.5335 | 1.87103 | 0.5349 | 1.90152 | 0.5363 | 1.92343 | 0.5378 | 1.94163
0.534 | 1.87798 | 0.5351 | 1.90373 | 0.5365 | 1.92673 | 0.5381 | 1.94862
0.5341 | 1.87885 | 0.5352 | 1.90524 0.537 1.92762 | 0.5384 | 1.94911
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6.9. Case 9. 1—73 <0< lﬁ From here, U; and U do not cover the same region. Since we have 7/ = ﬂ < % = 7 and
k= =200 o 3250 _ o in this subrange, Buchstab’s identity gives us
1 K
S(A @) =S = Y S(Ay.m)
H$a1<%
=S4z = D> SMAp,p)— D, S b)) — Y S(Ap,p1)
r<ap <7’ T'<a1 <1 Tgoqg%
- > S(Ay.p)— > S(Ap,m)
S<ar<1-6 1-0<a1<3
= Sg1 — S92 — S93 — So4 — So5 — S96- (46)

We give asymptotic formulas for Sgl and Sgs, and discard Sg4 and Sgg. For Sg2 and Sg3, we need to check several conditions.

. Since 89;2 > 57769, we have az € T5 and az € Uz. Now we can use Buchstab’s identity

to get

Sga = Z S (Apy,p1)

r<ap <7/
— K K
= E S (Apy,z") — E S (Apips,p2) — E S (Apips, z”)
r<ap <! r<ag<ai <7’ r<ag<a; <7’
az€G2 G2
+ § S (ApipapssP3) + E S (Apipaps,P3)
r<ag<ay<t’ r<ag<ay<t’
astGa azZGa
n<a3<min(a2,%(1—a1—a2)) n<a3<min(o¢2,%(l—a1—a2))
a3€G3 a3¢G3
= Sg21 — Sg22 — S923 + S924 + So25. (47)

Now we can find the loss from Sg2 by the exactly same process used in Sgz. For Sgs we shall use a similar process. Since
a1 > 7' in Sg3, we cannot ensure that Qg € T; after a Buchstab iteration However, by the discussion in Case 6, we only need

11,we find that < 260 — > € S3, hence (a1, 2,20 — 1) € S3 and az € Uj.

By a similar Buchstab iteration process (with x’ and 7/), we get

Sez = > S(Ap,p1)

to consider the case ae < aj < . Since 6 < 21 90

T'<ar1<T
P K}, K}I
= E S <-Ap1 » T - E S (Apipzsp2) — E S Apipas @
T'<a1<T <o < <o <7t
Hl§a2<min(o¢1,%(170¢1)) Hl§a2<min(o¢1,%(170¢1))
azeGa arxtGo
+ E S (Ap1papss p3) + E S (Apipaps > P3)
T'<ar<T /<oy <T
n/§a2<min(al,%(lfal)) ﬁléa2<min(a1,%(lfa1))
ax¢Go a2¢Go
ﬁ,§a3<min(a2,%(l—a1—a2)) n/<a3<min(a2,%(1—a1—a2))
azeG3 a3¢Gs
= So31 — So32 — S933 + S934 + So35. (48)

We can find the loss from Sg3 by almost the same process as used in Sg2. We need to replace many « with x’ and U; with U;-
in the resulting integrals. We note that seven-dimensional sums are considered in both Sgo and Sg3. Putting those integrals
together, the total loss when % <0< 1% can be bounded by

/% w(1 tl)dtl

1-6
1—t)—to—
w( 1—t2 t3>
t3

+ / ;
(t1,t2,t3)ELogo2 titats

w < 11—ty —tag—ta—ta >

ty
dtadtsdtadty
(/(‘tlvt2!t3vt4 )EL9o3 t1t2t3t?1

dtsdtadty

1—t; —tg—tz—tg—
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ts

dtsdtadtsdiodty
/tiqi27t3qt4yt5)€L904 t1t2t3t4t§ 0
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1—t) —tg—tz—tg—
w ( 1—ta—tz—tg—ts
ts

dtsdtadtsdtodty
/t11t27t31t47t5)€L905 t1t2t3t4t§ 0
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te
_ dtedtsdtydtsdtodty
(/(tl,tz,ts,m,t 1t6)€Loog titatstatstd

l—tl—tQ—t37t47t57t67t7)

w (
z
— / z > dt7dtgdtsdtsdtsdtadty
(t1,t2,t3,t4,t5,t6,t7) € Loor titatstatstets

w (141424344454671&7
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(t1,t2,t3)€ Loy titots
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</(t11t27t31t47t5)€L911 t1t2t3t4t§
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wl——3 "
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te
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(Atl,t2;t3,t4,t5»t6)EL913 titatstatsty

dtedtsdtydtsdtodty

1—t1—t2—t37t47t57t67t7>

/ “ .
- 2
(t1,t2,t3,t4,t5,t6,t7)ELg14 titatstatstely

dt7dtgdtsdtadtsdtodty

1—t1—t2—t37t47t57t67t7)

v (
t7
+ / dtrdtgdtsdtadtsdtadty
( (t1,t2,t3,ta,t5,t6,t7)ELo15 t1t2t3t4t5t6t$

NIECH
= Ego
_l’_

)+ E902(9) — Eg03(0) — Eg04(0) + Eogo5(0) — Egoe(0) — Ego7(0) + Egos(0)

E909(9) FE910(0) — E911(0) + E912(0) — E913(8) — E914(8) + E915(0) + E916(0),

where
’ . 1
Loo2(az) == sk < a1 <7, k< az < min | ag, 5(1 —a1—a2) ), as ¢ Gs,
either ag ¢ U3z or (a1,a2,a3,a3) ¢ Uy,
1 . 1
n§a1<5,/~t<a2<m1n 041,5(1*011) ,
, . 1
Loos(ag) :== S k< a1 <7, k< az < min | ag, 5(1 —a1 —a2) ), as ¢ Gs,
either as ¢ Usj or (C!1,012»0¢3703) ¢ Uy,
1
a3z < ag < 5(1—041—042—053), a4€G4,
1 X 1
n<a1<§,n<a2<m1n a17§(1—011) ,
’ . 1
Loos(as) == k< o1 <7, k< az <min | ag, 5(1 —a1 —a2) |, as ¢ Gs,
either gz ¢ U3 or (a1, a2, a3,a3) ¢ Uu,

1
a3<a4<5(17a17a27a3), 054¢C¥47
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1
a4<a5<§(1—a1—a2—a3—a4)7 as € Gs,
1 X 1
n<a1<§,n<a2<m1n a17§(1—0¢1) ,
/ . 1
Lgos(as) == k< a1 <7, k< az <min | as, 5(1 —a1 —a2) |, as ¢ Gs,
a3 € Us, (a1,a2,a3,a3) € Uy,

1
k < ag < min (04375(1—041 —ocz—oe:;)), ay ¢ Gy,

. 1
ngas<m1n(a4,§(17a1704270437(14)), as ¢ Gs,
either a5 ¢ Us or (a1, a2,a3,a4,as,a5) ¢ Us,

1 . 1
n<a1<5,n<a2<m1n al,i(lfal) ,

’ . 1

Loos(ag) = s k< a1 <7, k< az < min a2,§(1—011 —a2) |, as ¢ Gs,
az € Us, (a1,a2,a3,a3) € Uy,

1
k < oig < min (ag,g(l—al —042—043)), ay ¢ Gy,

1
n<a5<min(o¢4,§(1—a1—ag—ag—a4)), as ¢ Gs,

either a5 ¢ Us or (a1, a2,a3,a4,as,a5) ¢ Us,
1
ag,<a6<§(1—a1—a2—a3—a4—a5), ag € Gé,
1 X 1
K§a1<5,1€<a2<mm a1,5(1*a1) ,
, . 1
Loo7(a7) :== s k< a1 <7, k< a3 < min ag,i(lfal —a2) |, as ¢ Gs,
a3 € Us, (a1,02,03,a3) € Uy,
1
k < ag < min (a3,§(1 —a1 — s —a3)) , oq ¢ Gy,
. 1
k < as < min a4,§(1—041 —az—az—oq) ), as ¢ Gs,
either a5 ¢ Us or (a1, a2, a3,04,a5,a5) ¢ Ug,
1
a5<a6<5(1*a1*a2*a3*a4*0&5)7 ag & G,
1
a6<a7<5(17a17a27a37a47a57a6), a7 € G7,
1 . 1
k< ar < 2 Kk < g < min 041,5(1—01) ;
’ : 1
Loog(ar) :== sk < a1 <7, k< az < min 042,5(1*011 —a2) |, az ¢ Gs,
az € Us, (a1,02,a3,a3) € Uy,
1
k < a4 < min (a3,§(1 — a1 — a2 7043)) , ag & Gy,
. 1
k < as < min a4,5(1—a1 —az—az—aq) |, as ¢ Gs,
as € Us, (o1,a2,03,a4,05,a5) € Us,
1
E(l—al—ag—ag—azl—oés)), ag ¢ G,
5(1_041_062_063_044_045_046))7 ar ¢ Gz,
1 X 1
n§a1<5,/~t<a2<mm 041,5(1*&1) ,

1
L909(Q3) = {T/ <o <, K < a3 < min (ag, 5(1 — a1 — ag)) , O3 ¢ Gs,
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either ag ¢ U% or (a1, a2,a3,a3) ¢ U,
k<o < %, Kk < as <min<a1,%(lfa1))},
Loio(as) := {T/ <a; <1, K <a3 <min (ag, %(1 —a) — ag)) , as ¢ Gs,
either az ¢ U% or (a1, a2, a3,a3) ¢ Uy,
az < ag < %(1—011—0[2—043), ay € Gy,
k<o < %, k' < as <min<a1,%(lfa1))},
Loii(as) := {T/ <a; <7, K <az <min (az, %(1 —a] — ag)) , as ¢ Gs,
either ag ¢ U5 or (a1, a2,a3,a3) ¢ Uy,
az < ayg < %(l—al—ag—ag,), ay ¢ Gy,
ag < as < %(1—041—042—043_044)7 as € G,
k<o < %, k' < as <min(a1,%(lfa1))},
Loia(as) := {T/ <a; <7, K <az <min (az, %(1 —a] — ag)) , as ¢ Gs,
as € Uj, (a1,02,a3,a3) € Uy,
k' < a4 < min (ag, %(1 —a] —ag — ag)) , ag ¢ Gy,
k' < a5 < min (a4, %(1 —a1 —Qaz — Qg — 044)) , as & G,
either a5 ¢ Uj or (a1, a2, a3, a4, a5, a5) ¢ Ug,
k<ar < %, K < as <min(a1,%(1—a1))},
Lo13(o) := {7" <o1 <7, K <as < min (oeg, %(1 — o1 — 042)) , a3 ¢ Gs,
as € Us, (a1,02,a3,a3) € UY,
k' < a4 < min (a3, %(1 —a1 —ag — Oc3)) , g & Gy,
k' < as < min (044, %(1 —a] —ag —asg — a4)) , as ¢ Gs,
either a5 ¢ U} or (a1, a2, a3, a4, a5, a5) & Ug,
as < ag < %(17041704270437(147&5), ag € Gg,
r<ar < %, K < as <min(o¢1,%(1—a1))},
Loia(ar) = {7" <oa1 <71, K <as < min (042, %(1 — a1 — ag)) , a3 ¢ Gs,
a3 € (Jl37 (Ocl,ozg,ag,oc;g) c Uil,
k' < aq < min (043, %(1 —a1 —ag — Oé3)) , a4 ¢ Gy,
k' < as < min (044, %(1 — a1 —as —asg fa4)> , as ¢ Gs,
either a5 ¢ UL or (a1, a2, s, a4, as,a5) ¢ Us,
as < ag < %(1—a1—a2—a3—a4—a5), as ¢ G,

1
a6<a7<5(17a17a27a37a47a57a6), a7 € Gy,

1, _ 1
N<o¢1<57/i<o¢2<m1n a17§(1—a1) ,
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Lois(ar) := {7’/ <o <7, K <oz <min <a21 %(1 —a1 = a2)) , o3 & G,
a3 € Ul37 (o1, 2,3,3) € Uﬁlv
k' < ag < min (ag, %(1 —a] —az — Oég)) , ag ¢ Gy,
k' < a5 < min (a4,%(1 —a1—az—03 —064)) ; as ¢ Gs,
as € Ug, (a1,02,a3,a4,a5,a5) € Ug,
k' < ag <min(o¢5,%(l—a1—042—063—064—045))7 as ¢ G,

1
n'<a7<min(o¢b,2(1—041—042—043—044—045—(16)), o7 ¢ Gr,

1, , 1
n§a1<5,n§o¢2<m1n al,g(lfal) .

Finally, for l < 0 < {7 we have

C(0) < Cy(0) := 1+ (E901(0) + Eg02(0) — E903(0) — E904(0) + E9go5(0) — Ego6(0) — Ego7(0) + Egos(0)
+FE909(0) — E910(0) — E911(0) + E912(0) — E913(0) — E914(0) + Fo15(0) + Fo16(6)) . (50)

0 Cs(9) 0 Cs(9) 0 Cs(9) 0 Cs(9)
0.5385 | 1.95009 | 0.5402 | 2.00356 | 0.5422 | 2.08389 | 0.544 | 2.16035
0.5388 | 1.95279 | 0.5405 2.023 0.5425 | 2.10289 | 0.5442 | 2.16134
0.539 | 1.95677 | 0.5408 | 2.03985 | 0.5428 | 2.10903 | 0.5445 | 2.18608
0.5392 | 1.95916 | 0.541 | 2.05815 | 0.543 | 2.12223 | 0.5448 | 2.20478
0.5395 | 1.96639 | 0.5412 | 2.06933 | 0.5432 | 2.12238 | 0.545 2.2179
0.5398 1.986 0.5415 | 2.0785 | 0.5435 | 2.13851 | 0.5452 | 2.22554

0.54 1.99921 | 0.542 | 2.07929 | 0.5438 | 2.15308 | 0.5454 | 2.22589

6.10. Case 10. % < 6 < 0.679. In the last case, we cannot ensure that (a1, 2,20 — 1) € S3 since 6 > 1i Using Buchstab’s

identity, we have

S(.A,(Qz)%):S(Aw“)— ST S(Apy,p1)

n§a1<%
=SAz) = > SApp)— Y S(Ap,p1)
Ko <T rgalg%
- > SUpp)— DL S(Ap.p1)
2<ar<1-0 1-0<ar1<i
= Sx1 — Sx2 — Sx3 — Sx4 — Sxs- (51)

The next decomposing process is quite similar to the process in Case 9. The only difference is that we do not need to consider

E909(0) — E910(8) — E911(9) + E912(0) — E913(0) — E914(0) + E915(0)

since v =71/ = w now. The total loss When =<0 < is no more than

1 1 t1 )
5
dty

(1 t1—to tg)

wl— 5

/ Tdt:;dtzdtl
(t1.t2,t3)€Lx02 1t2t3

1—t1 —to—ta—
w < ti—ta—t3 t4)
ty

dtadtsdtadty
‘/(t17t27t37t4)€LX03 t1t2t3t421

w ( 1—t]—to—tzg—ts—ts )
ts

dtsdtydtsdtodty
/(t1,t2,t3,t4 t5)ELx04 t1t2t3t4t§

w (141427::37::47155 )
t
5 dtsdtadtsdtodty

2
/t17t21t37t4¢5)€LX05 titatslaty

[
(
(
(
(
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w (17t17t27t37t47t57t5 )
te

dtedtsdtadtsdiodiy

2
/tl,tz,ts,t4,t5,te)6Lme titatstatsty

1—t)—to—tz—tg—ts—tg—t
W( 1 2 3 4 5 6 7

t
- / T dtrdtedtsdtadtsdtadt
(t1,t2,t3,ta,t5,t6,t7)ELx07 titatstatstety
w ( 1—t —t27t37t47t57t67t7)
T
/ z 5 dt7dtgdtsdtadtsdtaodty
(t1,t2,t3,t4,t5,t6,t7)ELx08 titatstalstets

3 L 1 t1>
7
dt1

_l’_

|
|
|
i

where

1
Lxop2(a3) = {Ii <a1 <7, k< az <min (ag, 5(1 — oy — ag)) , as ¢ Gs,

either az ¢ U3z or (a1,a2,a3,a3) ¢ Uy,
1 . 1
n<a1<§,n<a2<mm 041,5(1—0(1) ,
. 1
Lxos(aa) == ¢k < a1 <7, k< a3 <min a2,§(1 —o1 —a2) |, as ¢ Gs,
either az ¢ U3z or (a1,2,a3,a3) ¢ Uy,
1
a3<a4<5(1—a1—ag—a3), ay € Gy,
1 . 1
n<a1<§,nga2<m1n 041,5(1—0c1) ,
. 1
Lxops(as):= ¢k < a1 <7, kK< a3 <min ag,i(lfal —a2) ), as ¢ Gs,
either az ¢ U3z or (a1,a2,a3,a3) ¢ Uy,
1
Oc3<oc4<5(1—0&1—042—043)7 a4¢G4,
1
044<Oc5<5(1—0&1—ch—ocg—ou;)7 as € Gs,
1 . 1
ﬁ<a1<§,m<a2<m1n 041,5(1*041) ,
. 1
Lxos(as):= ¢k < a1 <7, kK< a3 <min a2’§(1 —a1 —a2) |, as ¢ Gs,
az € Us, (a1,02,a3,a3) € Uy,

1
k < ag < min (ag,i(l—al—ag—a3)>, ay ¢ Gy,

1
n<oc5<min(a4,7(1—a1—az—as—a4))7 as ¢ Gs,

2
either a5 ¢ Us or (a1, a2, a3,a4,a5,a5) ¢ Usg,

1 . 1
n<a1<§,n§a2<m1n a1,§(17a1) ,

1
Lxos(ae) := {Ii < a1 <7, k< az <min (ag, 5(1 — oy — ag)) , az ¢ Gs,

as €Uz, (a1,a2,a3,a3) € Uy,

1
k < aq < min (a3,§(1—o¢1 —&2—(]3)), ay ¢ Gy,

1
k< as <rnin(oz4,§(1—0c1—o¢2—o¢3—o¢4)>7 as ¢ Gs,
either a5 ¢ Us or (a1, a2, a3, a4, a5,a5) ¢ Ug,

1
a5<a6<5(17041704270137&47(15), ag € Gg,
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x01(0) + EX02(9) Ex03(0) — Ex04(0) + Exo5(0) — Exo6(9) — Exor(0) + Exos(0) + Exo9(9),

(52)



1 1
n<a1<§, n<a2<min(a1,5(1—a1))},

. 1
Lxo7(a7) := {n <a; <7, k< a3 <min (az, 5(1 — a1 — 042)) , a3 ¢ Gs,
a3z € Us, (a1,a2,a3,a3) € Uy,

1
k < ayg < min (ag,i(l—oq —ag—ag)), oy ¢ Gy,

X 1
I{Sas;<m1n(a4,5(170¢170(270{37014)), as ¢ Gs,
either as ¢ Us or (a1, a2,a3,a4,a5,a5) ¢ Usg,

1
a5<a6<5(1—a1—a2—a3—o¢4—a5), as ¢ G,

1
046<Oc7<5(1—0&1—&2—043—&4—0(5—(16), a7 € Gy,

1 . 1
n<a1<§,n<a2<m1n 041,5(1*041) ,

1
Lxog(ar) := {H o1 <7, k< a3z <min (a2, 5(1 —ap — 02)) , a3 ¢ G,

as € Us, (a1,02,a3,a3) € Uy,

1
k < ag < min (ag,i(l—al—ag—a3)>, ay ¢ Gy,

a5<m1n(a4, 1—041—042—043—014)), os ¢ Gs,
as € Us, (017042,06370470457065) € Us,

< ag < min 17041704270137&47015)),ageZGg,

1
a7<m1n(a6, 17a17a27a37a47a57a6)),a7¢G7,

1
n<a1<§, <a2<min<o¢1,§(1—a1))}.
6 4
Forﬁ<0<7wehave

C(0) < Cx(0) =1+ (Exo01(0) + Exo02(0) — Ex03(8) — Ex04(0)
+Ex05(0) — Exo6(0) — Exo7(9) + Exos(0) + Exo9(0)) - (53)

0 | Cx(@) | 6 | Cx(6)| 6 | Cx(9)
0.546 | 2.33807 | 0.553 | 2.44031 | 0.561 | 2.68948
0.547 | 2.35981 | 0.555 | 2.45396 | 0.562 | 2.71434
0.549 | 2.3809 | 0.556 | 2.50757 | 0.563 | 2.80532
0.55 | 2.39955 | 0.558 | 2.51193 | 0.564 | 2.87871
0.551 | 2.43178 | 0.56 | 2.53449 | 0.565 | 2.95471

However, the alternative sieve approach may not be the best way to bound C(0) when 6 increases. Because of the rapid
increase of the size of loss, using the Rosser—Iwaniec sieve is better than using Harman’s sieve when 6 is large. Building on the
previous work of Fouvry [12], Baker and Harman [1] showed that

14 41— 0)
CW)glzfme_bg< 36 ) (54)
4

for 1 3—2 < 0 < 7. After calculating, we find that the turning point is between 0.565 and 0.566. That is, we use (54) when
0 < 0.565 and (55) when 6 > 0.565. For 6 > %, Baker and Harman [1] also got

14 4
-0 7 S0<06 (55)
= 0.6 <

c(9) <
0 < 0.679.

3—6’

6.11. Proof of Theorem 1. Note that C(6) is monotonic increasing, we can use the various upper bounds for C(6) in above
10 cases to show that

0.679
/ C(8) < 0.4993, (56)
0

.5

and Theorem 1 is now proved. The upper constants for the Brun-Titchmarsh theorem with almost all moduli ¢ < z? are given
in the above 10 tables.

28



7. APPLICATIONS

Clearly our Theorem 1 has many interesting applications (just like the previous Baker—Harman’s result), and we state some
of them in this section. Let g > 1 denote an integer and f(X) € Z[X] denote a polynomial of positive degree that has a positive
leading coefficient and no multiple roots in its splitting field. Put u(n) = f (¢™). The following two applications focus on the

quadratic fields Q ( u(n)) Note that this type of quadratic fields was first considered by Shanks [33] with the special case

u(n) = (2" 4+ 3)2 — 8. Let Qu(M, N;s) denote the number of integers n € [M + 1, M + N] for which Q (\/u(n)) =Q(v5s),
where M, N,s € Z, N > 1 and s square-free. For the case deg f > 3, Luca and Shparlinski [[26], Theorem 1.3] proved in 2009
that
3 140
Qu(M, N;s5) < N¥Te7 (log N) 1¥6 | (57)

Clearly we have Qu(M, N;s) < N3+ with © = 0.677 given by Baker and Harman [2] and Q. (M, N;s) < Ni+e with
conjectured value ® = 1. Note that 292 ~ 0.895 and 2 = 0.75. In 2017, Banks and Shparlinski [[4], Theorem 1.1] improved
(58) to

Qu(M,N;s) < N7 (log N)>~&. (58)

Now we have Qu(M,N;s) < N7 ¢ with © = 0.677 given by Baker and Harman [2] and Qu.(M,N;s) < N3+e with
conjectured value ® = 1. Note that % ~ 0.739 < 0.75, the unconditional result given by (59) is even better than the
conditional result given by (58). As our first application, we apply our Theorem 1 (® = 0.679) directly to (59) to give that

Theorem 2.
358

5 500
Qu(M,N;s) <« N&T (log N)679,  where P ~ 0.737.

We can also obtain the corresponding improved lower bound for R, (M, N), the number of distinct fields among Q < u(n)) as
n varies over M +1,..., M + N.

In the same paper, Banks and Shparlinski [4] also considered the bound for Q. (M, N; s) on average over square-free s. Their
[[4], Corollary 1.4] gives

-1 o1y, 20-©)
S Tie N2e ¢, S <N 1+38 |

1 3-© . 2(1-@) 1(1-©)
S2 N1+ T, N30 < § < N 130 |

ZQ“(M’ Nj;s) < 4(1-©) 20 (59)

3 3-©
s<S S'?,Jrej\73+(--)+s7 N1+3® < S N3,
N (trivial bound), N% <.
As our second application, using our Theorem 1 (® = 0.679) we have

Theorem 3.

429 500 4 642
S679 N 679 s S < N 3037,
1 2321 642 1284
SzN3037+5, N3037 < S < N3037,
E Qu(M7 N; 3) < 3000 2321 4 1284 679
S3679 N3679 7 N3037 < S < N1500,

s<S
679
N, N 1500 < S.

APPENDIX: SHIFTED PRIMES WITHOUT LARGE PRIME FACTORS

Since the shifting process destroys the multiplicative structure of prime numbers, it is conjectured that Pt (p + a) has a
distribution roughly the same as the distribution of PT(n) over all integers n < . In fact, one has a special version of this
general conjecture:

Conjecture. There are infinitely many primes p with PT(p + a) < p® and infinitely many primes p with PT(p + a) > p®
for any 0 < 9,0 < 1.

Note that we have already mentioned the historical progress towards the second assertion in the Introduction. For the first
assertion, Erd8s [10] first proved in 1935 that there exists some 9 < 1 such that Pt (p 4+ a) < p? for infinitely many p. After
that, many mathematicians improved the upper bound for 9. The progression of records for © can be seen in the following
table.

9 ~ Author Year

2v2 -2 0.8285 Wooldridge [35] 1979
561225E 0.4491 Pomerance [32] 1980
Texp (—5) | 0.3465 Balog [3] 1984
Texp(—3) [0.3033 Friedlander [13] 1989
0.2961 0.2961 | Baker and Harman [2] | 1998
Dexp(—3) [0.2844 Lichtman [23] 2022

However, we cannot improve Lichtman’s result by applying any sieves since we do not have a distribution result for primes
17
in arithmetic progressions with multi-linear forms of moduli larger than x32.
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