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Ancient number theory

One of the most important topics in analytic number theory is the distribution of prime
numbers. In ancient times, people knew that there were infinitely many prime numbers.

Let
m(x) = Z 1.

p<X

Theorem (Euclid)

m(x) — 00 as x — oo.

Euclid constructed a prime number of the form pipy--- p, + 1 and proved the above
theorem by contradiction.
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Chebyshev’s theorem

Due to the discrete distribution of individual prime numbers, mathematicians began to
focus on the distribution of prime counting function 7(x).

In 1845, Bertrand conjectured the following statement, which was later proved by
Chebyshev in 1852.

Bertrand's postulate / Chebyshev's theorem (1852)

For any x > 1, there is at least one prime number between x and 2x. That is,

m(2x) — m(x) > 0.
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Prime Number Theorem

Chebyshev actually proved the following result.

0.92129I

X < r(x) < 1.10555—— as x — oo,
og X log x

where Gauss and Legendre previously conjectured that

m(x) ~ as x — 0.

log x
By Chebyshev's result, one can easily show that

(2x) — 7(x) > Togx

4/83



Riemann Hypothesis

In 1859, Riemann connected 7(x) with the zeros of complex function ((s) and put
forward his famous hypothesis.

Riemann Hypothesis (RH)

All non—trivial zeros of ((s) lie on the straight line Re(s) = 3.

As of 2025, RH is still unsolved.
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Prime Number Theorem

Using ideas introduced by Riemann, Hadamard and de la Vallée Poussin proved the
famous Prime Number Theorem independently in 1896.

Prime Number Theorem (PNT) (Hadamard, 1896; de la Vallée Poussin, 1896)

w(x)wéasx—)oo.
X

By this theorem, it is easy to prove that
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Primes in short intervals

Can we find primes in intervals shorter than x as x — oo?

\

A2 4

Hoheisel's theorem (1930)
There exists some 6 < 1 such that

9+a) X@—l—s

m(x + x —m(x) ~

log x

Moreover, 6 = ggggg is acceptable.
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Primes in short intervals

Ingham'’s theorem (1936)
If

g(%+i1&><<tC

then

x0+e

ot x) — () ~

Moreover, ¢ = % yields

m(x + x51) — 7(x) ~

)

B 1+4c

24 4c¢

5
X§+€

log x
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Primes in short intervals, records |

Gl &

. ggggg = 0.9999, Hoheisel, 1930;

249 — (0.9960, Heilbronn, 1933;

250

e 2 =0.7500, Chudakov, 1936;

° g = 0.6250, Ingham, 1936;

° % = 0.6000, Montgomery, 1971;

e L =0.5833, Huxley, 1972; Ivi¢, 1979; Heath-Brown, 1988;
7

= 0.5667, Guth—Maynard, 2025.
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Zero-density approach

Let

I = pk
A(n) = { ogp, n=p :
0, otherwise.

Because

Z/\(n) = Z logp+ O (x%“) :

n<x pP<X

A(n) instead of 7(x). Note that we have

¢'(s) _ -~ An)
¢(s) =2

n=1

we can study Y

n<x
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Zero-density approach

Perron’s formula
Let a(n) = O(1). We have

1 14+e+ico s
Z a(n) = —/ Z %X?ds + Error.

n<x 2mi 14+e—ioco =il

By Perron’s formula we have
1+e+ico © C/(S) s

X
A(n —ds + Error.
=5 [

By moving the line of integration, we can get the Explicit Formula

SAm =x— 3 ’:+O<X('°7g_x)2>.

n<x p=pB+ivy
Iv<T
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Zero-density approach

Similarly, for the short interval problem we can also get the Explicit Formula

AYA 2
s xP — (x = x") x(log x)
S am=x- Y Sl o (e,
x—x%<n<x p=PB+iv

[v[<T

Let T = x'%(log x)3 and

N(o, T) = #{zeros of ((B+iv): >0, 0<y < T}

Let ( H)P
xP — (x — x
10 P S e ek
p=PB+iy p
[v<T

o<B<o+(logx)~!

We want to show that E(c) = o (x(logx)™1).
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Zero-density approach

Note that

o _ _JO0\P X
xP — (x = x%) :/ P Ldu < xxRe()-1.
p x—x

we have
E(oc) < x'x*7IN(o, T).

Thus, by Vinogradov zero-free region and bounds of the types

N(o, T) < TA0=)(log T)B or N(o, T) < TAA=)+=,

we only need )
(1-0)(A(1—-60)—1)<0 or 0>1-7.
Huxley: A = % = 0> % Guth—Maynard: A = % = 0> %_
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Primes in short intervals

One can get shorter intervals if we don't require an asymptotic formula. Using sieve
methods, lwaniec and Jutila got in 1979 that
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Primes in short intervals, records ||

fe

° % = 0.5652, Iwaniec—Jutila, 1979;
° g = 0.5556, Iwaniec—Jutila, 1979;
1

° % = 0.5500, Heath-Brown—lwaniec,
1979;

o 1 = 0.5484, Pintz, 1981; Iwaniec
(Unpublished);

e 23 — 0.5476, lwaniec—Pintz, 1984;
o 1951 — 0.5474, Mozzochi, 1986;

3 =0.5469, Lou-Yao (Unpublished),

121 = 0.5455, Lou—-Yao, 1992;
17_3 = 0.5385, Lou—Yao, 1992;
ég—g = 0.5350, Baker—-Harman, 1996;

% = 0.5250, Baker—-Harman—Pintz,
2001;

13 =0.5200, L. (preprint), 2025.

15/83















































































































































































































