A REMARK ON THE DISTRIBUTION OF ,/p MODULO ONE
INVOLVING PRIMES OF SPECIAL TYPE II

RUNBO LI

ABSTRACT. Let P, denote an integer with at most r prime factors counted with multiplicity.
In this paper we prove that for some A < le, the inequality {,/p} < p~* has infinitely many
solutions in primes p such that p + 2 = P,., where r = 4,5,6,7. Specially, when r = 4 we

obtain A\ = 15%, which improves Cai’s ﬁ
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1. INTRODUCTION

Let [z] denote the largest integer not greater than = and write {z} = = — [z]. Beginning
with Vinogradov [11], many mathematicians have studied the inequality {,/p} < p~ with
prime solutions. Now the best result is due to Harman and Lewis [7]. In [7] they proved that
there are infinitely many solutions in primes p to the inequality {\/p} < p~* with A = 0.262,
which improved the previous results of Vinogradov [11], Kaufman [9], Harman [5] and Balog
[1].

On the other hand, one of the famous problems in prime number theory is the twin primes
problem, which states that there are infinitely many primes p such that p+ 2 is also a prime.
Let P, denote an integer with at most r prime factors counted with multiplicity. Now the
best result in this aspect is due to Chen [3], who showed that there are infinitely many primes
p such that p+ 2 = P,.

In 2013, Cai [2] combined those two problems and considered a mixed version.

Definition 1.1. Let M (A, r) denotes the following statement: The inequality
{vp} <p™ (1)
holds for infinitely many primes p such that p +2 = P,.
In his paper [2], he also showed that
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Theorem 1.2. M(-2=,4) holds true.

15.5°

In 2017, Dunn [4] considered a similar problem and improved Cai’s result concerning the
number of prime divisors of p+ 2. Let «, 5 € R with a # 0, and let ||z|| denote the distance
from z to the nearest integer. He obtained that if 0 < v < 1 and 6 < {5, then there are
infinitely many primes p such that

lap” + 8| <p™® and p+2="Ps.
In 2024, Li [10] generalized Cai’s result to a wider range of A. He got

Theorem 1.3. M (X, [55]) holds true for all 0 < X < 1.

In [10], Li mentioned that Cai [2] actually prove a new mean value theorem (see [[2],
Lemma 5]) for this problem and it may be useful on improving the results. In the present
paper, we shall make use of this mean value theorem and improve previous results.

Theorem 1.4. M(—~,4), M(=—,5), M( 6) and M (===, 7) hold true.

1
15.1° 12.4° 12.03” 12.01°

We mention that A\ = % is near the limit of our method that we will explain later.

2. PRELIMINARY LEMMAS

Let A denote a finite set of positive integers and z > 2. For square-free d, put
P={p:(p,2)=1}, Pr)={p:peP, (p,r) =1},
Piz)=]]p Ai={a:a€A d|a}, SAP 2= > L

peEP acA
p<z (a,P(z))=1
Lemma 2.1. ([8], Pages 205-209]). Suppose that every |Aq| can be written as
w(d
Al = ZD (),

where w(d) is a multiplicative function, 0 < w(p) < p, X4 > 1 is independent of d. Assume

further that
w(p) log 29 1
Z = log +0 . 2>z = 2.
p

J5 log 2, log 21
Then
log D 1
S(AP.2) = XaW(2)  F | +0 | — =Y In(Xa,d),
0gz log3 D d<D
d|P(z)
log D 1
S(AP.2) < XV () F (D) o[ e T nxaal,
log 2 logs D oy
d|P(z)

where D is a power of z,



and f(s) and F(s) are determined by the following differential-difference equation

F(s) =2, f(s) =0, 0<s<2,
GFE)Y = f(s—1), (f&)f =Fs—1), s>2
Lemma 2.2. ([[2], Lemma 4]). For any given constant A >0 and 0 <A< 1,0<6 < I—X\
we have
(22)1 — 1= 1A
max 1— < .
== x<2p<:2x o(d)(1 — \)logx log? 7
{vpy<p™?
p=Il( mod d)

Lemma 2.3. ([2], Lemma 5]). Let
1
N = {p1p2p3p4m L2 K pp < po < p3 < pa, T < pipapspam < 2z, (m, P(ps)) = 1} :

Then for any given constant A >0 and 0 < \ < %, 0<b< }l — X we have

1 1-A

x
max E 1——— E n < T
d<a? (Ld)=1 neN QO(d) neN log X
n=l( mod d) (n,d)=1

{Vn—=2}<(n—2)—>

Moreover, the lower bound it for prime variables can be replaced by le2, and the proof is

similar to that in [2].

Lemma 2.4. Let
z=azv, 0<y<z Q@) =]]r

p<z

Then for u > 1, we have

S 1= (1t o(1)w(u)

r<n<r+y IOg z
(n,Q(z))=1

where w(u) is the Buchstab function determined by the following differential-difference equa-
tion

(uw(u)) = w(u — 1), u > 2.

{w(u):%, 1<u<2,

Proof. Lemma 2.4 can be proved by Prime Number Theorem with Vinogradov’s error term
and the inductive arguments in [[6], Chapter A.2]. O
3



3. PROOF OF THEOREM 1.4

In this section, we define the function @ as @(p) = 0 for p = 2 and w(p) = 5 for other
primes. Note that every odd, square-free d can be written as d = q1¢o - - - g, with prime
factors ¢; > 2, we have

w<d) _ (Q1—1)Z]f112(]i.i5??(Qn—1) _ 1 _ 1 ‘ (2)
d NG n (1 =1)(ge—=1)(gn—1) (d)

Put
D=gi e A= {p+2 r<p<2x {Vp}<p }

1

M:{p1p2"'prm1: 2L <pr << pr, @< pip2 P S 24, (m1,P(pr))=1},
—{n—Z'nGN {vn—2} <( n—2_’\}
={n-2:neM, {V/n-2}<(n-2)"}.

Let v denote Euler’s constant, 4 < r < 7 and S, denote the number of prime solutions to
the inequality (1) such that p+ 2 = Pr, then we have
13
S42 5 <"4’ P,Z[Zﬁ> o Z S ("41911)21331)4; P(pip2p3); pa) + O <xﬁ>
1

1

211 <p1<pr<pa<pa< 52

)?
P1P2p3

= 541 — S42+0 ( %> (3)
and
S 2 8 (AsP.at) - > S (Apypi o1+ pra),pr) + O (2
T1?<p1<~~~<pr<<p1...2§rfl)%
_ M-ST2+O< %) (4)

for5<r 7.
In order to get a lower bound for S,, we need to get a lower bound for S, ; and an upper
bound for S, 2. Now we ignore the presence of ¢ for clarity.

3.1. The evaluation of 5, ;. We take
(2I)1_)‘ o .Tl_/\
— : (5)
(1—=X)logx
Now, by (2) and the definition of (X 4, d) in Lemma 2.1, we have

Xy =

n(Xa,d) = [Adl = ——Xa

r<p<2x
{vp}<p?
p=—2( mod d)
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By Lemma 2.2 and (6), we can easily show that

S n(Xa d) < Y pA(d) [n(Xa, d)] < 2 P(logz) 0.

d<D d<D
1
d|P(z14)

We know that

14 o(1))20, 5
= (1+o0(1)) 2log 2
where
1
=101~ )
i ££ (p—1)?
Hence
1 e 7
W (z >—(1+0ﬂ»2G%%ng

Then by Lemma 2.1 and (7)-(10), we have

1 log D 1
Sig =z XaW (m ) {f (logxllzl) +0 <logéD>} - Z In(Xa,d)|

d<D1
d|P(;m)
205e™7 L)\
> (4 o)Xas o (457
11 1087 1
2CQX_A e i_ A
— (14 0(1)) f(
logD  (35/(5—) v

(11)



3.2. The evaluation of S, ,. We first consider the case r = 4. By Chen’s switching principle
[3], we have

84,2 = Z S (Ap1p2p3p4; P<p1p2p3)7p4)

1
1 2x 2
T 14 <p1 <p2<p3<ps<

:S<BI;P,(21:) ) (13)

The equation (13) comes from a simple observation: S, counts the number of primes p such
that p+2 = n with n € N. Hence we have p = n — 2, and we can count "n — 2 that is

N |=

prime” instead of ”primes of the form n — 2”. Now S (Bl; P, (23:)%) counts n — 2 with all

prime factors larger than (Qx)%. If n — 2 has two or more prime factors, then their product
will larger than 2z, leading to a contradiction. Thus, the counted n — 2 must be prime, and
the two sums are equal.

Since we have

S (B'P,2) < S (B P,w)
for w < z, we have
Sis=S (31;79, (2;@)%) <S (Bl;P, D}). (14)
We take
Xpr=» nt (15)

neN

Now, by (2) and the definition of 7(X 4, d) in Lemma 2.1, we have

w(d
n(Xer.d) = [BY] - DD x
1
_ vy L,
beB! gp(d)
djb

_ BRI o P
-2 ek
n=2( mod d)

{Vn—2}<(n—2)=>

1 -\
o a

neN
n=2( mod d) (n,d)=1

{Vn=2}<(n—2)"*

1 A
+ Z 1—m2n_

neN
n=2( mod d) (n,d)>1

{(Vn=2}<(n-2)"*
= nl(XBI,d)—f—nQ(XBl,d). (].6)
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Applying Lemma 2.3 directly, we can show that

S ImXpn,d)| <> pP(d) | (Xpr, d)| < 2

d<D d<D
d|P(D%)

The sum of 7y(Xp:,d) can be bounded trivially:

> Ie(Xe,d)| < '~ log .
d<D

d\P(D%)

When A = -1, we have

15.1

(logz)

Z n(Xp,d)| < ' *logx)™ + 2T log x

d<D
d|P(D%)

< 2 (log ).

Then by Lemma 2.1, (8) and (19), we have

1 log D 1
S42 XBIW(Di) F( o8 1>+O 1 +
log D2 log3 D d<D
d|P(D%)
26’26_’y
< (1 1)) X - ——— - F(2
(L o)X 1o F(2)
405Xz

= (1+ o(1) 27

By Lemma 2.4, Prime Number Theorem and integration by parts we have

Xpr = (1+0(1)) X 4T,

where
1—t1—to—t3—ty

1— tl 14172::271&3 w( t4
A
" tytotst?

where w(u) is defined in Lemma 2.4.
Combining (3), (11), (20) and (21), we have

-5

Y. In(Xm,d)

) dtydtsdtsdt,

2 0o ((i/ = (%) ‘QT‘*) |

Hence we only need
677

(ﬁ/(i—A))f(zA> — 9T, > 0.

Numerical calculation shows that (24) holds for A = 27, hence M(527,4) holds true.

7
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Similarly, for the case 5 < r < 7 we have

Sr,Q = Z S (Apr"pr; P(pl e 'prfl)apr)

We take

Now, by (2) and the definition of (X 4, d) in Lemma 2.1, we have

d
WX d) = |B3] - #ng

= Zl_

beB?
dlb
DR D
nem gp(d) nem
n=2( mod d)

{Vn=2}<(n-2)~>

1 Y
= Z 1—m2n

nem
n=2( mod d) (n,d)=1

{Vn=2}<(n—2)"*

1
R

nem
n=2( mod d) (n,d)>1

{Vn=2}<(n-2)*
= 771(X32, d) + 772(X827 d)
Taking m = ps - - - p,m; in Lemma 2.3, we know that conditions

Py <ps<---<p. and (m,P(py))

are fulfilled. By Lemma 2.3 (with z1i replaced by x%) we can show that

> Im(Xee, d)| <> pP(d) I (Xpe, d)] < o' (log ),

d<D d<D
d|P(D%)

The sum of 7,(Xp2,d) can be bounded trivially:

Y In(Xpe,d)| < 2" log z,
d<D
d\P(D%)

(27)

(28)

(29)



1
=12 Jog

When \ < ﬁ, we have
Z In(Xp1,d)| < ' *logz)™® +x
d<D
d|P(D%>
< o' (log ). (30)
Then by Lemma 2.1, (8) and (30), for 5 < r < 7 we have
log D 1
Sr2 < XeW (D) F(%1)+0 — et D In(Xe,d)
log D2 log® D d<D
d\P(D%)
2C5¢™7
< (1+0(1)Xpg - F(2
(L4 o)X T2 (2
(31)

405 X g2
=(1 1 :
(1+0(1) 725
Similar to the case r = 4, by Lemma 2.4, Prime Number Theorem and integration by
(32)

Xp2 = (1 + 0(1))X_ATT,

parts we have
where
/ / / Sl ) dt, - - dt (33)
tity - toqt2 !
Combining (4), (12), (31) and (32), for 5 < r < 7 we have
2CQXA e 7 1_ A
S, > (1+o(1)) ( f (4 —oT, (34)
logD \ (3/(3-M)"\ &
Hence we only need
e’ %l - A
))f ) -2 >0 (35)
12

(72/ (i -

When r = 5,6, 7, numerical calculation shows that
1_ 1
4 12.4) o 2T5 > 07

(11_2/( T 124
e i~ T
f( : )—2T6>O
(iz/ (G — =) v
1

1

¢ ))f’( 1

and
1/ /1 1
(5/ (3 - 5o I
Now Theorem 1.4 is proved. We remark that for positive A, we have
Loy Loy
>0 > 2
f ( 3 ) or 3
is rather near the limit point.
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