REMARKS ON ADDITIVE REPRESENTATIONS OF NATURAL NUMBERS

RUNBO LI

ABSTRACT. For two relatively prime square-free positive integers a and b, we study integers of the form ap 4+ bPs and give a
new lower bound for it, where ap and bP2 are both square-free, p denotes a prime, and P2 has at most two prime factors.
We also consider some special cases where p is small, p and Py are within short intervals, p and Py are within arithmetical
progressions and a Goldbach-type upper bound result. Our new results generalize and improve the previous results.
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1. INTRODUCTION

Let N denotes a sufficiently large even integer, p and ¢, with or without subscript, denote prime numbers, and let P,
denotes an integer with at most r prime factors counted with multiplicity. For each Ne > 4 and r > 2, we define

D1r(Ne) :=|{p:p < Ne;yNe —p = Pr}|. 1)
In 1966 Jingrun Chen [8] announced his remarkable Chen’s theorem: let N, be a sufficiently large even integer, then
Dia(N.) > om% (2)
where
c.vo =TT 2= 1 (1 - %) . 3)
o, P2 00 (-1

p>2
and the detail was published in [9]. The original proof of Jingrun Chen was simplified by Pan, Ding and Wang [31], Halberstam
and Richert [16], Halberstam [15] and Ross [34]. As Halberstam and Richert indicated in [16], it would be interesting to
know whether a more elaborate weighting procedure could be adapted to the purpose of (2). This might lead to numerical
improvements and could be important. Chen’s constant 0.67 was improved successively to

0.689, 0.7544, 0.81, 0.8285, 0.836, 0.867, 0.899
by Halberstam and Richert [16] [15], Chen [12] [10], Cai and Lu [7], Wu [41], Cai [2] and Wu [42] respectively.
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In 1990, Wu [38] generalized Chen’s theorem and showed that

Ce(Ne)Ne
D1.3(Ng) > 0.67T—2"52"€ Jog log N, 4
1,3( e) (logNe)2 og log [NVe ( )
and Ce(No)N.
D1 (No) > 0.67—22"22""C (log log N )" 2. 5
1,r(Ne) (log No)2 (loglog Ne) (5)

Kan [18] also proved the similar result in 1991:

0.77 Ce(Ne)Ne -2, ©6)
(r—2)! (log N¢)2
which is better than Wu’s result when r = 3. In 2023, Li [28] improved their results and obtained

D1 »(Ne) > (loglog Ne

Ce(Ne)N,
D1 3(Ne) > 0.8671 —-—2_% Joglog N, 7
1,3( ) (logNe)2 oglog Ne (7
and CANAN
D1,-(Ne) > 0.8671&(@ log Ne)" 2. (8)
(log Ne)?

Kan [20] proved the more generalized theorem in 1992:
0.77 Ce(Ne)Ne
(s — 1)!I(r — 2)! (log Ne)?

D (N.) > (loglog N.)*+7 3, (9)

where s > 1,

Ds r(Ne) := |{Ps : Ps < Ney, Ne — Ps = Pr}|. (10)

Furthermore, for two relatively prime square-free positive integers a and b, let N denotes a sufficiently large integer that

is relatively prime to both a and b, a,b < N¢ and let N be even if a and b are both odd. Let R, ,(N) denote the number of

primes p such that ap and N — ap are both square-free, b | (N — ap), and N;“p = P5. In 1976, Ross [[35], Chapter 3] got a

similar result without the square-free restrictions on ap and N — ap. In 2023, Li [27] established that

C(N)N

ab(log N)2’

Rau(N) > 0.68 (11)

where

p—1 p—1 1
C(N)::H—H—H(lfiz>. (12)
s P T2 NP T2 5 (r—=1)
p>2 p>2
In this paper, we improve the result by using a delicate sieve process similar to that of [2] and prove that
Theorem 1.1. CINN
Rop(N) > 0.8671¥.
’ ab(log N)?2

It is easy to see that when we take @ = 1 and b = 1, Theorem 1.1 implies Cai’s result on Chen’s theorem [[2], Theorem 1];
when we take a = 1 and b = 2, Theorem 1.1 improves Li’s result related to the Lemoine’s conjecture [[26], Theorem 1]. When
we take a = q1g2 - - - ¢qs and b = ¢/ ¢} - - - q;. where ¢, ¢’ denote prime numbers satisfy

s,r21, ¢,q; <N, (g, N)=(q;,N) =1 forevery 1 <i<s,1<j<r,

Theorem 1.1 generalizes and improves the previous results of Kan [[18], Theorem 2] [[20], Theorem 2], Wu [[38], Theorems 1
and 2], and Li [[28], Theorems 1.1 and 1.2]. Clearly one can modify our proof of Theorem 1.1 to get a similar lower bound on
the twin prime version. For this, we refer the interested readers to Ross’s PhD thesis [35] and [[14], Sect. 25.6], as well as [19],
[21] and [23] for some interesting applications.

Chen’s theorem with small primes was first studied by Cai [1]. For 0 < 6 < 1, we define

DY, (Ne)i= |{p:p < NI Ne—p=Pr | (13)
Then it is proved in [1] that for 0.95 < 6 < 1, we have
Ce(Ne)N?
(log Ne)? .
Cai’s range 0.95 < 6 < 1 was extended successively to 0.945 < 6 < 1 in [4] and to 0.941 < 6 < 1 in [3].
In this paper, we generalize their results to integers of the form ap + bP>. For two relatively prime square-free positive

integers a and b, let N denotes a sufficiently large integer that is relatively prime to both a and b, a,b < N¢ and let N be even
if ¢ and b are both odd. Let RZ »(IN) denote the number of primes p < N? such that ap and N — ap are both square-free,

Df 5(Ne) > (14)

b| (N —ap), and ¥ 32 = P». In 1976, Ross [[35], Chapter 5] got a similar result without the square-free restrictions on ap and
N — ap and showed that 0.959 < 0 < 1 is admissible. Now by using a delicate sieve process similar to that of [3], we prove that

Theorem 1.2. For 0.9409 < 0 < 1 we have
C(N)N?
ab(log N2~

2

Ri,b(N) >



For similar results on the twin prime version with small primes, we refer the interested readers to [29], [43], [13] and [30].
Chen'’s theorem in short intervals was first studied by Ross [36]. For 0 < x < 1, we define

D17 (Ne,k) :=|{p: Ne/2 — NF <p,P- < Ne/2+ NJ,Ne =p+ P.}|. (15)
Then it is proved in [36] that for 0.98 < k < 1, we have

Ce(Ne)N¢

D N, .
172( 67“{)>> (logNe)2

(16)

The constant 0.98 was improved successively to
0.974,0.973,0.9729,0.972,0.971,0.97

by Wu [39] [40], Salerno and Vitolo [37], Cai and Lu [6], Wu [41] and Cai [2] respectively.

In this paper, we generalize their results to integers of the form ap + bP>. For two relatively prime square-free positive
integers a and b, let N denotes a sufficiently large integer that is relatively prime to both a and b, a,b < N¢ and let N be even
if a and b are both odd. Let R, (N, k) denote the number of primes N/2 — N* < p < N/2 + N* such that ap and N — ap are
both square-free, b | (N — ap), N_bap = P, and N/2 — N* < w < N/2+4 N*. In [36], Ross mentioned that his method can
be used to prove similar results of R, (N, k) with 0.98 < k < 1 and a detailed proof was given in [[35], Chapter 5]. Now by
using a delicate sieve process similar to that of [2], we prove that

Theorem 1.3. For 0.97 < k < 1 we have
C(N)N*

R N, > —————.
a,b( H) > ab(logN)2

From our Theorems 1.1-1.3, it can be seen that the first aim of this paper is to improve the old results on the natural
numbers of the form ap + bP> to be consistent with or better than the results on the even numbers of the form p + P». Before
our work, all results on this topic are weaker than those of binary Goldbach problem. For Theorem 1.1, the constants 0.608 in
[35] and 0.68 in [27] are smaller than 0.867 in [2]. For Theorems 1.2-1.3, Ross’s exponent 0.959 and 0.98 are again weaker than
those in [3] and [2].

Chen'’s theorem in arithmetical progressions was first studied by Kan and Shan [24]. If we define

DI,T(N€1cv d) = |{p :p < Ne,p = d(modc), (c, d) =1, (Ne —p, C) =1,Ne—p= Pr}|: (17)

then it is proved in [24] that for ¢ < (log Ne)© where C' is a positive constant, we have

-1 Ne)N,
Di2(Neye,d) > 077 [ (p ) Ce(Ne) . (18)
ple \P—2/ ¢(c)(log Ne)
ptNe
p>2
and
0.77 p—1> Ce(Ne)Ne —2
D1 r(Ne,c,d) > loglog Ne)"~ =, 19
et > o T (553) sy togtos o) (19)
MNS
p>2

where ¢ denotes the Euler’s totient function. Clearly their results (18) and (19) generalized the previous results (2), (4), (5)
and (6). They also got the similar results on the twin prime version (or even the ”safe prime” version, see [22]) and Lewulis
[25] considered the similar problem. However, their results are only valid when c¢ is ”small”. In 1999, Cai and Lu [5] considered

L 1
this problem with "large” ¢ and proved that for ¢ < N&7, except for O (Ne‘°’7 (log Ne)_A) exceptional values, we have

pfl Ce(Ne)Ne
D1,2(Ne,c,d) > ( ) 20
e > 1T\;=3) S tog Mo 20
PINe
p>2

and they mentioned that the exponent % can be improved to 0.028. In this paper, we further generalize their results to integers

of the form ap 4+ bP>. For two relatively prime square-free positive integers a and b, let N denotes a sufficiently large integer

that is relatively prime to both a and b, a,b < N¢ and let N be even if a and b are both odd. Let R, (N,c,d) denote the
N—ap
b

number of primes p = d(modc) such that ap and N — ap are both square-free, b | (N — ap), and
delicate sieve process similar to that of [2], we prove that

= P>. Then by using a

Theorem 1.4. For ¢ < (log N)€, we have

p—1 C(N)N
Rqp(N,c,d) > 08671 [ | ( ) .
ple NPT 2 ) p(c)ab(log N)

pIN
p>2
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Theorem 1.5. For ¢ < N%028  cgcept for O (NO'O28 (log N)’A) exceptional values, we have

p—1 C(N)N
Ra,b(N7 G, d) > g{ (p_ 2) Sp(c)ab(logN)Q ’

ptN
p>2

Now we combine Theorems 1.4—1.5 with Theorems 1.2-1.3. For two relatively prime square-free positive integers a and b, let
N denotes a sufficiently large integer that is relatively prime to both a and b, a,b < N¢ and let N be even if a and b are both odd.
Let RZ »(IN, ¢, d) denote the number of primes p = d(mod ¢) such that p < N? ap and N —ap are both square-free, b | (N — ap),

and N;ap = P2. And let R, (N, ¢, d, k) denote the number of primes p = d(modc) such that N/2 — N* <p < N/2+ N*, ap

and N — ap are both square-free, b | (N — ap), w = P, and N/2 — N* < N_bap < N/2 + N*. Then by using a delicate
sieve process similar to that of [2] and [3], we prove that

Theorem 1.6. For ¢ < (log N)© and 0.9409 < 6 < 1, we have

. . p—1 C(N)N°?
Ry p(Nsc,d) > g{ (p - 2) p(c)ab(log N)2"

ptN
p>2

Theorem 1.7. For ¢ < (log N)c and 0.97 < k < 1, we have

Ra,b(N7 C, d: K) > H (
ple

ptN
p>2

p—l) C(N)N*
p—2/ ¢(c)ab(log N)?

Clearly our Theorems 1.6-1.7 focus on the case when ¢ is "small”. For ”large” ¢, we need to control the size of both 6 (or
k) and ¢, and it seems hard to say what is ”optimal”. For example, we can show that for some 0 < d; < 0.028, 0.9409 < d2 < 1
and ¢ < N9, except for O (N51 (log N)_A) exceptional values, we have

-1 C(N)N®2
R%2 (N, c,d d , 21
b )>>££(p2) A(Q)ab(log N)? &)
ptN
p>2

but we cannot say what 47 and d2 are the optimal values.
From our Theorems 1.4-1.7, it can be seen that the second aim of this paper is to construct some new results on the natural
numbers of the form ap + bP> that generalize the results on the even numbers of the form p + P», p+ P and Ps + Py.

The last theorem in this paper is a Goldbach-type upper bound result. Similar to [[27], Theorem 1. (2)], we also improve
N—ap
b

the upper bound of the number of primes p such that ap and N — ap are both square-free, b | (N — ap), and is also a

prime number. By using a delicate sieve process similar to that of [[32], Chap. 9.2], we prove that

Theorem 1.8.
Z 1<7. C(L)NQ
ap1+bpe=N ab(log N)
p1 and po are primes

In fact, Lemmas 5.1-5.6 are also valid for the sets A3—Ag in section 2 if we make some suitable modifications. Since the
detail of the proof of Theorems 1.3-1.8 is similar to those of [6], [24], [5], [32] and Theorems 1.1-1.2 so we omit them in this
paper.

In this paper, we do not focus on Chen’s double sieve technique. Maybe this can be used to improve our Theorems 1.1-1.8.
For this, we refer the interested readers to [11], [41], [42] and David Quarel’s thesis [33].

It is worth to mention that if we relax the number of prime factors of Al ;ap from two to three, we can extend the range of
6 in Theorems 1.2 and 1.6 and « in Theorems 1.3 and 1.7 to 0.838 < # < 1 and 0.919 < k < 1 respectively. This improvement
partially relies on the cancellation of the use of Wu’s mean value theorem (see [39], this is because we don’t need Chen’s
switching principle to prove such results that involve integers of the form ap + bPs).

2. THE SETS WE WANT TO SIEVE

We first list the sets that we will work with later. Let § = 0.9409 in the following sections. Put

N — N
Al:{ bapip<*7(p,abN):1,
a

p = Nag' + kb (modb?) ,0 <k <b—1,(k,b) =1},

N — N?
A2={ ap:pgi
b a
pzNa,b—;+kb(modb2),o<k<b—1,(k,b):1},

4

7(p7 abN) = 17



N — N2*N0'97 N/2 NO.97
ASZ{ ®. / <p</+7,(p,abN)=1,
b a a
pzN%§+kumwﬁ%0<k<b—1&hw:1}
N — N
.A4:{ bap p < —,(p,abN) = 1,p = d(modc), (¢,d) = 1,
a
N —ad
( b“,é):LPEN%;+kamﬁy0<k<bflxhw=1}
N— N?
As={ bap:pé—,(p,abN)=1,p5d(modc)»(cvd)=1’
a
N —ad
( b“,Q::LpzAM@P+%(mmw%,0<kgb—lwkﬁ):l},
N —ap N/2— NO97 N/2 4 NO-97
AG:{ 5 p: / a gpg/T,(nabN):l,pEd(modC),
N —ad _
(c,d)il’( b ’C) :lvpzNazﬂl+kb(m0db2)70<kgb_l’(]ab):l}7
N—b
B :{M : (p1p2ps3,abN) = 1,ps < ,
a bp1p2
_1 1 1
() en<(2) eme(2)
b < p1 b X P2 bp1 s
ps = N (bp1p2) 5 +ja (moda®) 0 <j <a—1,(j,a) = 1}’
N —b N - N? N
82:{ﬂ:(plpgpg,abN):1,7<P3< )
a bp1p2 bp1p2

(N)14< <N>3.1< (N)%
- X < - X < 7 »
b p1 b b2 b1

ps = N (bpip2) ) + ja (moda?) ,0< j <a—1,(j,a) = 1},

1

{ N — bmpip2pspa 132

0 ={ L MPIP2PsPe
a

leme N
me —N
S bpip3pa

p3 = N (bmpipepa) ;' + ja (moda®) ,0<j<a—1,(j,a) =1,

N\ 51 N
o mmn ()52 V)
b bmp1p2pa

_ { N — bmpip2pspa
Cog=8 —M8Mm™———

, (m,pflabNP (p4)) =1,

a

mp1p2p3ps = Nb;; + ja (moda®),0<j<a—1,(j,a) =1,
N — N° N
—— <m< ——, (m,pflabNP (Pz)) = 1}7
bp1p2p3pa bp1p2p3pa
1
11

N — bmpip2p3pa N\ 1
Cg:{a : (p1p2p3pa, abN) = 1, > <p1 <p2 <p3<
mp1p2p3ps = Nb;21 + ja (moda2) ,0<j<a—-1,(j,a) =1,

N — N? N
- <m<< —, <m,p;1abNP (p2)> = 1},
bp1p2p3pa bp1p2p3pa

1
N\ 132 N\3 N
&1 =4 p1p2: (p1p2,abN) =1, (*) <p1 < (*) <p2 < (*)
b b bp1

1
N\ 11 N\ 3.1 N
Ea =4 p1p2 : (p1p2,abN) =1, *) <p1 < | — <p2 < | —
b b bp1

1
13.2

Nl

N[

2

1
8.4

N N
F1= {mmmm : (p1p2p4,abN) = 1, (;) <p1 <psa<p2< (?) ,

1
N\ 114 N
: (p1p2p3pa, abN) = 1, (?) <p1 <p2 <p3 <ps< (;) ,

b

1
N N\ 814
: (p1p2p4,abN) =1, (;) <p1 <ps<p2< (?) ,

1
8.8

N\ 55
) <P4<(b

N

4.5863

—1



N
<M< —5—, (m,pl_labNP (p4)) = 1},
bp1p3pa

N\ N\ 85
F2 = ¢ mp1p2p3pa : (P1p2p3pa, abN) =1, N <p1 <p2<p3<ps< " ;

N - N N 1
S m—— (m,p1 abNP(p2)> -1\,
bp1p2p3pa bp1p2p3pa
= 1 4.5863
N 14 N\ 838 N 14 1
F3 = {mp1p2p3p4 : (p1p2p3pa, abN) = 1, (;) <p1 <p2<ps< (?) <ps < (;) s
N —N? N
T <m<——, (m,pflabNP (p2)) = 1},
bp1p2p3pa bp1p2p3pa

where a;zl is the multiplicative inverse of a mod b2, which exists by our assumption (a,b) = 1.

3. PRELIMINARY LEMMAS

Let A denote a finite set of positive integers, P denote an infinite set of primes and z > 2. Suppose that |A| ~ X 4 and for
square-free d, put

P={p:(p,N)=1}, P(r)={p:peP,(p,r) =1},

P(z)=[]p, Ai={a:a€Aa=0(modd)}, SA4P,z)= Y L
PEP acA
p<z (a,P(z))=1

Lemma 3.1. ([[20], Lemma 1]). If

I 1
> M:bgogzz-i-O( )7 za > 21 > 2,
» log 21

log z
z1<p<z2 £21

where w(d) is a multiplicative function, 0 < w(p) < p, X > 1 is independent of d. Then

S<A;7>,z>>XAw<z>{f(1°gD) +o<1éD>}— S 0 (Xam)]

log 2z log <D
n|P(z)
log D
S(A;P,z) K XAW(2){ F +0 - + > n(Xa,n
log z logs D n<D
n|P(z)

where

w w(n w(n
we =[] (1_@) WX = An - S x = S ey
P<Z P n acA n
(p,N)=1 a=0( mod n)

v denotes the Euler’s constant, f(s) and F(s) are determined by the following differential-difference equation

{F(s) =27 f(s)=0, 0<s<2,

(SF() = f(s— 1), (s/(5)) = F(s 1), s>2.
Lemma 3.2. (/[2], Lemma 2], deduced from [16]).

2e”

F(s)=—, 0<s<3;
S
2¢7 =1 log(t — 1
F(s) ¢ (1 +/ 70g( )dt) 3< s <5
S 2 t
2e” s=1Jog(t —1 s=3 log(t — 1 811 -1
F(s):i(ur/ L)dt+/ o8( )d/ du), 5<s<T;
S 2 t 1
2e7 1 -1
f(s):%, 2<s<

<4
s

27 1 t—1 _1
f(s) :L (log(s—1)+/ ﬂ/ Mdu)7 4< s <6

s 3 t u

v s—1 t—1 _

£(s) 27 (log(s—1)+/ ﬂ/ log(u—1)

S 3 u

s=4 Jog(t — 1 s=21 1
+/ &dt/ logu log —> du), 6<s<8.
2 t t+2 u -‘r]. u+2
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Lemma 3.3. ([[2], Lemma 4], deduced from [17], [32]). Let

1
z>1, z=zu, Q)= Hp,
p<z

x T
O )
0gz+ (10g22>

where w(u) is determined by the following differential-difference equation

Then for u > 1, we have

Z I:w(u)1

n<x

(n,Q(2))=1

w(u) =+, 1<
u
(o) =ww—1), u>
Moreover, we have
ww) < 7753, U
w(u) < 0.5644, u >
w(u) < 0.5617, w >
Lemma 3.4. ([[4], Lemma 2.6], [[6], Lemma 4]). Let

xT

19
z>1, xﬂ+e <Y1 < )
logx

Then for u > 1, we have

3 1:w(u)10yg1 +o( L )

T—Y1 <N<T

(n,Q(2))=1

> i-uw o ().
rz<n<z+y2 082 og" 2
(n,Q(2))=1

where w(u) is defined in Lemma 3.3.

Lemma 3.5. If we define the function w as w(p) =0 for primes p | abN and w(p) = p]%l for other primes and Na—c<z <
Né, then we have
_ 2ae”7C(N)(14 o(1))

W) log N

Proof. By [[27], Lemma 2] we have

-1 _—~
W(z):71\]rv (177‘”(”)) <171) le (1+O(11 ))
e(N) (, Ny=1 P P ogz 0gz
Since 2 | abN, we have

o= 1, 0-22) (1) 2 o)

2] (- (1o 1) e

P P log N

I I () ()

p|N p= plab p (p,abN)=1 p—1 p
p(p—2)
_ H p H p I1,>2 »-1)2 2ce V(14 o(1))
- _ _ —2
N P ! plab P ! [pjasn ](151171)22 log N
p>2 p>2 p>2
_ 2ae”7C(N)(1+ o(1))
- log N '



4. MEAN VALUE THEOREMS

Now we provide some mean value theorems which will be used in bounding various sieve error terms later.
The first two lemmas come from Pan and Pan’s book [32] and they were first proven by Pan, Ding and Wang.

Lemma 4.1. ([[32], p. 192, Corollary 8.2]). Let
m(z;k,d, 1) = > 1
kp<z
kp=l( mod d)

and let g(k) be a real function, g(k) < 1. Then, for any given constant A > 0, there exists a constant B = B(A) > 0 such that

T

Z max max Z g(k)H (y; k,d, )| < T
a<at/2(og )-8 VST COT ki) log” @
(kyd)=1
where 1 1
H(y;k,d, 1) = w(y; k,d, 1) — ——n(y;k, 1,1) = > 1——— 3 1,
©(d) Ko<y e(d) 22,
kp=Il( mod d)

1
3 < E(z) <27, 0<a<l, B(A)= %A+ 17.

Lemma 4.2. ([[32], p. 195-196, Corollary 8.3 and 8.4]). Let r1(y) be a positive function depending on x and satisfying
ri(y) € z® for y < x. Then under the conditions in Lemma 4.1, we have

max max Z g(k)H (kri(y); k,d, )| < :i‘ .
d<al /2 (ogz)-B ST D= Bl log”
(kyd)=1

Let ro(k) be a positive function depending on x and y such that kr2(k) < x for k < E(x) , y < . Then under the conditions
in Lemma 4.1, we have

x
k)H (kra(k); k,d, 1 _—
max [max, > g(k)H (kra(k): k,d. 1) < iogta
d<zl/2(logz)—B k<E(x)
(k,d)=1

The next two lemmas were first proven by Wu [39], and they are the ”short interval” version of Lemmas 4.1-4.2. These will
help us deal with the sieve error terms involved in evaluation of Sj and S;.

Lemma 4.3. ([[39], Theorem 2]). Let g(k) be a real function such that
2(k
Z gT() < logC T
k<z

for some C > 0. Then, for any given constant A > 0, there exists a constant B = B(A,C) > 0 such that

t
_ T
Z max max max Z g(k)H (y, h, k,d, )| < o
d<at—1/2(log z)~ B o/2<y<e (Ld)=1 h<at k<af log” z
(k,d)=1
where _
H(y,h,k,d,l) =(n(y + h; k,d,1) — 7(y; k,d, 1))
1
N (Tl'(y + h7 k7 1’ 1) - (ﬂ—(y7 k7 1’ 1))
©(d)
1
= 1— —— 1
> @ 2 b
y<kp<y+th y<kp<y+th
kp=Il( mod d)
3 5t —3
5 <t<1l, 0<B< 7 B(A,C)=3A+C+ 34.

Lemma 4.4. ([[3], Lemma 7], [[6], Remark]). Let g(k) be a real function such that
2
k
> 9°k) « 10gC &
k<z k
for some C > 0. Let r1(k,h) and ra(k, h) be positive function such that
Yy < k"'l(kv h)7 k"‘?(kv h) <Sy+ h.

8



Then, for any given constant A > 0, there exists a constant B = B(A,C) > 0 such that

t

_ x

g max max max E g(k)H' (y,h, k,d,1)| < A

d<at=1/2(log z)- 8 7 FYST BO=IRST) tog”
(k,d)=1

where B
Hl(yz h: k: d7 l) = (7T(k7"2(k, h)7 k7 d: l) - ﬂ-(krl (k7 h)y kv d7 l))

1
N (ﬂ-(kr2(k1 h)v k7 11 1) - (ﬂ'(k"/‘l(k‘7 h’)7 k7 17 1))
e(d)
1
S R T S
kry (k,h)<kp<kra(k,h) 80( ) kri(k,h)<kp<krs(k,h)
kp=Il( mod d)
t —
§<t< 1, 0<B8< % B(A,C)=3A+C+ 34.

In [3], Cai said that we faced the difficulty which cannot be surmounted that our Lemmas 4.3-4.4 are not sufficient to deal
with some of the sieve error terms involved. Actually the function g(k) cannot be well-defined to control the sieve error terms
50—3

involved in evaluation of Sg. (i.e. 5= < %) So we need a new mean value theorem to overcome that. The next lemma is a

new mean value theorem for products of large primes over short intervals and it was first proven by Cai [3]. This lemma will
help us deal with the sieve error terms involved in evaluation of Sé.

Lemma 4.5. For j = 2,3 and any given constant A > 0, there exists a constant B = B(A) > 0 such that

1 z?
> (e, > 2@ > W< ay
,d)= og® x
d<z9—1/2(logx)—B mp1p2p3pa€F; ¥ mp1p2p3pa€F; g
mp1p2p3pa=l( mod d) (mp1p2p3pa,d)=1

Proof. This result can be proved in the same way as [[3], Lemma 8] by showing that for j = 2,3 and 5 < r < 14, the bounds

1 29
Z ln(llafl Z 1- (d) Z < logA
d<a?=1/2(logz)— B D= p1p2--prEF; s p1p2-prEF; o8 T
p1p2-pr=l( mod d) (p1p2-pr,d)=1

hold. |

The following lemmas are the ”arithmetical progression with almost all large ¢” version of above lemmas, and they will help
us prove Theorem 1.5. We can also get variants of Theorems 1.6—1.7 with ”large” ¢ by using the following lemmas.

Lemma 4.6. ([[5], Lemma 4]). For any given constant A > 0, under the conditions in Lemmas 4.1-4.2, there exists a constant
B = B(A) > 0 such that for ¢ < £°928 except for O (550'028 (log :c)*A) exceptional values, we have

1-0.028
B = > max max | S g(k)H(y:k,de,D)| < T,
d<(z1/2(log 2)~B) /c y<z (l,de)=1 kS B(z) ogl
(k,d)=1
x1—0A028
R LRI R N
\(ac (log x )/c (];d)ZI
1.170.028
e > R 2 sHGra sk de ) < S
Sl ogx c (k\’d):1

Proof. We prove Lemma 4.6 in the case R; only, the same argument can be applied to the cases Rz and R3. Let 7(d) denotes
the divisor function, By Lemma 4.1 and similar arguments as in [[30], Lemma 3|, we have

Z R = Z Z max max Z g(k)H (y; k, dc, 1)

<z (l,de)=1
< N0-028 c<NO-028 g (21/2(log 2) = B) /c s (Lde) EcgE)(z)
k,d)=1

9



T
< Y r(dmax max | S g(k)H(ysk,d )| < —g1—,
y<z (I,d)=1 ]og xT
d<zl/2(logz)—B k<E(x)
(k,yd)=1
logA z £0-028
Z I <50 Z i< logA 2
e N0-028 c<N0-028
»1-0.028
1> logAa:
Now the proof of Lemma 4.6 is completed. O

Lemma 4.7. For any given constant A > 0, under the conditions in Lemmas 4.3—4.4, there exists a constant B = B(A,C) >0
such that for ¢ < 29928 except for O (3:0‘028 (log a:)_A) exceptional values, we have

~ pt—0.028
Ry = Z max ~max max Z g(k)H(y, h, k,dc,l)| < ———,
2<y<a (L,de)=1 h<at
dg(ztfl/Q(logz)*B)/cZ/ y<z (l,dc)=1h<zx Ka? log™ x
(k,d)=1
Z _ £t—0.028
Rs = max max max g(B)H (y, h, k,dc,1)| < —
2<y<a (L,de)=1 h<at
dg(ztfl/Z(logz)*B)/CZ/ y<z (l,dc)=1h<z o log™ x
(k,d)=1

Proof. We prove Lemma 4.7 in the case R4 only, the same argument can be applied to the case Rs. By Lemma 4.3 and similar
arguments as in [[30], Lemma 3], we have

Z Ry = Z Z max max max Z g(k)H (y, h, k,dc, 1)

— t
e NO 028 e ND028 dg(zt71/2<10g‘1})73)/6I/Zgygz(ZYdC) 1h<z h<af
(k,d)=1
Y @ > g < —2
< 7(d) max max max g(k)H (y, h,k,d,l)| < —
2<y<ae (Ld)=1 h<at
d<at=1/2(logx)—B vEsysE L d=thse k<a? log™" =
(k,d)=1
logA z £0-028
Z 1<<tg0028 Z Ry < 50—
zt—0- log™ x
c< N0-028 c<N0.028
R~ 2!—0:028
4> log:im
Now the proof of Lemma 4.7 is completed. O

Lemma 4.8. For j = 2,3, let
F; = {mp1pap3ps : mp1p2pspa € Fj, (p1p2p3ps,c) = 1},

then for any given constant A > 0, there exists a constant B = B(A) > 0 such that for ¢ < x0-028  eqcept for O (x0'028 (log x)*A)
exceptional values, we have

1 33070'028
R, = Z max Z 1-— Z 1< —F.
J (1,de)=1 p(de) log?
d<(2=1/2(logz)~B)/c mp1p2p3pa €F mp1p2p3pa €F
mp1p2p3pa=l( mod dc) (mp1p2p3pa,dec)=1

Proof. We prove Lemma 4.8 in the case R/ only, the same argument can be applied to the case R;. By Lemma 4.5 and similar
arguments as in [[30], Lemma 3], we have

1
2.0 DR 2 L e e
l,de)=1 o(dc
c<N0-028 e<NO0:028 g (50-1/2(logz)~B)/c mp1p2p3pa €F mp1p2p3pa €F
mp1p2p3pa=l( mod dc) (mp1p2p3pa,dc)=1

1 z?
< > 7(d) max > =20 > V< i
d<z?—1/2(log x)— B T mp1p2p3pa€F; ® mp1p2p3ps€F; 8
mp1p2p3pa=l( mod d) (mp1p2p3pa,d)=1
10



lOgA T , 20.028
Z 1 <<x6—0.028 Z HERS logd a2’
c<N0-028 c< N0.028
, _ 50—0.028
R2> log:xm
Now the proof of Lemma 4.8 is completed. O

5. WEIGHTED SIEVE METHOD

Now we provide the delicate weighted sieves in order to prove our Theorems 1.1-1.8.

Lemma 5.1. Let A= A; in section 2 and 0 < a < B < % Then we have

2Rq(N) >28 (_A;’p’ (%)‘j Y s (AP;P, (g)a)

(Myegp< ()P

(p.N)=1
- > S (Apypai P(p1),p2) — 2 > S (Apypai P(p1), p2)
() <pr <(B)P<pa< ()3 (B)P<pr<pa<(h)
(p1p2,N)=1 (p1p2,N)=1
+ Z S(Ammps??)(pl)’pQ)+O(Nl_a) .

(B *<p1<pa<ps<({)P
(p1p2p3,N)=1

Proof. It is similar to that of [[2], Lemma 5]. By the trivial inequality

B
Rap(N) 2 S («4;72 (%) > - > S (Apypy; P(p1), p2)

1

NB N 35

(F)PSp1<p2<(3p)?
(p1p2,N)=1

and Buchstab’s identity we have

N\7?
Rou(N) 28 <A;7’7 (;) ) - > S (Ap1p2; P(p1), p2)
(B)P<pr<pa<(g)
(p1p2,N)=1

=S (A;P, (%)3 - > ﬁs (A";P’ (%)“)

(Fr><p<($h)

(p,N)=1
+ Z S (Apyps; P,p1) — Z S (Apips; P(p1),p2) - (22)
(%>j<m<£2)j%>ﬁ (3P <pr<pa<(o)?
P1P2, (p1pa,N)=1
On the other hand, we have the trivial inequality
N «
Ry b(N) 55 (A; P, (;) ) - ) S (Apypai P(p1), p2)
(A <pr<pa<(s)
(p1p2,N)=1

g (A; P, (%)a) _ > S (Apipa; P(p1),p2)

(B <pr<pa<({)?

(p1p2,N)=1

- Z S (Ap1p2; P(p1), p2)

(Ao <pr<(B)P<pa< ()
(p1p2,N)=1

- > S (Apipa; P(p1), p2) - (23)

(3P <pr<pa<() 3
(p1p2,N)=1
Now by Buchstab’s identity we have
Z S (Ap1pz; Pyp1) — Z S (Apips; P(p1),p2)
(Myogpr<pa<(H)P (Myegpr<pa<(f)P

(p1p2,N)=1 (p1p2,N)=1
11



= > S (Apipaps; P(p1),p2) + O (N'7%) (24)

(B <p1<pa<ps<({)?
(p1p2p3,N)=1

where the trivial bound

R PP P 2
() <pr<pa<(§)P
(p1p2,N)=1
is used.
Now we add (22) and (23) and by (24) Lemma 5.1 follows. O

Lemma 5.2. Let A= Az in section 2 and 0 < a < B < Then we have

1
3-

gy 228 (42 (3) )= 2 s(ann(R))

(e<p< (4P

(p,N)=1
- > S (Apypy; P(p1),p2) — 2 > S (Apypy; P(p1),p2)
1 1
(B <p<(F)P<p2<(557)2 (F)P<p1<pa<(zpy)?
(p1p2,N)=1 (p1p2,N)=1

+ Z S (AP1P2P3?P(I71),P2) +0 (Nl_a) .

(B *<p1<pa<ps<({)?

(p1p2p3,N)=1
Proof. 1t is similar to that of Lemma 5.1 so we omit it here. O

Lemma 5.8. Let A= A; n section 2, then we have

1 o
4Ra,b(N) 235 (A;p’ (%) 13.2) +S <.A;,P7 (%> 8.4)
N\ T3
oo s(wwn(3))

_1 1
(F) T2 <pr<pe<(4)82
(p1p2,N)=1

1
N\ 132
+ S (AP1P25P7 (*> )
1 46 b

1
(B2 <p1<(§)Bapa<() 182 p]
(p1p2,N)=1

-y (e (™)
4.1001 b

1
(B2 gp<(f) 182

(p,N)=1
1
g <.Ap;'P, (E) 13.2)

\d

g

1
(FH12<p<(§)

13.2
(p,N)=1
- Z S(Aplpz;P(pl)»p2)
() T2 <pr<(4) 3 <pa< () 2
(p1p2,N)=1

N

)

) 3 s (Aplpz;P(pl)’ (bp]jp2>

1 1 1
(3 B4 <p1<(§) 3602 <pa<(55-) 2
(p1p2,N)=1

-5 S(A,,;p,(gj)ﬂ

1001 1
(F) 132 <p<()3
(p,N)=1

-y s(an (D))

3.6 1
(F) 182 <p< (L) 3604
(p,N)=1

12



N Z S (Ap1papspa; P(P1), p2)

1

1
(F) 132 <pr<pa<pz<pa<(f )51
(p1p2p3pa,N)=1

- Z S (Apypapspa; P(P1), p2)

1 1 4.6
. L 46
(B 182 <pr<pa<p3<(§)8A<pa<({) 32 pg
(P1p2p3pa,N)=1

12.2
-2 Z S(Amm%P(Pl),pQ)—FO(N13.2)
& 602 <P1<P2<(%)%
(p1p2,N)=1

= (3511 + S12) + (S21 + S22) — (Ss1 + S32) — (Sa1 + Sa2)
— (S51 4+ S52) — (S61 + Se2) — 257+ O (N%)

:SI+SQ*53*54*557567257+O<N%>,

Proof. Tt is similar to that of [[2], Lemma 6]. By Buchstab’s identity, we have

(@)
LI ()7

1 1
(FHm2p<(d)ea
(p,N)=1

N\ 132
+ Z 5 <~Ap1p237)7 (;) >

1 1
(F)B2Lpr<pa<(f)B
(p1p2,N)=1

N Z 5 (Ap1paps; Pyp1), (26)

1 1
(F) 132 <pr<pa<pz<(§)81
(p1p2p3,N)=1

& > 55 ’ <Ap;7p’ (]Z)>

1
N\ 132
- Z S (Ampz;P: (;) >
1 46

_1 .
()12 <pr1<(F)BaA<pa<(§)13:2p]
(p1p2,N)=1

* S (Ap1paps; Prp1) s (27)

1 1 46 _
()32 <pr<pa<(§)8a<pg<(§) 152 p; "

(p1p2p3,N)=1

Z S (Ap1p2; P(p1), p2)
()51 <py <(5) 5807 <pa< ()3
(p1p2,N)=1
= Z S (Ap1p2; P(p1), p2)
()81 <py <(5) 5807 <pa< ()8
(p1p2,N)=1
+ Z S (Apip2; P(p1),p2) - (28)
1 1 1 1
() BAp1<(§)F60T, (557)3 <p2<(gp7)2
(p1p2,N)=1

13



ol
N[=

If po < (%) , then pa < (ﬁ) and by Buchstab’s identity we have

Z S (Ap1pa; P(p1),p2)
(38 <pr < (X)) 3001 <po< ()
(p1p2,N)=1

) > s <Ap1pz?7’(p1)’ (bp]:[m)%)

1 1 1
(3541 <pr < (3 5301 <pr (2
(p1p2,N)=1

+ Z S (Apipaps; P(P1p2),p3) -

[SEN

1 1
(H)sagpi<(&)s60d <P2<P3<($)
(p1p2p3,N)=1

1 1
. N \3 N 2
On the other hand, if py > (E) , then pa > (bp1p2> and we have
Z S (Ap1p2; P(p1); p2)
1 1 1 1
()73 <pr<(3) 7807, (20) <<}
(p1p2,N)=1

)
bp1p2

< Z S <~AP1P2§P(p1)7 (

1 1 1 1
(A) 83 <pr <(A) 007, (520)3 <py<(52) 2

-z

bp1
(p1p2,N)=1
By (28)—(30) we get
> S (Ap1p2; P(p1): p2)
()57 <pr <(4) 3007 <pa< (1) 2
(p1p2,N)=1

1
N 2
< S| Apypa; P(p1),
Z ) ( pip2; P(P1) (bplpz) >
2

1 1
(384 <p1 < (4) 3601 <pa<(55)

bp1
(p1p2,N)=1
+ Z S (Apypaps; P(P1p2), p3) -
1 1 1
(F)8agpi<(§)30602 §p2<p3<(ﬁ)2
(p1p2p3,N)=1

By Buchstab’s identity we have

Z S(AP1P2P3§P(Z71)7P2)

1 1
() 132 <pr<pa<pa<(§)3
(p1p2p3,N)=1

- Z S (Apipaps; P, p1)

1

1
(F) 132 <p1<pa<ps<(§)81
(p1p2p3,N)=1

N Z S (Ap1paps; Pyp1)

1 4.6

1 _
()12 <pr<pa<(§) 8T <pg<(§) 132 p; "
(p1p2p3,N)=1

- Z S (Apypaps; P(P1p2), p3)

1

1 1
(5) 83 <p1<(F) 3:60% <pa<ps <(g5055) 2
(p1p2p3,N)=1

Z S(Ap1p2P3P4§P(p1)7p2)
N _1_ N 1
(F)13:2<p1<p2<p3<ps<(% )84
(p1p2p3pa,N)=1
N Z S (Apipapspas P(p1),p2) + O

1 1 4.6
—_ =T =% -1
(F) 132 <pr<pa<ps<()8A<pa<({)13.2p;
(p1p2p3pa,N)=1

WV
|

(29)

=

) &

31)

(viEg), (32)

where an argument similar to (25) is used. By Lemma 5.1 with (a, 8) = ( L 1) and (a, ) = (i L) and (26)—(27),

132’ 3
(31)—(32) we complete the proof of Lemma 5.3.

14
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Lemma 5.4. Let A = As in section 2, then we have

“ 1
AR] ,(N) 235 (,4;73, (%) 14) +S (A;P, (g) s.g)
N\ 11
* Z S Ampz;P, (?)

1 1
(F)Ta<pi<pa< ()88
(p1p2,N)=1

1
N\ 14
+ Z S <AP1P2§’P’ (?) )
1 1 4.5863
14 p]

(p.N)=1
- > S (Apypy; P(p1), p2)
(W) 1T <pr < (X)) 3T <pa< ()3
(p1p2,N)=1

1
N 2
- Z S| Apipsi P(p1), ( )
1 1 bp1p2
2

.
(588 < <(5) 37 <pa<(57)

(p1p2,N)=1

1

s

- s s(wn(D))
4.08631 b

M <pe()sT
(p,N)=1

1

N\ 838

_ Z S <.Ap;73, (—) )

b
()25 <pe(g)s7

(p,N)=1

- Z S (Ap1papspa; P(P1), p2)

1 1
(F) 11 <p1<pa<ps<ps<(L)8-8
(P1p2p3pa,N)=1

N Z S (Ap1papspa; P(P1),p2)

L 1 4.5863
£ —1
()T <pr<pa<p3<(§) B8 <pa<(F) 14 pg

(p1p2p3pa,N)=1

-2 Z S(AP1P2§P(p1)7p2)
(%)ﬁ<m<m<(%)
(p1p2,N)=1
13
-2 Z S(AP1P2;,P(p1)7P2)+O<N14)

($)s7 SP1<P2<(%)

(p1p2,N)=1
= (3811 + S12) + (851 + S52) — (S31 + S32) — (S + Sho)
— (851 + S52) — (Sg1 + Sg2) —2 (871 +872) + O (N%)

:Si+5§*S§754’175gfSé—ZséJrO(N%),

[N

[N

Proof. Tt is similar to that of Lemma 5.3 and [[3], Lemma 9] so we omit it here.
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1/2 -B
Lemma 5.5. See [2]. Let A= A; in section 2, D1 = <%) / (log <%>> with B = B(A) > 0 in Lemma 4.1, and p = %.

Then we have

S (_Ap; ’[37]732?5)

4.1001 1
()18 <p<(N)3

(p,N)=1
< Z S (Ap;’P,pS.ém)
4.1001 1
(B 1827 <p<(§H)3
(p,N)=1
1
> S 5 (Auipstn)
N 4,11001 N 1 1 1
(M)713:2 <p<(X)3 p3:675 <py<p?5
(p,N)=1 (p1,N)=1
1 19
+ 3 Z Z S (App1paps; P(p1),p2) + O <N20) .
4.1001 1 1 1
(&) 1327 <p<(4)3 p3675 <p1<pa<p3<p25
(p,N)=1 (p1p2p3,N)=1

Proof. It is similar to that of [[2], Lemma 7]. By Buchstab’s identity, we have

S (Aps P,p=5 ) =8 (Api P,p7075 ) — 3 S (Appys P, p7o7 )
p3 &7 <p1<£2?5
(p1,N)=1
+ Z S (App1pa; Pyp1), (33)
Bﬁ <p1<p2<£2}5
(p1p2,N)=1
1
S (A;,;P,gﬁ) =S (Ap;P,Qm) — Z S (Appl;/]),gﬁ>
£W175 <p1<2%
(p1,N)=1
- Z S (Appipa; P(p1),p2), (34)
gﬁ <m<m<gﬁ
(p1p2,N)=1
Z S (Appypa; Psp1) — Z S (App1pa; P(p1),p2)
373.575 <p1<p2<£2%5 273.6175 gp1<p2<gz}s
(p1p2,N)=1 (p1p2,N)=1
= Z S (Appipaps; P(p1),p2) + Z S (App‘;’mﬂjvl’l) : (35)
EWIW’ <p1 <p2<p3<2715 gﬁ <p1<p2 <gﬁ
(p1p2p3,N)=1 (p1p2,N)=1
4,1(001 l

Now we add (33) and (34), sum over p in the interval |:<%> w2 (%) 3) and by (35), we get Lemma 5.5, where the trivial

inequality

19
Z Z S (Appfpz;P’pl) <K Nz
N 4.1001 N 1 1 1
(H)7T32 <p<(H)3 p3675 <p1<pa<pZ5
(p,N)=1 (p1p2,N)=1
is used. O
N)0/2 N\ B D

Lemma 5.6. See [4]. Let A = Ay in section 2, Dy = <7> (log <?>) with B = B(A) > 0 in Lemma 4.1, and p’ = =z

Then we have

(F) 1 <p<(F)3I
(p,N)=1
< S(AP;P,p 367s>
4.08631 1
(B 1 p<()3T
(p,N)=1
1
N Z S(Appl7777p3675)
2 N, 408631 Nl 1 , 1
) 1 <p<(&)3.T p'3675 <p1<p’' 25
(p,N)=1 (p1,N)=1

16



+% Z Z S(Apmmps%P(pl),Pz)-f—O(N9_217)>,

N 4.08631 Nool o1 , 1
(%) 14 <p<(%)3.1 p 3.675 <p1<pa<ps<p 2.5
(p,N)=1 (p1p2p3,N)=1
Proof. 1t is similar to that of Lemma 5.5 and [[3], Lemma 10] so we omit it here. O

Lemma 5.7. See [32]. Let A= A; in section 2, then we have
1

N\ 5

3 1<S <A;P, (—) >+0(Né)

b
ap1+bp2=N

p1 and p2 are primes

1
+ 2 Z S (Apypops; P(p1),p2) + O (Ng)

1
()7 <p1<pa<ps<({)
(p1p2p3,N)=1

=T — %rz 4 %Tg o) (N?) .

il

Proof. It is similar to that of Lemma 5.5 and [[32], p. 211, Lemma 5] so we omit it here. O

6. PROOF OF THEOREM 1.1

In this section, sets A1, B1, C1, &1 and F1 are defined respectively. We define the function w as w(p) = 0 for primes p | abN

and w(p) = % for other primes.

1/2 -B
6.1. Evaluation of S1,52,S53. Let Dy, = (%) <10g (%)) for some positive constant B. We can take

N o -1 e(b)N N

Xay = Z T (;;b Nay, +kb) - ap (b2)log N ~ ablog N (36)

0<k<<b—1

(e,b)=1

1
so that |A;1| ~ X 4,. By Lemma 3.5 for 24, = (%) “ we have
20" 7"C(N)(1 4+ o(1

W(za,) = WL o), (37)

log N
To deal with the error terms, an; N—ap i A is relatively prime to b, so n (X 4,,n) = 0 for any integer n that shares a
y =% y n(Xa, y integ
’
common prime divisor with b. If n and a share a common prime divisor 7, say n = rn’ and a = ra’, then % = Nb;rna, P eZ
implies r | N, which is a contradiction to (a, N) = 1. Similarly, we have 7 (XAl,n) = 0 if (n,N) > 1. We conclude that
n(Xa,,n) = 0 if (n,abN) > 1. For a square-free integer n < D4, such that (n,abN) = 1, to make n | N;ap for some

w € A1, we need ap = N(modbn), which implies ap = N + kbn (modb?n) for some 0 < k < b— 1. Since (N’“p,b) =1,

bn
we can further require (k,b) = 1. When k runs through the reduced residues modulo b, we know kab_;n also runs through

the reduced residues modulo b. Therefore, we have p = Nab_an + kbn (moden) for some 0 < k < b — 1 such that (k,b) = 1.
Conversely, if p = Nab}ln + kbn + mb?n for some integer m and some 0 < k < b — 1 such that (k,b) = 1, then (%,b) =

N—aa_21 N—akbn—amb?n .
ben o ,b ] = (—ak,b) = 1. Therefore, for square-free integers n such that (n,abN) = 1, we have

|7] (XA17n)|

e ©m)
a€Aq n
a=0( mod n)

N X
= E T (—; bn, Nabgln + kbn) - ZA
ogk<b—1 N7 ¢(n)
(k,b)=1
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N .12 —1
N s *;b ,NCL P Jrkb
- w(—;an,Nab_Zl +kbn> - <“ b )
a " ©(n)

0<k<b—1
(k,b)=1
N
N (5L 1)
< > 7 (7;172”’ Na;! +kbn> S L A
0<k<b—1 a " ¢ (b?n)
(k,b)=1
Z W(%;b2,Na;21+kb) g %;1,1)
+ —
o<h<o1 ¢(n) @ (b*n)
(k,b)=1

N1
< Z T (5;527“ Nab;ln + kbn) _ ﬂia)

2
0<k<b—1 @ (b2n)
(k,b)=1
N
1 N T(=;1,1
+— > w(;bQ,Nal)Ql—f—kb)—(az) ) (38)
e(n) iy | \@ @ (v?)
(k,b)=1
By Lemma 4.1 with g(k) =1 for k =1 and g(k) =0 for k > 1, we have
> n(Xa,,n)| < N(logN)~° (39)
ngDAl
nlP(24,)
and
Z Z |n (Xa,,pn)| < N(logN)~2. (40)
Pk DAy
n|P(za4,)

Then by (36)—(40), Lemma 3.1, Lemma 3.2 and some routine arguments we have

5112XA1W(ZA1){f(1/11/§_2)+0< ! >} Z | (Xa,.n)]

1
log3 D4, n<D 4,
n|P(z4;)
N 2x132e7C(N)(1+o(1)) [ 2¢7 “0log(s —1) | 56
. X 132701+ o) ( 267 10g5.6+/ log(s 1), ds)
ablog N log N B2 2 s st
8C(N)N /4~6 log(s —1) 5.6 )
>(1 4 o(1) LN (0 5.6 ——1 d
(1+of ))ab(logN)2 ("g )/, s Ber1™
>14.82216 CUON
ab(log N)2
1/2 1
s o) {1 (F) +o (=)} - 5 v
/8. log3 D 4, n<D .,
nlP(za,)
N 2x84e-7C(N)(1+o0(1)) [ 2e7 2 log(s — 1 3.2
. x 8.4e"VC(N)(1 + o(1)) %(log3.2+/ &bg ds)
ablog N log N % 2 s sHl
8C(N)N /” log(s —1) = 3.2 )
>(1 4 o(1) oY (1532 ——1 d
(T4 o ))ab(logN)2 (og + \ . Ogs-l—l s
C(N)N
>9.30664C N
ab(log N)2
C(N)N

S1 =3S11 + S12 > 53.77312 (41)
a

b(log N)2~
Similarly, we have

N  2x132e77C(N)(1+ o(1)) y
ablog N log N

So1 2>

18



1 1 I
> —f (132 (- - 2ERE2
. bip2 2 log 4

1 1
()12 <pr<pe<(4)B 2

(p1p2,N)=1

< N 2x13.2¢ 7C(N)(1+ o(1)) o

/ablogN log N

v 1 _ logplpz _
Z 1 2e7 log (13.2 (2 log ) 1)
p1p2 1 _ logpip2
(X)T32 <py<pa<(Y) 83 13'2(2 log )

(p1p2,N)=1

&[5 log 567132(151 + t2))
>(1+ (1)) lo.lg;N)2 </ /t tito (2 —(tl +12)) dtldt2>

s1 (51 log (5.6 — 13.2 (t1 + t2))
>(1+o(1 )) logN)2 </ /; tita (1 —2(t1 +t2)) dtldt2> ’

132

N 2x132e7C(N)(1+o(1)

S22 >
22 ablog N log N
1 1 1
3 FARER Y
1 1 4.6 pip2 2 log -
N\y133 Nyg.4 Ny 155 ,—1
(5)132<p1<(5)82<pe<(5)13-2p]
(p1p2,N)=1
LN 2x132e77C(N)(A+o(1)
~ablog N log N
1 _ logpips | _
Z 2¢e7 log (13 2 ( log ) 1)
pP1p2 1 _ logpip2
(3132 <pr <(5) 817 < < (5 182 py L 13.2 (2 Tog I )
(mm )=1
4.6
4C(N)N 7 3.2t log (5.6 — 13.2 (¢1 + ¢
( + ( ) 1( N2 < /1 g( (1 2))dt1dt2>
(log N) W tita (3 — (t1+t2))
8C(N)N 84 ' Jog (5.6 — 13.2 (t1 + ¢
(1+ ( ) ( T a2 / Og (1 2))dt1dt2 s
b(log N) L tita (1 — 2 (t1 +t2))
Sa =821 + S22
4.6
8C(N)N 8.4 1 log (5.6 — 13.2 (¢ t.
(1+ ( ) ( /132 Og (1 + 2))dt1dt2
ab(log N)2 tita (1 —2(t1 +t2))
C(N)N
25.201296 ———— 3
ab(log N)
N 2 x 13.2e77C(N)(1 1 1 1 !
6o < X 13.2¢1C(N)(1 + o(1)) > U (1o (1 Jogp
ablog N log N Loo1 2 log &
(N)132<p<(N) 3.2
(p,N)=
N 4.1001
N  2x13.2¢ 7C(N)(1+o0(1)) (%) 132 1 1 logu
< . Fl132(s—-—x|]du
ablog N log N (X132 ulogu 2 log %
8C(N)N 4.1001(13.2 — 2 4.6 7, -1 5.6(5.6 —
<(1+40(1)) () (lo ( ) / o(s )log ( S)ds
ab(log N)2 13.2 — 8.2002 2 s +1
26 -1 461 t—1_ 56(5.6—t C(N)N
+/ logls = 1) 4 / Zlog log 2 )dt> <21.9016 SN _
2 s 4ot s—l—l t+1 ab(log N)2
N 2 x 13.2e~7 1 1 1 I
Sz < x 13.2e77C(N)(1 4 o(1)) Z 1o(130(t_ og};\)r
ablog N log N P 2 log¥

1 3.6
(B2 <p<(§)152
(p,N)=1

3.6
— (NyT33
< N 2x13.2e C(N)(1+o(1))/ b ) 1 7130 1 logu du
ablog N log N (¥)y157 ulogu 2 log%

19
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<(1+0(1))

8C(N)N ( 3.6(13.2 — 2) /4»6 log(s — 1) log 5.6(5.6 — s) ds
2 S

ab(log N)2 13.2-7.2 s+1
2.6 -1 461 t—1_  56(56—t C(N)N
+/ &ds/ log log 25 )dt> < 19.40136%,
2 s s+2 t s+1 t+1 ab(log N)
C(N)N
S3 =S31 + Sz < 41.30296 ——~ 43
3 =531 + S32 ab(log N2 (43)

6.2. Evaluation of S4,S7. Let Dg, = N1/2(log N)*B. By Chen’s switching principle and similar arguments as in [7], we

know that
N\ 3 N\ 3 N\ 3 1
1 2
&1 < (?) , (;) <e< (?) for e € €1, Su < S (Bl;P,Dgl) +o< 5) (44)
Then we can take
N _ .
Xp, = > ™ ;a®, N (bpip2) 5 + ja (45)
. N . \bpip2 a
(%)mgp1<(%)§gp2<(%)§
0<j<a—1,(j,a)=1
1 1
so that |Bi1| ~ Xp,. By Lemma 3.5 for 25, = D = Ni(log N)~B/2 we have
8e 7C 1 1
W(as,) = e WA+ o) - pgy o, (46)
log N
By the prime number theorem and integration by parts we get that
N
©(a)
Xp, = (14 0(1)) 3 bp1p2
a? 10g< )
)7 << <pciiy} #0108 o
N 1
=(1+o0(1)— > P —
ab 1 1 1 p1p2 log( - )
(B B2 <p1<(F) 3 <p2<(557)2 p1p2
1 1
s a En2 du
_(1+O())ab Nym3z tlo t/Nl N
(5)132 gl J(§)3 wulogulog (7)
12.2 log (2 =
+1
1 ds. 47
= o) o | g, (47)
To deal with the error terms, for an integer n such that (n,abN) > 1, similarly to the discussion for 7 (XA1 , n), we have
n(Xg,,n) = 0. For a square-free integer n such that (n,abN) = 1, if n | m then (pl,n) =1 and (p2,n) = 1.
Moreover, if (% a) = 1, then we have bp1paps = N + jan (moda?n) for some j such that 0 < j < a—1 and (j,a) = 1.

Conversely, if bp1paps = N + jan + sa’n for some integer j such that 0 < j < a and (j,a) = 1, some mteger n relatively prime
to p1p2 such that an | (N — bpip2ps), and some integer s, then (%,a) = (—j,a) = 1. Since jbpip2 runs through the

reduced residues modulo a when j runs through the reduced residues modulo a and « (z;k,1,1) = (i 31, 1) for square-free

integers n such that (n,abN) = 1, we have

w( ) XB
|77 (X617n)| = Z 1-—Xp,| = Z 1- (nl)
a€By a€EBy ¥
a=0( mod n) a=0( mod n)
= Z T (N; bp1p2, a2n, N +jan)
1 1 1
(5 132 <p1<(F) 3 <p2<(5h7) 2 . (p1p2,N)=1
(p1p2,m)=1,0<j<a~1,(j,a)=1

(bpjlvm a?, N (bp1p2) +Ja)
w(n)

1 1
(B)T32<p1<(§) 3 <pa<(5h))
(p1p2,n)=1,0<j<a—1,(j,a)=1

D=
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< Z (7r (N; bp1pa, a®n, N +jan)

_1 1 1
(F)B2pi<(§)3 <P2<(%) 2,(p1p2,N)=1
(p1p2,m)=1,0<j<a—1,(j,a)=1

o (ﬁ a?, N (bpip2) 5 + ja)
¢(n)

+ >

7 (525 1a% N (bpipe) 7 + ja)

1 1 1 e(n)
(B2 p<(f)3 <P2<(% 2
(p1p2,nN)>1,0<j<a—1,(j,a)=1
7 (N; b ,1,1
« > (v ¥stprpa o, 4 o) — ZQmR 1)

1 1 1
(B2m<(§)3 <p2<(%)2 (p1p2,N)=1
(p1p2,m)=1,0<j<a~1,(j,a)=1

i <bp11\7p2 ja®, N (bppo);; +ja) T (L 1, 1)

+ Z o bpipa’

1 1 1 ‘p(n) SO(GQn)
(B 132 <p1<(4) 3 <p2< () 2 . (prp2,N)=1
(p1p2,n)=1,0<i<a—1,(j,a)=1
+ N133 (log N)2
) w(N;bpip2,1,1)
< (7r N;bpips,a’n, N + jan) — ————"222"2
Z ( ) v (a?n)

_1 1 1
() T2 <p1<(F) 3 <p2<(557) 2 1 (p1p2,N)=1

(p1p2,n)=1,0<i<a—1,(j,a)=1

2 P i)
;@ ’N(bp1p2)a2 JFJCL - W

e 2 (

_1 1 1
(F)BRpi<(§)3 <P2<(%) 2 ,(p1p2,N)=1

(p1p2,n)=1,0<j<a~1,(j,a)=1

+ N133 (log N)2. (48)

By Lemma 4.1 with
1, ifkeé&
9(k) = {

)
0, otherwise

bp1p2

we have

Z |7](X51,n)| <« N(log N)~5. (49)
'n.gDB1
n|P(z5,)

Then by (44)—(49) and some routine arguments we have

Sa1 < (1+0(1)) s.

3
8C(N)N /m log (2 - 31) p
ab(log N)2 /o s

Similarly, we have

Syo < (1 —+ 0(1))

3.604
SC(N)N /7.4 log (2.604 — %6 )d
2

ab(log N)? J2.604 s >
3 3.604
SC(N)N 12.2 log (2 — 5 7.4 log (2.604 — =25
Sy =841+ Sa2 < (1+ o(l))(i)2 / Mds +/ Mds
ab(log N) 2 s 2.604 s
C(N)N
< 1069152 SN (50)
ab(log N)?2
8C(N)N (2604 -1 C(N)N
S7 < (14 0(1)) SCW) 08(s = 1) 45 < 0.5160672—C N (51)
ab(log N)2 /o s ab(log N)?2
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6.3. Evaluation of Sg. Let D¢, = N1/2(log N)~B. By Chen’s switching principle and similar arguments as in [2], we know
that
N % N ﬁ N % 1 12.2
|F1] < <€) , (?) <e< (?) for e € Fy, 561<S(C1;’P,DC?1>+O<NT1). (52)
1
By Lemma 3.5 for 2¢, = DZ, = N (log N)~B/2 we have

Wise,) = S CETAD iy — o (53)

By Lemma 3.3 we have

[C1| = > > 1

mp1p2pa €F1 NN gg N
P2 <p3<min((5) 84, (g pmmr))

-1 .
Pp3=N(bmpip2pa) o +ja( mod a?)
0<j<a—1,(j,a)=1

»(a 12.2
- )3 S Loy
a
N s N obr 1§m§¢ ¥
(5)13-2<p1<pa<pa<p3<(7 )84 bp1p2P3P4
(p1p2p3pa,N)=1 (m,pl_labNP(p4)):l

N 5617 .
<+ 3 Oy o (vi3E)
ab L . P1p2p3palogpa

() 132 <p1<pa<pa<ps<(§ )81

1 1
0.5617TN [sadt; [s3 1 /1 1 1
= (1+0(1)) B (7 - 7) log ——dts. (54)

ablog N ﬁ t1 Jyy 2\t to 8.4t9

To deal with the error terms, for an integer n such that (n,abN) > 1, similarly to the discussion for 7 (Xgl,n)7 we have

1 (|C1],n) = 0. For a square-free integer n that is relatively prime to abN, if n | %

, then (p1,n) = 1,(p2,n) =1

and (p4,n) = 1. Moreover, if (%,a) =1, then we have bmpipapsps = N + jan (moda®n) for some j such that

0<j<a—1and (j,a) = 1. Conversely, if bmp1papsps = N + jan + sa®n for some integer j such that 0 < j < @ and (j,a) = 1,
an

(—j,a) = 1. Since jbmpipapa runs through the reduced residues modulo a when j runs through the reduced residues modulo

aand w(z; k,1,1) =7 (%, 1, 1)7 for a square-free integer n relatively prime to abN, we have

. . . . N—b
some integer n relatively prime to pipeps such that an | (N — bmpipapspa), and some integer s, then | =—"P1P2P3P4 a) =

w(n) |C1]
m(cilm)l=| > 1-==all=| > 1-
acCy n a€eCy So(n)
a=0( mod n) a=0( mod n)

- ¥ > o

CSTL | pe<pa<min((B) ST ,(8) p2<ps<min((4) 57 ()
N

beps=N+jan( mod a2’n) p3=N (bmpip2pa 21+ja,( mod a2)
. SN a
0<isa=1,(Ga)=1 0<ji<a—1,(j,a)=1

1
tom & > L )
7 1
(fii);l P2<p3<min((%)s.4 7(%))
PaEN(bmplpzm);zl-&-ja( mod a?)
0<j<a—1,(j,a)=1

S\)—l
(]
—

Let
g(k) = > 1,
e=k
ecFiy
0<j<a—1,(j,a)=1
then

In (IC1],m)| < > g(k) > 1= % > !

1 12.2 . 1 . L
(P ra<k<(fH132 p2<pz<min((§)81,({F) p2<pz<min(({)8.1,(5))
(k,m)=1 bkps=N+jan( mod a“n) p3£N(bmp1p2p4);2l+ja( mod a?)



1
+ > > 1
%1) 13.2 p2<p3<min((%)ﬁ,(%))

<k<(
(k,n)>(4) 132 PSEN(me1P2P4);21+jG( mod a?)

1
T ((%) s ;aQ,N(bmp1P2P4);2l +ja)

1
N\ 8.
< g g(k?) ™ <bl€ (?) o ?bka a2n1N+ja'n> -

- o(n)
(A Te <ke (X))
(k,n)=1
™ (%;az,N(bmplpzm);; +ja>
+ Z g(k) | 7 (N;bk, a®n, N + jan) —
Ny B4 Ny 122 o(n)
()82 <k<(§)132
(k,n)=1
5 ™ (p2;a2, N(bmp1p2p4);21 +ja>
+ > g(k) | 7 (bkpa; bk, a®n, N + jan) —
Ny Ny 122 e(n)
() TA<k<(4)13:2
(k,n)=1

+ N33 (log N)?

1
N)B7 .
N, ”(bk<j> ,bk,l,l)
< Z g(k) | ™ bk(*) ;bk,a*n, N + jan | —
1 7.4 b <p(a2n)
(M)23 <k< ()82
(k,n)=1

™ ((%)r14 ;a?, N(bmpipaps) s +ja) ) ™ ((%)%4 i1, 1))

1 i e(n) p(a?n)
()23 <k (A&
(k,n)=1
+ S o9 (m itk o, jan) - TEEOELA))
! N 122 p(a’n)
(9)8A<k<(5)132
(k,n)=1

T (%;a?‘,N(bmplmm);Ql +ja> T (%, 1, 1)
+ > g(k) - 2
7.4 12.2 o(n) p(a?n)
(F)sa <k<(f)132
(k,n)=1
+ S g(k) (7r (bkpa; bk, a®n, N + jan) — ”(b’fmi;’k“))
1 12.2 p(a?n)
()T <k<(H)152
(k,n)=1
L2 1,
™ (pma , N (bmp1p2pa) 5 +]a> 7 (p2;1,1)
+ > g(k) - 2
. 129 w(n) p(a?n)
(N)2T <k<(N)1372
(k,n)=1

+ N153 (log N)?

23



©(n)
(3T <h<(§) &4
(k,n)=1
+ S o (ritkatn N4 gan) - T LD
NyZ4 N\ 122 p(a?n)
(F)8a<k<(f)132
(k,n)=1
N
1 N (WLI)
T om glk) | ™ (*;aQ,N bmpipaps) 5 +ja) __\MRT T
L’D(n) 7.4 Z 12.2 ( ) < bk ( a2 cp(a2)
(B &1 <k<(H)132
(k,n)=1
’ S o) (ke atn, N jom) - TP
p(a?*n
(%)4174<k<(ﬂ)132
(k,n)=1
2 — . T ;1,1
o(n) > g9(k) (W (pz;azyN(bmplpzm)agl +]a> - @272))
w(a?)

(k,n)=1
(56)

By Lemmas 4.1-4.2, we have
>~ In(cil,n)] < N(log N)~°. (57)
ngDcl
n|P(zc,)
y (52)—(57) we have
1 1
0.5617 x 8C(N)N (81 dt 84 1 1 1 1
So1 < (1+ o(1) 2T X SN 84—l/84—(g~——)bg——dm
ab(log N)2 Aot Sy e\t t2 8.4t2
C(N)N
< 0.0864362_C N (58)
ab(log N)2
Similarly, we have
So2 = Z S (Apipapspa; P (P1) ,P2)
1 1 1.4
(F) 132 <pr<pa<ps<(§)BILpa<({HE
+ S (Ap1p2pspa; P (p1),p2)
(3) 137 <py <pa<pa<(3) 50 <(A) ¥4 <py<(§) 155 p3 !
0.5617 x 8C(N)N 13.2
<1 DRI X OV (91.610g —2 — 9.6 ) log 1.4
(14 o) 22T ( o5 og
1 1
.5644 N)N ('3 dt g4 1 1 1 4 [ 4.
+(1+0(1))M/8471 84f(f_f log 84 76_152 dto
ab(log N)2 le t1 Jiy to \ t1 to 1.4 \[13.2
C(N)N
<0.5208761 VN (59)
ab(log N)2
y (58) and (59) we have
(N)N C(N)N
Se = S Se2 < 0.0864362————— + 0.5208761 —————
0 61+ 562 ab(log N)2 + ab(log N )2
C(N)N

<0.6073123
ab(log N)2
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By Lemma 5.5 we have

1
S51 = Z S <v4p;7>7 (%) 13'2)

4.1001 1
(3182 <p<(§)3

(p,N)=1
1 1 19
< ; 2.5 — = .
< 3 S(Ap,’P,gza) - Ta+ 5 F3+o( ) (61)
N 4.1001 N 1
() 132 <p<(5)3
(p,N)=1
By Lemmas 3.1, 3.2, 3.5, 4.1 and some routine arguments we get
T = Z S (A,,;P,gﬁl?ﬁ>
()82 <pe (B3
(p,N)=1
1
8C(N)N 3 dt 2:675 Jog(t — 1
<o) SOOI ([0 ) (1 [T ), (62)
b(log N)2 41001 $(1 — 2t) 2 t
Iy = Z > s (Apmipvﬂﬁ)
(N) 53 <p<(N)% 5075 <p1<gﬁ
(p,N)=1 (p1,N)=1
3.675
8C(N)N 3 dt 2.675 log( : 1 )
> (1+o(1 ))7 — —=dt ] . (63)
b(log N)2 \ Ja1001 ¢(1 - 2t) 15 t
By arguments similar to the evaluation of Sg1 we get that
s = Z Z S (App1p2ps; P(p1),p2)
4.1001 1 1 1
(F) " 13:27 <p<(4)3 p3:675 <p1<pa<p3<p2?5
(p,N)=1 (p1p2p3,N)=1
8C(N) p(a)
IEPIDEC S )3 )3 2
08 N 4:1001 N L 1 1 m< N go(a )
() 132 <p<(%4)3 p3:675 <p1<p2<p3<p25 Nbpp1p2P3
(p,N)=1 (p1p2p3,N)=1 (m,pflabNP(pg))ZI
8C(N)N 5 dt1dtadt:
§(1+0(1))# > / / / e
1.763ablog N 11000 . plogp t to t1t2t3
(F) 182 <p< (43
(p,N)=1
1
16C(N)N 3 dt 3.675
< (14 0(1))—BCMN /d B (6.17510g —2.35). (64)
1.763ab(log N)2 \ /41001 ¢(1 — 2t)

By (61)—(64) we have

1
N\ 132
S51 = E S <AP;P, (?) )

4.1001
(&) 132 <p<(§

SC(N)N [ 3 dt
<@ +o(1))m (/4113031 t(12t)> *

3.675
2.675 1o0 (¢ — 1 1 2675 log (2.675 — 1 3.675
1+/ log(t—1) .. ,/ ( an )dt+ (6.17510g7 —2.35)
2 t 2J15 t 1.763 2.5

Similarly, we have




8C(N)N 3601 dt
< (1+o(1))m </362 t(1—2t)> -

13

3.675
2.675 1o0(f — 1 1 2675 log (2.675 — 1 3.675
L +/ log(t —1) ., ,/ < 1 >dt+ (6.17510g7 - 2.35)
9 t 1 1.763 2.5

2 5 t
S5 = Ss1 + Ss2
< 40(1)) 8C(N)N /% dr_ /ﬁ dt y

< o(l)) ————— —_— P E—

ab(log N )2 41001 #(1 — 2t) 2o t(1-2t)
_ 3.675

1+ /2'675 log(t =1) 5, 1 /2‘675 og (267 - %57) dt+ — (617510 227 _ 935
2 t 2 1.5 t 1.763 2.5
C(N)N
< 1.87206— 2 (65)
ab(log N)2

6.5. Proof of theorem 1.1. By Lemma 5.3, (41)—(43), (50)—(51), (60) and (65) we get
C(N)N
S1+ 52 > 58.974416¥,
ab(log N)2

C(N)N
S S S S 257 < 55.505987 —————
3+ 54 +55 + 56 + 257 ab(log N)?
C(N)N
4Ry p(N) = (S1+ S2) — (S3 + Sa + S5 + S6 +257) > 3.468429#,
’ ab(log N)?2
C(N)N
Rap(N) > 0.8671 SN
’ ab(log N)2

Theorem 1.1 is proved.

7. PROOF OF THEOREM 1.2

In this section, sets Asg, B2, Ca, C3, €2, F2 and F3 are defined respectively. We define the function w as w(p) = 0 for primes
p | abN and w(p) = p%l for other primes.

0/2 _B
7.1. Evaluation of S{,5),S5. Let Dy, = (%) (log (%)) for some positive constant B. We can take

6 bYN? N
Xag= D> o« (—;bQ,Nab—; +kb) ~ i(z’ )1 T~ TN (66)
ogh<b—1 @ ap (b?)log abf log
(k,b)=1
1
so that [A2| ~ X 4,. By Lemma 3.5 for z4, = <%) * we have
_ 2ae”"C(N)(1 4 0(1))

W(za,) = e . (67)

To deal with the error terms, for an integer n such that (n,abN) > 1, similarly to the discussion for 7 (XA1 , n), we have
n (XAZ,TL) = 0. For a square-free integer n < D 4, such that (n,abN) = 1, to make n | N;ap for some N;ap € Az, we need

ap = N(modbn), which implies ap = N + kbn (modb®n) for some 0 < k < b— 1. Since (N_ap,b) =1, we can further require

bn

(k,b) = 1. When k runs through the reduced residues modulo b, we know kab_zln also runs through the reduced residues modulo b.
Therefore, we have p = Nab_an—&-klm (modb2n) for some 0 < k < b—1 such that (k,b) = 1. Conversely, if p = Nab_zln—&—kbn—kmlﬂn
) (N—a,a_1 N —akbn—amb?n

e ,b) = (—ak,b) = 1.

for some integer m and some 0 < k < b—1 such that (k,b) = 1, then (Nb_nap b

Therefore, for square-free integers n such that (n,abN) = 1, we have

=] X 1=,
a€Ay n
a=0( mod n)
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NP o -1
NG ™ 7;b ,Na2 + kb
- (Tr (—;bzn,Nab_Ql +kbn) - (“ b )
a n
-1

0<k<b »(n)
(k,b)=1
N9
NO T(—=—;1,1
< > 7 (—;b%, Na;! + kbn) - y
0<k<b—1 a ¢ (b%n)
(k,b)=1
N° 12 -1 6
oy W(T,b,Nabz +kb)_7r T,1,1)
o<h<i_1 e(n) @ (b%n)
(k,b)=1
0
N? (=11
< Z ﬂ(—;b2n,Na;21n+kbn) ,y
o<k<b—1 a ¢ (b%n)
(k,b)=1
N@
1 N T(=—;1,1
+— > Tr(—;bQ,Nal;l-i-kb) —<“72) . (68)
o) oz [ \a o ()
(k,b)=1
By Lemma 4.1 with g(k) =1 for k = 1 and g(k) = 0 for k > 1, we have
> n(Xay,n)| < N(log N)—° (69)
n<D g,
n|P(z.a,)
and
ST [n(Xag,pn)| < N(log N) 5. (70)
p n< Day
n|P(za,)

Then by (66)—(70), Lemma 3.1, Lemma 3.2 and some routine arguments we have

0/2 1
511 2X 4, W (24,) {f (ﬁ) +0 (bgéD>} - > In(Xa5n)|
Az n<D g
nlP(s40)

N N? 2 x14e=YC(N)(1+ o(1)) “
~ abblog N log N

2e 0-21og(s—1), T0—1
<L§9 (10g(70 —-1) +/2 " log P ds)

8C(N)N? ( /79*2 log(s —1), 70—1 )
>(1 1)) —5——= (log(76 — 1 1 d
(1 +of ))abGQ(logN)2 og( )+ 2 s o8 s+1 ®
0
216.70802M7
ab(log N)?2
0/2 1
S1a 22X, W (ZAz) {f (ﬁ) +0 <1>} - Z |’7 (Xszn)l
: 10g3 D.Az n<DA2
n|P(za,)

o N  2x88e”YC(N)(1+o(1)) “
~ abflog N log N

2e7 4402 1og(s — 1) 4.46 — 1
<8§9 (10g(4.49 —-1) +/2 . log a1 ds)

8C(N)N? 440-2 Jog(s — 1) 4.40 —1
2(1-{—0(1))W log(4.40—1)—|—/2 S log St 1 ds

C(N)N*
ab(log N)2’

>10.340342

C(N)N?

S7 =357, + S5 > 60.464402 ————.
1 11 + 9512 2 ab(log N2

(71)
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Similarly, we have

0 -
s> N 2 x 14e C(N)(leo(l))><
abl log N log N

1 0 1
> (g e
p1p2 2 log 4

1 1
(F)Ta<pi<pa<(§)B88

(p1p2,N)=1
N NP  2x14e=7C(N)(1 + o(1)) y
~ abl log N log N
~ 6 _ logpips | _
Z 1 2e7 log (14( log ) 1)
p1p2 6 _ logpipa
(X) T <pr<pa<(Y)TE 14 (2 log &7 )

(p1p2,N)=1

58 log (( 797 1) — 14 (t1 + t2))
2(1+o0(1)) be(logN (/ /t titz (4 — (t1 +12)) dtldt2>

=5 log (( 9—1)—14(t1 +t2))
>(1+o(1) b6‘(10gN </ /t1 titz (0 —2(t1 +t2)) dtldm)’

N?  2x14e=7C(N)(1 +O(1)

Sho >
227 4b0log N logN
1 1
)3 el Gl E s
Nk N N 43863 p1p2 2 log &
(5) 1 <p1<(5 )88<p2<( ) Py
(P1P27N) 1
- N? 2><14e_'VC(N)(1+o(1))><
~ abflog N log N
0 _ logpip2 | _
> AL%“ﬁM@ ) )
P1p2 0 lo,
(A)T1 <py<(B) 58 <po<(3) 00 pT 14(?‘%@”)
(PlpzﬁN) 1
4C(N)N* 221 log (70 — 1) — 14 (t1 + ¢
>(14o0(1)) — 2 ( /88/ " o8 (( ) (1 + 2))dt1dt2
b@(lOgN L tito (7 _ (tl +t2))
32211 1og (70— 1) — 14 (t1 + ¢
>(1+ o(1)) o DN // T log (0 1) — 14 £ 12)) gy
b9(logN o t1t2 (9—2(t1 +t2))
S5 =S51 + S2
8C(N)N? 321 log (70 — 1) — 14 (t1 + ¢
(14 o(1)) SCWMNT ( /88/ 14 og (( ) (t1 + 2))dt1dt2
abf(log N)2 t1 tita (0 — 2 (t1 + t2))
C(N)N?
5914688 CN” (72)
ab(log N )2
N?  2x14e 7C(N)(1 1 1 6 1
Sh, < X 14e”YC(N)(1 + o(1)) > Lo(1a(8 _ losp
abf log N log N . 408631 D 2 log%
()11 <p< ()
(p,N)=1
N0 2% Ue1C(N)(1+0(1)) [T 0 1
< x 1ae (V) +0(1)) b . g f _ losu du
abf log N log N (M)1a ulogu 2 log%
8C(N)N? 4.08631(1460 — 2
<(1+0(1)) (V) ) ( )
ab6?(log N )2 140 — 8.17262
-2 -1 70— 1)(70 — 1 —
+/ Og(sS )log( )s(+1 S)ds

70—4 _ 70—-2 _ _ N
N / log(s — 1) ,_ / L iog L7 L jop 0= D0 —1—1) dt)
2 S s+2 t s+ 1 t + 1
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N)N?
<24.63508 Cw)

ab(log N)2’
s, < NP  2x14e~7C(N)(1 + o(1)) Z Lo 6 logp
abf log N log N oL 85863 P 2 log %
(F)H<p<() 14
(p,N)=1
N 3.5863
- N? 2 x14e=YC(N)(1 4+ o(1)) /%) 4 V(g8 _ logu )Y,
< - — U
abl log N log N (%)%4 ulogu 2 log %
<1+ o(1)) 8C(N)N* 3.5863(146 — 2)
= abd?(log N)2 140 — 7.1726
+/79—2 log(s — 1) log (70 — 1)(76 — 1 — s) s
2 s s+1
+/7074 log(s _ 1) ds /7972 1 log t—1 log (79 — 1)(79 -1- t) dt)
2 s s+2 t s+1 t+1
N)N?
<21.808021&,
ab(log N)?2
C(N)N? (73)

St =S4, + Sy < 46.443101 ——2——.
3 =931 T 932 < ab(log N2

7.2. Evaluation of S/, S’. Let Dp, = N®=1/2(log N)~B. By Chen’s switching principle and similar arguments as in [1], we

know that
N\ 3 N\ 3 N\ 3 1 )
2] < (?) , (;) <e< (?) for e € &, sggs(BQ;P,DgQ)JrO(N@). (74)
Then we can take
Xe, = )3 (r (i, g 2+
2 . 1 N bpipa’ a?
(B 11 <p1<(F) 3T <pa<(5p7) 2
0<j<a—1,(j4,a)=1
N — N? _ .
o (EA e N g ) )
bp1p2 a

1 20—
so that |Bz| ~ Xp,. By Lemma 3.5 for 2z, = D = N1 : (log N)~B/2 we have

8= 7C(N)(1 + o(1))

W(zp,) = 20— 1)log N F(2)=¢". (76)

By Huxley’s prime number theorem in short intervals and integeration by parts we get that

N9
<p(a) bp1p2
¢ (a?) log (bp]fm)

1

XBy = (1+0(1)) >
(BT <pr<(B) T <pa<(4) 2
N9
= (o)™ 3 L
1 ¥ ER (A} p1p2 log (p1p2>

N

1
N /(%)3'1 dt (52 du
(Myta  tlogt (%)Tll ulogulog (%)

3.1
N°O 13 log (2.1 —
( S“) d (77)

= (1 1 .
(14 o ))ablogN 2.1 s N

To deal with the error terms, for an integer n such that (n,abN) > 1, similarly to the discussion for n (Xz,,n), we have
n(XBQ,n) = 0. For a square-free integer n such that (n,abN) = 1, if n | %, then (p1,n) = 1 and (p2,n) = 1.
Moreover, if (%, a) =1, then we have bpip2p3 = N + jan (modaQn) for some j such that 0 < j < a—1 and (j,a) = 1.
Conversely, if bp1paps = N + jan + sa?n for some integer j such that 0 < j < a and (j,a) = 1, some integer n relatively prime
to p1p2 such that an | (N — bp1paps), and some integer s, then (%,a) = (—j,a) = 1. Since jbp1p2 runs through the
reduced residues modulo a when j runs through the reduced residues modulo a and 7 (z;k,1,1) = 7 (%, 1, 1), for square-free
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integers n such that (n,abN) = 1, we have

(n) XBz
In (Xpy,n)| = 1- 2 x| = 1—
’ ; no ;; (n)
a=0( mod n)

a=0( mod n)

= Z ( (N'bplpg,a2n,N+jan) - (N - Ne;bplpg,azn,N—l-jan))
<p2<( bpl)Q,(mpz,N) 1

(M) T2 <pr ()3T
-1,(j,a)=1

(mm,n) <j<a

(r (gsats N (o) 2 +a) = 7 (B2 502N () 2 + )

a > w(n)

1 1 1

Ny1a N3 T N 5

() 1E<p1<(5)3 1 <P2<(bp1 )2
(p1p2,n)=1,0<j<a—1,(j,a)=1

< Z (( (N;bp1p2, a®n, N + jan) — 7 (N— N6§bp1p2,a2n,N+jan>>

(E)T14< (X T 3 N)=1
b <pi<(5) 3 <P2\(bp1) J(p1p2,N)=
(p1p2,n)=1,0<j<a—1,(j,a)=1

<7r(bp]1\]p2 a?, N (bpip2) 5 +J“) 7”(%’ * N (Bp1p2) 2 +]a)>

B o)
<7r (bpjlvp ;a®, N (bp1p2) 5 +ya> — (%7 N (bp1p2) +ja))

+ >
T ool ¢(n)
() 1E<p1<(5)3 1 <P2<(W
(p1p2,nN)>1,0<j<a—1,(j,a)=1

)2

< Z (( (N;bp1p2,a2n,N+jan) -7 (N— N9§bp1p2,a2n,N+jan)>

N T14< (X ﬁ < 3 N)=1
()M <pi<(3)3 <P2\(bp1) J(p1p2,N)=
(p1p2,n)=1,0<j<a—1,(j,a)=1

B (7 (N;bpip2,1,1) — 7 (N — N bp1pa, 1,1))
¢ (a?n)

+ 2

(%)ﬁémg(%)% 2<(bp1 ,(P1P27N):1
(p1p2,n)=1,0<j<a—1,(j,a)=1

0

(F <bP11VP2 N (bp1p2) ;5 +ja‘) -7 (11\7]1711:2 ;a®, N (bp1p2) > +]a>)

w(n)

wleo

(W(bPNP ;1’1> _W<J§P_ge;1’1))
1P2 1P2 +N7(10gN)

- ¢ (a2n)
< ((7r (N; bp1p2,a’n, N +jan) - (N - Ne;bplpg,aQn, N +jan>)
1
()1a<p (N) <p2<() % (prpa,N)=1
(mm,n) <J<a—1,(j,a)=1
_ (m (N3 bpapa, 1, )—W(N—Nesbmm,l,l))
¢ (a?n)
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- >
Ny TI N3 N \E
()14 <p1<() 31 <p2<(gp7) 2, (P1p2,N)=1
(p1p2,m)=1,0<j<a—1,(j,a)=1

N 1 N — N¢ 1,
((w ( ;a®, N (bpip2) s +Ja) - (7;a2,N (bp1p2) 5 +Ja))

bp1p2 bp1p2
(W(ibN ;1,1)—71'(7];7_]\70;1,1)) 13
_ P1P2 X P1P2 + N 11 (10g N)Z (78)
v (a?)

By Lemma 4.3 with

.
0, otherwise

1, ifkeé&
g<k>—{ °

we have
> n(XByn)| < N%(log N)~°. (79)

'n,SDB2
nlP(z5,)

Then by (74)—(79) and some routine arguments we have

Si < (1+0(1))

3.1
8C(N)N*Y /13 log (2-1 B s+1> i
S.

ab(29 — 1)(log N)2 2.1 S

Similarly, we have

Sz < (14 0(1))

S

SC(N)NQ /7A8 log (2.7 — %) J
ab(20 — 1)(log N)2 Ja.7

3.1 3.7
SC(N NO 13 log 21— S 7.8 log 2.7 — 5
S = Siy + S < (1+0(1)) — &) / <+1>d5+/ Mds
a 9 5

(20— 1)(1og N)? \ /a1 s e s

C(N)N?

< 13.953531 ———— 80
ab(log N )2 (80)
8C(N)N* /2-1 log(s — 1)
St < (1 1 d
n < Ao e D loa V2 /s s
8C(N)N? 27 log(s — 1)
Shy < (1 1 / ds,
72 < (L4 o) e = g V)2 /s s
8C(N)N* 21 Jog(s — 1) 2.7 Jog(s — 1)
Sh =80+ 50, <(1 1—/7d/7d
7= 5+ 5 < (o) e e v U, s T, s
N)N?
< 0.771273-C DN (81)
ab(log N )2

7.3. Evaluation of Sj. Let D¢, = N9’1/2(log N)~B. By Chen’s switching principle and similar arguments as in [3], we know
that

1 1
Sg1 < S (Cz;P,DgQ) +0 (DgQ) . (82)

1 20—1
By Lemma 3.5 for z¢, = DCQ2 =N"7 (log N)~B/2 we have

_ 8¢ YC(N)(1+ o(1))

(20— 1)log N F@)=e. (83)

W(ZCQ)

By Lemma 3.4 we have

[Ca|

> 1
mP1P2P3q4 E€F2
mp1p2p3pa=Nb 5 +ja( mod a?)

0<j<a—1,(j,a)=1
> > o
2
v(a?)
1 1 _ N0
(Z) T4 <pr<pa<ps<pa<({) 88 =X

<m< N
N1 bp1p2p3p N S bP1P2P3PA
(p1p2p3p4,N)= (m,p;labNP(p2)):l




0

N
<(14o0(1)—
ab .
% )14 <

=(1
(1+o(1) ablogN

05617N9 /n dty

>

N oo
<p1<p2<p3<pa<(3 )88

14

ﬁl(l 1
t;  t2 \t1 t2

0.5617
p1p2p3p4 log p2

1
lo
) 8.8t2

(84)

To deal with the error terms, for an integer n such that (n,abN) > 1, similarly to the discussion for n (Xcl,n), we have

1n(|C2|,n) = 0. For a square-free integer n that is relatively prime to abN, if n |
1,(p3,n) = 1 and (ps,n) = 1. Moreover, if (

some j such that 0 <
0<j<aand(j

then (N=bmpip2psps
an

a) = (—j,a) = 1. Since jb;}n

N—bmpipapspa
an ’

N—bmpipap3pa
a

reduced residues modulo a, for a square-free integer n relatively prime to ab/N, we have

In (IC2[,n)| =

<

<

<

By Lemma 4.5, we have

wn
E 1— L|C2| =
a€Cq n
a=0( mod n)

> 1-
ecFo
(e,n)=1
eENb721 +jan( mod a?n)
a“<n
0<j<a—1,(j,a)=1

>

ecFa
(e,n)=1
eENb721 +jan( mod a’n)
a "’L .
0<j<a—1,(j,a)=1

L 3
gp(n) ecFo
(e,n)=1
eENb_21+ja( mod a?)
0<j<a—1,(j,a)=1

> 1-
ecFa
(e,n)=1
eENb721 +jan( mod a’n)
a“<n
0<j<a—1,(j,a)=1

1
+ [
| &
(e,n)=1

eENb721+ja( mod a?)
0<j<a—1,(j,a)=1

>

'rLSDc2
nlP(2c,)

S &1

acly e(n)
a=0( mod n)

1
o

ecFa
(e,n)=1
eENb721+ja( mod a?)
a
0<j<a—1,(j,a)=1

21
ecFo
(e,n)=1

a2n)

1

wla*n) 3,

(e,n)=1

platn) 2z,

(e,n)=1

1 0
1- E 1|+ N
@(02) ec€Fo
(e,n)=1

(IC2l,n)| < N?(log N)~

32

> 1|+ N

L1 3
So(n) ecFo
(e,n)>1
eENb;21+ja( mod a?)
0<j<a—1,(j,a)=1

7 (log N)?

7ﬁ(logN)2.

; then (p1,n) = 1,(p2,n) =
= 1, then we have bmpipapsps = N + jan (modazn) for

j <a—1and (j,a) = 1. Conversely, if bmpipapsps = N + jan + sa’n for some integer j such that
a) = 1, some integer n relatively prime to p1p2psps such that an | (N — bmpipapspa), and some integer s,

runs through the reduced residues modulo a when j runs through the

(85)

(86)



Then by (82)—(86) and some routine arguments we have

Se1 < (1+0(1))

< 0.115227

Similarly, we have

r_
Se2 =

1
()11 <p1<pa<ps<({) B8 <pa<(§) 88

+

(X) T4 <p1 <pa<ps<(Y) 58 <(3)F8 <pa< (4™
0.5617 x 8C(N)N?
ab(20 — 1)(log N)?
0.5644 x 8C(N)N?
ab(20 — 1)(log N)2
C(N)N?

<(1+40(1))
+ (1+0(1))

<0.654234
ab(l

By (87) and (88) we have

S = Sg1 + Sga < 0.115227

7.4. Evaluation of Sf. For p > (%)

1
P < (%) Yos (Ap;P, (%
By Lemma 5.6 we have

Sty = S <Ap;73, (%)

()P <pe (i)

(p,N)=1
< S(,AP;’P7B’2%5
(%>4A0184631 <p<<%>3711

0.5617 x 8C(N)N?
ab(26 — 1)(log N)?2
C(N)N?

ab(log N)2~

1

>

1

og N)2’

< 0.769461
a

4.08631
we have

(p,N)=1

By Lemmas 3.1, 3.2, 3.5, 4.1 and some routine arguments we get

/
Fl
4.08631

14

&

>

1
<p<(§H)3 T

(p,N)=1

< (1+40(1))

8C(N)N?
abf(log N)?2

>

I dt
4.086

1

&) o <P<(%)% g'ﬁ <p1 <gl2lﬁ
(p,N)=1 (p1,N)=1
8C(N)N? dt

> (14 0(1))

abf(log N)2

By arguments similar to the evaluation of Sg in [4] we get that

>

4.08631
14

(p,N)=1

€]

>

Nl o1 sl
<p<(7 )3T p 3.675 <p1<pa<p3<p 2.5

(p1p2p3,N)=1
33

ﬁ dty
1
1

S (Ap;P,g'Wlﬁ>

m)@*ﬂ

31 ¢(0 —

t1

C(N)N?
ab(log N)?2
C(N)N?

b(log N)2°

S (Aplmpsm ;P (p1),p2)

(87)

S (Ap1papapa; P (1) p2)

(22 81 1 10 4>1 1.8
.8log — — 10. ogl.
g8.8 s

/ﬁdtl ﬁl
&t Je te

( 1 1 ) (8.8
— — — ) log
t1 to 1.8

+ 0.654234

 (App, P05

1
3.1
( 4.0184631 t(9 — Qt)

C(N)N?
ab(log N)?2

1 1
)<F375F’2+5F’3+O(N9’

2.675 log(t _ 1)

t

2.675 log (2.675 -

)/

S (Appipaps; P(p1),p2)

t

4.5863

Ja

,@))ﬁz

(88)

(89)

(90)

1
20 ).

(91)

(92)



<1+ o(1))L(N) 3 s > s@(a))

(260 — 1) log N 4.08631 1 1 1 p(a?
()14 <p<(§) 3T p3675 <p1<pa<ps<p2-5 ms bpm]\zzzpz
(p,N)=1 (p1p2p3,N)=1 (m,pflabNP(pz)):l
8C(N)N?® dt1dtadt
< (1 +0(1)) ( ) / / /2 5 1at2 3
1.763(260 — 1)ablog N 1.0863) ) plogp t ¢ t1t3t3
(F)y T <31
(p,N)=1
1

16C(N)N? 51 dt 67
< (1+0(1)) 6C() /3 N — (6.175 log 2572 _ 2.35) .
1.763ab(20 — 1)(log N)2 \ ./ 4.08631 £(§ — 2t) 2.5

By (90)—(93) we have
;o p (N
o= 4 08631Z 1 g (AP’P’ ( b ) )

() cpe ()3T
(p,N)=1

&

< (1+0(1))

ab@(log N)2 ( 4.08631 $(0 — 2t)>

t 2

675
2.675 oo (t — 1 1 2675 log ( 2.67 0 3.675
(1+/ wdt,,/ ( gz )dt+ (6.17510gﬁf2.35) .
2 1 ’

5 t 1.763(20 — 1)

Similarly, we have

= b
(p,N)=1
8C(N)N? 57 dt
<o) e I ([T ) X

abl(log N)2 2.5863 ¢(6 — 2t)

2.675 |oo(t — 1 1 2675 log (2.675 — 5 0 3.675
1 +/ log(t=1) 4y _ 7/ ( g >dt + (6.175 log 2202 2.35)

5 t 2/15 t 1.763(20 — 1) 25

S5 = Sg1 + Sa
0 1 1
<(1+0(1)) 8C(N)N 3.1 dt L[ dt o
abl(log N)2 \ J4.08631 (6 — 2t) 3.5863 (0 — 2t)
14 14

3.675
2.675 100 (¢ — 1 1 2675 log (2.675 — 0 3.675
(1+/ Mdt——/ ( t“)dt—&- (61751 W—z?,)
2 1 .

t 2 /15 t 1.763(20 — 1)

C(N)N°
< 3‘669999L.
ab(log N )2

7.5. Proof of theorem 1.2. By (71)—(73), (80)—(81), (89) and (94) we get

C(N)N?

Si+ S5 > 66.37909L,
ab(log N)2

C(N)N?

St + S + SL+ S; + 255 <66.378638 —————,
3+ 54+ 55 + 56 + 257 ab(log N)?2

C(N)N?

4RY (N) > (S§ 4 Sb) — (S5 + Sy + St + S§ 4+ 25%) > 0.000452 ———
’ ab(log N)2

C(N)N?

RY (N) >0.000113 ——2— .
a,p(N) ab(log N)2

Theorem 1.2 is proved.
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8. AN OUTLINE OF THE PROOF OF THEOREMS 1.3—1.8

The proof of Theorems 1.3-1.8 is similar and even simpler than the proof of Theorems 1.1-1.2.
For Theorem 1.3, we only need Lemma 4.3 and Remark 4.4 to deal with the sieve error terms involved instead of Lemma 4.5

0.97—1/2 -B
(i.e. % = 0.925 > %) For example, let D4, = (7) (log (%)) and by Huxley’s prime number theorem

in short intervals, we can take

N/2 N0.97 N/2 — N0.97
Xaz= Y. (7r (/+7;b27Nab}1 +l~cb) - (/7;1)2,%;; +kb))

0<k<b—1 a a
(k,b)=1
) (x (M) - w (M) aosr (95)

@ (b2) ablog N
and we can construct the sets B, C, £ and F for Theorem 1.3 similar to those of Theorem 1.1 and [6].

1/2 -B
The proof of Theorems 1.4-1.5 is very similar to that of Theorem 1.1. For example, let D4, = (%) (log <%)) , we

can take
1 N
Xag ~ @th ~ o(c)ablog N (96)
We can construct the sets B, C, £ and F for Theorems 1.4—1.5 similar to those of Theorem 1.1. The infinite set of primes
used in the proof of Theorems 1.4-1.7 is P’ = {p : (p, Nc) = 1}, so by using the similar arguments to those of Lemma 3.5, for

j =4,5,6 we have
W= I1 (1-22) = [T (2oh) oo ret), o

i P ple p—2 log N
(p,Nc)=1 ptN
p>2

To deal with the error terms involved, we need to modify our Lemmas 4.1-4.2. We can do that by using the similar arguments
to those of Kan and Shan’s paper [24] and we refer the interested readers to check it. For Theorem 1.5, we need Lemma 4.6 to
control the sieve error terms with ”large” c.

The proof of Theorems 1.6-1.7 is like a combination of the proof of Theorems 1.2-1.3 and Theorem 1.4. For example, let

Dy, = (%)9/2 (log (%)>_B and D44 = (%)097_1/2 (log (%)>_B, we can take

1 N9 1 2N0.97

X~ and Xag o~ Xay o~
p(c) A2 p(c)abllog N an As p(c) As p(c)ablog N

We can construct the sets B, C, £ and F for Theorems 1.6-1.7 similar to those of Theorem 1.2 and [6]. To deal with the sieve error
terms involved, we also need to modify our Lemmas 4.3—4.5 by using the similar arguments to those of [24]. Our Lemmas 4.6-4.8
will help us if we want to combine Theorems 1.2-1.3 with Theorem 1.5 and get similar results to Theorems 1.6-1.7 with ”large”
c.

XA (98)

5~

Finally, in order to prove Theorem 1.8, we need Lemma 5.7 to give an upper bound. Then we can treat Y; and Yo by
arguments involved in evaluation of Si, S, S3, and Y3 by similar arguments involved in evaluation of Se.
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