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Introduction -

How many primes are less than z and = a(modgq)?

Dirichlet's Theorem
Let ¢ and a be fixed integers, ¢ > 0. If (¢,a) = 1, then there are infinitely many primes = a(modgq).

m(x;q,a) = Z 1.

P
p=a( mod q)

Write

When ¢ > z, then m(x;¢q,a) < 1. We want to show that for sufficiently large z,

~

o)~ T
m(®i¢,0) ©(q)

with ¢ as large as possible.
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Introduction

Siegel-Walfisz Theorem

Under GRH: ¢ < 22 (log ) 2.
Montgomery's conjecture: g < ' °.
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Introduction 0

In many applications, we only need a result for almost all moduli g.

Bombieri—Vinogradov Theorem (Bombieri (1965), Vinogradov (1965))

On average over ¢, this is as good as GRH.
Elliott—Halberstam conjecture: g < z' °.
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Beyond /2

Conjecture (Bombieri-Vinogradov with moduli beyond z'/?)

Theorem (Bombieri et al. (1987), Bombieri et al. (1989))




Beyond /2

Theorem (Maynard (2025b))
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Beyond /2

Theorem (Maynard (2025a))

The above condition yields Q1 Q2 < zol,
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Beyond /2

Theorem (Maynard (2025b))
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Beyond z'/?

The problem of bounding
7(x)
m(x;q,a) —
( ) e(q)

>

q<Q

can be seen as a problem equivalent to bounding

]

a<Q

for an arbitrary divisor-bounded weight ;. Naturally, we can try to make the weight A\, more “flexible
to extend the range of @ beyond 22,
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Bilinear estimates B

One way is to “split” the weight \; to A1 4, * A2 g, supported on [1, Q1] and [1, Q2] respectively and
prove results of the form

m(x) % .

Al.g A 7(x; ,a) — < Bilinear
<Z o 2’%(( e ) @(qlqz)> (log )4 ( )
q1<Q1
2<Q2

(4142@):1

for some Q1 Q2 > 22,

10/175



Bilinear estimates
Fix @ € Z\{0}. Then (Bilinear) holds if @1 and Q) satisfy:
Theorem (Bombieri et al. (1986))

Theorem (Fouvry (1987))

Theorem (Baker and Harman (1998))

Theorem (Maynard (2025a))




A quadrilinear estimate

Theorem (Lichtman (2022))

The above condition yields Q1Q2Q3 < 2.
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A new bilinear estimate

Theorem (L. (2026))

2
7

The above condition yields Q1 Q2 < =1
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A new trilinear estimate

Theorem (L. (2026))

This implies [Lichtman (2022), Theorem 1.4].
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Majorants and Minorants

Instead of bounding

oy m(@)
quQ 7.‘-(1:7 q? a) (q) b
(g,0)=1

one can try to bound

1
pi(n) — — pj(n)
q% ,Z; ! o(q) 2
(g,a)=1 |n=a( mod q) (n,q)=1
for some functions p;(n) (j € {0,1}) satisfy
po(m) < L(n) < pr(n).

Moreover, we call po(n) a minorant for 1,(n) and py(n) a majorant for 1,(n).
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Majorants and Minorants _

We want the minorants are always positive and the majorants are not too large. That is, we have

Zpo(“>><1+0(1))612(:i$ and Zpl(n)<(1+o(1))cllo(:ix

n<x n<x

for two functions Cy(0) and C4(0) satisfy 0 < Cp(6) < 1 and C1(0) > 1, where § = 110—0%%
Moreover, we can try to show that for almost all ¢ ~ @,

Cy(0)x
¢(q)logx
for two functions CZ(0) and C; () satisfy 0 < C(0) < 1 and C5(0) > 1.

Cy(0)x

<7(zyq,0) S —————
( ) ¢(q)log
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From here, we always suppose that x is sufficiently large, e > 0 is sufficiently small, A, B > 0 (may
depend on other variables), and @, Q;, M; > 1. We shall ignore the presence of € in many places below
(mainly in the definitions of regions A, B, C, E, F and their subregions) for clarity. The letters p and
3, with or without subscript, are reserved for primes and almost-primes respectively. We use P*(n) and
P~ (n) to denote the largest and smallest prime factor of n.
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Put
Hpv ’Il Z = l(n P(z))=1> \II(TLZ) = 1P+(n)<z

p<z
Let C denote a finite set of positive integers and put
Ca={n:ndeC}, S(C,z)zzw(n,z): Z 1.

neC neC
(n,P(2))=1

Put
Al ={n:n~z, n=a(modq)} and B!={n:n~z, (n,q) =1}.

By the definitions of the sieved sets .49, B9 and the sieve function S (C, z), using Prime Number
Theorem, we have

m(2x;q,a) — (x5 9,0 Z 1= ( (2z)2 ) and S (Bq, (2%)%> = (1+40(1))

peAd

T

logx”

Our aim is to show that the sparser set .47 contains the expected proportion of primes compared to the
larger set B9, which requires us to decompose S (,Aq, (29c)%).
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Asymptotic formulas _

In order to decompose S (Aq, (293)%) and bound Cy(0), C1(0), C§(6) and C;(0), we need the
following two types of asymptotic formulas.

Type-C":
1 90
S(A%z) — —S (B, 2)| €« ——. C
qwzg; ‘ A2 = 2@ P2 < o $
(g,0)=1

Type-C*: For almost all ¢ ~ Q,
S (A9, 2) = (1+0(1))@S(Bq’z)_ ()

Note that an asymptotic formula of the form (C') implies an asymptotic formula of the form (C*).
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Asymptotic formulas _

There are two conditions that we may want the coefficients to satisfy. We shall use a divisor-bounded
coefficient sequence A; as an example.
(Condition A: Siegel-Walfisz condition) For any f > 1, k > 1, b # 0 and (k,b) = 1, we have

1 L(d(f))B>
A — )\ O o
2 M=o X AT (aogL)A
1=b( mod k) (U, fk)=1

(,5)=1

(Condition B: No small prime factors) We have A\; = 0 whenever [ has a prime factor smaller than
exp (log z(loglog z) %).
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For example, if we produce parallel decompositions of S (Aq, (2:1:)%) and S (Bq, (2:&)%) as
S (Aq, (Qx)%) — 5 S, & (Bq, (Qx)%) — > -

with X1, X9, ¥/, X5 > 0, and we know that X7 has an asymptotic formula of the form (C), we can use
the size of X; to give an upper bound for C (). To calculate the value, we can add the corresponding

“loss” X} on S (Bq, (21)%> (corresponds to 1).
In the lower bound case, we can only discard positive terms and subtract the corresponding “loss” from

S (Bq, (295)%).
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Sieve setups B

Buchstab'’s identity is the equation

S(C,2)=8(Cw)— > S(Cpp),

wp<z

where 2 < w < z.
Let w(u) denote the Buchstab function determined by the following differential-difference equation

<2,

{w(u) =0 1<u
(uw(u)) = w(u — 1), u > 2.
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Sieve setups

Moreover, we have the upper and lower bounds for w(u):

1

uw?
1+log(u—1)

Uu ?
1+log(u—1) 1 ru—1 log(t—1)
A L [, Bt > 0.5607,

w(u) = wo(u) =

0.5612,

1

u’

1+10g(u 1)

1+1og<u D1 L[t loalt=D) gy < 0.5644,
0.5617,

w(u) < wi(u) =

Sometimes we also need this simple equality in our numerical calculations:

0
— dt = log (—9> for

/5 w () 4 /5
1-0 t 1-

1<u<2,
2 < u <3,
3<u<4,
u > 4,
1<u<?2,
2 < u<3,
3 < u<4,
u > 4.

1

- <0< =

2
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Type-1 and Type-Il sums

A "Type-l;" sum refers to a sum of type

E aO,m07

mMQ,MmMy1,...,Mj

and a “Type-ll;" sum refers to a sum of type

E , A1,my * " Ajymy s

mi,...,M;

where a; ,, (0 < i< j) are divisor-bounded complex sequences
write “Type-1," as “Type-I" and “Type-ll," as “Type-II".

. For the sake of simplicity, we often
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Arithmetic information _

Type-1l information: Asymptotic formula of the form (C') for Type-ll sums. Let M; M5 < 2. Suppose
that ag ,, satisfies Condition A.

1
E E 1y A2,my — —— E A1,my 02ms | K 77— 1+
T 0(g) (log z)4
q~Q mq~My mq~M;
(g,0)=1 mo~ Mo ma~Ma
mima=a( mod q) (mima,q)=1

(Fouvry (1984))
M, > 2%, Q% ' <My, <Q 3ze e,

(Wright (2026))
exp ((logz)?) < My < Q™ Fg=—e,
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Arithmetic information -

Type-ll3 information: Asymptotic formula of the form (C) for Type-ll3 sums. Let M; MyM3 < x.
Suppose that a1 m,, @2.m, and as m,, satisfy Condition B, and as ,,,, also satisfies Condition A.

1 x
E E a1,m,A2,myA3,ms — ( ) E a1,m; 02,m0 A3,ms | K (log LZ?)A :
q~Q my~M, v my~ My
(g,a)=1 man~Ms mg~Ms
ms~Ms mgz~Ms
mimamaz=a( mod q) (m1mams3,q)=1

(Bombieri et al. (1987))
min(My, Mo, M3) > 2, Qx° < MMy, MIM3 < Qx'™¢, MyM3I < x>, M{IM3<z*°.
(Baker and Harman (1996))
min(My, My, M3) > 2°, Qx° < MiM,, MM2Q* < x>73¢, M}MZ < z>73¢,
(Maynard (2025a))
min(My, My, M3) > z°, Q < z""7°, Qz° < MM,, M, < Q lal72%,
MM, < Q 7gmi—10c  Mapf, < Qg% —10e,
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Arithmetic information _

Type-1/Il information: Asymptotic formula of the form (C) for Type-1/Il sums. Let M; MyM;5 =< x and
z < exp (logz(loglogz)™1).

1 T
E E A1, mq G2,msA3,ms — E a1,m, A2,m;a3,m3 < 1 A
v(q) (log z)
q~Q miy~M; mq~M;
(g,a)=1 ma €M moEM
ma~Ms mg~Ms
mimamaz=a( mod q) (mimams,q)=1

(Bombieri et al. (1987))
MsQ < xz'=¢, M}M;Q < 2?7°, MEIM3Q? < 227¢,

and

a2 my = 1m26M or A2,mqy = 1 moEM
(m2,P(2))=1

for some interval M C [My, 2Ms)].
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Arithmetic information _

New Type-ll information: Let M; (1 <4 < r) be intervals such that M; C [M;, 2M;]. Let
[Ticicr Mi < x. Suppose that a;,,; (1 < j < r) satisfy Conditions A and B.

1(m my,q)=1 x
3 e Lo me=al mo _ \maime,g)=2 -
S | I i | (e~ 20} L

~Q |mieM; \1<j<r
(g,a)=1| 1sisr

(Maynard (2025a))
Q < x%*a, z7te < H M; < Q lat—s
JET
for some set J C {1,...,r}, and

ajm; = L(m;,P(2))=1 Z = exp (log z(loglog :17)_3)
L
5.

for all m; > xT
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Asymptotic formulas

Let 0,6; € (0, 1), Q = 2%, p; < 2% and o, = (a,
5-80
To —&
_ _ ) 5-8
R = ,%(9) = 13 35,
3—750 . 25,
11-200
11-200 _ 9
K — /{/(0) _ { g,
Iﬂ"?
3(1-0)
30 _,
r=r()= 324,
5-60
7 &5

5—60 7 11
T/:’TI<9): (O ﬁ_6<0<_
otherwise.

ey 0). Write

20

The terms partition and exactly partition are defined in [Harman (2007), Page 162].
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Asymptotic formulas _

Let % <0< ‘—7L — g. Define

gl—gl(b?):{(s,t):26’—1—i—5<s<5_689—5}7
17 — 3360
92:92(0):{(57t)55<T—5}7
g5 =950)={(s,t) 15+t >0+¢, 25+3t<1+0—¢, 5s+2t<2—¢, 45+ 3t <2 —¢},
9,=940)={(s,t):s+t>0+e, s+2t<2—20—¢, 5s+2t <2—c},
153 57
= = ° > — 0 — —_— — = <——0-
g; = g5(0) {(s,t) s+t=0+e, t<1—0—¢, s+t< 994 0 g, 4s+t 39 0
127 3 4
= = 2 <s<1—0— <s< = —
9 = 96(9) {(s,t) 0 < S 7-‘1-8\8\1 0 Eor9+a\5\7 g},
G;=6,00)={o; :mina; > (loglogx) ™, a; partitions into g, Ug, Ugs Ug, Ugs

or mina; > 0.001 + 10e, «; partitions into g4} .

> S (AL, i)

a;€G;

Then

or more general Type-Il sums, has an asymptotic formula of the form (C).
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Asymptotic formulas B

Let 1 <0< 3 —e. Define

~ | w

9= 5:0) = { (5.0 -

U; = Uj(0) = {a; : a; partitions exactly into g} .

]__
+e<s<1l—-0—¢, 0<t< s}’

Let £(cx;) be a continuous function with £2 < {(cy;) < 3. Then

3 5 (A )

a; U7

has an asymptotic formula of the form (C).
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Asymptotic formulas _

Let 1 <O < 3L —eand M <2'°Q~'. Then, for a divisor-bounded sequence a,,,

Z amS (AL x™)

m~ M

has an asymptotic formula of the form (C).
Let 1 <O <35 —eand M <2'°Q~'. Then, for a divisor-bounded sequence a,,,

Z amS (.A%%, g _E>

me~ M

has an asymptotic formula of the form (C).
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Asymptotic formulas

S=S0)={(s,t) :s<1—0—¢, s+26<2—-20—¢, s+4<2—-0—¢},
i = 8;(0) ={a; : a; partitions exactly into S},

(
=1 = {005 < 222 00 < 220,
T; = T;(0) = {a; : a; partitions exactly into T"},
U; =Uj00) = {a;: o5 € Aj, (1,...,05,20 = 1+¢) € S},
(0 6 < &
U, = U, = Y0 <1

. 7
{aj.ajeAj, ajET;}, 6>ﬁ
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Asymptotic formulas _

Let%éﬂé%—e. Then

> 5 (Al.,.0")

a;eU;

has an asymptotic formula of the form (C). Moreover, the condition «; < 7 in the definition of A; can
be removed when 6 < 1T —e.
Let § <0 < 35 —e. Then

’

q K

E S(.Aplmpj,x)
OLjEU;

has an asymptotic formula of the form (C).
Let % <6< % — &, my ~ M; and my ~ M,. Then, for divisor-bounded sequences a1 ,,,, and as y,,

K
§ : a17m1a27m25("4?nlm2’x )

log M1 log Moy
( logxz * logax )ES

has an asymptotic formula of the form (C).
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Asymptotic formulas _

Define
=G;(0) ={a;:a; €G;},
1
(9):{a2:m<a1<g+€, m<a2<min(a1,§(1—a1))},
(0) ={az: s € Vs, as ¢ G2, o1 +ag <O +¢},
B0) ={az: s €Us, azs ¢ GoUA, a1 +4az <330 ¢},
C(O)Z{QQ:QQGUQ, 0£2¢G2UAUB}.

S

|
a

A
B
C

Let 2 <9< 1 —c Then

Z S :01192’ H)

axEAUB

has an asymptotic formula of the form (C).
Let 1 <O < i —c. Then
Z S Plpz’

€A

has an asymptotic formula of the form (C).
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High-dimensional sieves B

A two-dimensional Harman'’s sieve. Put
—o— 1
£ = {m1m2 st 0 Ky < 22, mamg ~ @, mymg = a(modq)}.

(Baker and Harman (1996)) Let 1 < 6 < 1. Then
S (9, 2") = > 1

mima€A

x1—0—5<m1 <w§
(mima,P(z"))=1

-

has an asymptotic formula of the form (C*).
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High-dimensional sieves B

Corollary 1: Let 3 < 6 < ;—; Then we have, for almost all ¢ ~ %,

- S(Azppl)<<1+o<1>>i) Y s(B,.m)

17075<a1<% (p(q 1707€<a1<%

+ Z S(thmps’p?’) o

r<az<al < 9"2'5

1-0—c<a;+v<bl+e
(a1,0)¢G>
a3<min(v,%(1—o¢1—v))
(a1,v,03)¢G3

where m = z¥ and (m, P(p1)) = 1.
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High-dimensional sieves B

Corollary 2: Let 3 < 6 < £Z. Then we have, for almost all ¢ ~ a7,

- X SMLm) >0t (- X SBL)

1
1-0—e<a1<3 wla 1-0—e<a1<3

B Z S (Bg1m’p1) 9

Ko <v
1—0—e<ait+v<b+e
(a1,0)ZG2

where m = z¥ and (m, P(p1)) = 1.
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High-dimensional sieves _

A three-dimensional Harman's sieve. Define

R=R(0) ={az:as < a1, a1 +2a2 <1, oy +4as >3 —30 — ¢, 3az > 201,
10 -1
max<7,3—35+5> 1<min<%+5,4—79—3€)},
Ry = Ry(0) = {as: a1 +2a5 < 1, a1+4a2 3—-30—¢, 3as > 207 — 3¢,

1960 — 7 500 —1 4 e < <§+5
max T 17 \a1\7 .

Put

1 1
Hi = {mimams : M, o8 € R, mymams ~ x, mimoms = a(modq) ¢,
logz * logx

logm; logms

Hi= < mimams : ( ) € Ry, mimams ~ T, mimams = a(modq)} .

logz ’ logz
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High-dimensional sieves

Baker and Harman (1996)) Let £ < 6 < 16 —¢. Then
( 5

31
S (/H‘{vxn) = E 1
: mlm%mseA
(fogst gt )ER

(mimoms,P(z"™))=1

has an asymptotic formula of the form (C*).

C
(Baker and Harman (1998)) Let 23 —e < 6 < 7% — . Assume that ¢ is prime. Then

S (HE,z") = > 1
mimomsz€EA

logmq logmgo
( logz ’ logx )GRO

(mlmzmg,P(x")):l

has an asymptotic formula of the form (C*).
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High-dimensional sieves _

Define

D, =D 0)={as:a1 >k, as > K, a3 = Kk, as & Gs,

(1,09 + a3) € R with as > az or (a1 + ag,a3) € R with ay > as},
Dy =Ds(0) ={ay:a1 2k, ag 2 K, az = K, g > K,

ay ¢ Gy, (0 +as, a3+ ) € R},
D3 =D30) ={as:a1 >k, as > K, a3 = Kk, as & Gs,

(1,9 + a3) € Ry with as > a3 or (a1 + ag, a3) € Ry with a; > as},
Dy=Ds00)={as:a1 2k, as 2 K, a3 = K, g > K,

oy ¢ Gy, (0 +ag,a3+a4) € Ry}
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High-dimensional sieves B

Corollary 1: Let <0< ﬁ — &. Then we have, for almost all g ~ 2%,

o~ 1 T
Z S PIZ’Q’ ) < (1+0 (_ < Z S plpz’ @(Il +IQ)> )

a2ER azER

WHEE

1 w (1—1:1 —tz—ta)
L = —/ ———E —~dtsdtadty,
(tl,tQ,t3)€D1

K t1t2t3
1 w (17t17t27t37t4)
I == / *”v dtydtsdtadt,.
K J(ty,t2,t3,t4)€D2 t1tatsty
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High-dimensional sieves B

Corollary 2: Let 25 — = < 0 < 22 — . Then we have, for almost all prime ¢ ~ 2,
1 45
Z S ppo, ) (1 - O (_ Z S P1P2’ ) 1Og$(I3 + -[4) b
as€ERy az2€R
where
1 w (1;t;;tz;tz)
I3 = _/ —dtgdthtl,
K J(t1,t2,t3)€D3 t1tats3
1 w (Lotmte=ta=ts)
L=< / ~ dtdtsdtadt,.
i (t1,t2,ts,ta)EDy t1tatsty
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Final decompositions, 1-1

We give upper bounds for C(6) and C;(0).
Known results:

(1). C1(0) =C5(0) =1 for all 6 < 0.5 —¢;

(2). Cf(0) < 1+¢€for§=0.5;

(3). C5(0) is monotonic increasing for 0.5 < 6 < 0.6.

Now we split the range 6 € [%, 1) to several subranges and use different methods to treat them. Note
that when 6 € [%, % — s], we can remove the condition t < %(1 — s) when applying the Type-ll range
[2+e 1-0—¢].

Note that we can only discard negative terms when proving upper bounds.
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Final decompositions, 1-1

Case 1. 2 <0< 22 —e. Typell range:

1
((log z)*7L, 6(5 —80) — €:| .
Using Buchstab's identity, we have

S(Aq,@x)%)z )~ Y S (ALLp)

k<o <t 3

=S(ALz") - > S(A.p)

n<a1<%+s

- Y S(ALp) - D> S(ALm).

2+e<a1<l—0—-¢ 1—0—e<on<i

The first and the third terms have asymptotic formulas of the form (C').
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Final decompositions, 1-1 _

Case C4(0): We discard the (negative) fourth term.

1 1-t
Z S (A% ,p1) = Loss of “ (t2 )dt—i— O(e).

1—0—6<0¢1<% L

The second term:

Z S 1’P1 Z S 17191 Z S(Agl7p1)

ka1 <3+e Ko <T T<a1<%+5

We discard the (negative) second term above.

% 1 t
Z S(Apl,pl):>Lossof/ )dt+0()

T<on<2+4e
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Final decompositions, 1-1 s

The first term: Since 6 < 21 — &, we have as € Go U AU B for any k < as < ap < 7. Using
Buchstab's identity, we have

Z S plapl

rLa1<T
— q q
g 2 : S Apl’x Z S(AP1P27p2)
KrLa1<T Ko <T
n<a2<min(a1,%(1*a1))
ax€G2
— q
z : S(Ap1pz’p2)

KL <T
n<a2<min(a1,%(1—0¢1))
asEAUB
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Final decompositions, 1-1

= Z S (‘A?n’xm) B Z S (Agul)z’pz)

Ko <T K< <T
n<a2<min(a1,%(1—a1))
axeG2
i Z S (‘Aglpz’ mn) + Z S (A;171P2P37p3)
Ko <T kLo <T
n§a2<min(a1,%(1—o¢1)) n§a2<min(o¢1,%(l—o¢1))
acAUB ascAUB
n§a3<min(a2,%(1—a1—o¢2))
azeG3
+ Z S (‘Aglmps’p?’) .
Ko <T
n<a2<min(a1,%(1—a1))
azsEAUB
n<a3<min(az,%(1—o¢1—a2))
a3¢Gs

The first, the second, the third, and the fourth terms have asymptotic formulas of the form (C).
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Final decompositions, 1-1

The (negative) fifth term:

Z S (Aglp2p37p3) °

Ko <T
n<a2<min(a1,%(1fa1))
ax€AUB
n<a3<min(a2,%(lfa17a2))
a3€G3

Parts with (a1, aa, ag, o) ¢ Sy: Discard them.

Parts with (a1, s, ag, a3) € S4: Apply Buchstab's identity twice in a similar way to get a (negative)
five-dimensional sum.

This process can be used repeatedly until we get a L%J—dimensional sum.
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Final decompositions, 1-1 _

We can also use the following two useful devices.
Reversed Buchstab's identity. Idea:

S(Agl...pj,pj)Z >, 1= >y 1+ Y oL

p1-p; BEA? P1PjPj+1E€AY p1-p; BEA?
(B,P(p;))=1 Pj+1>Pj Q(B)=2
(8,P(p;))=1

We can decompose 3 in the last sum and use the new prime factors to get asymptotic formulas of the
form (C).
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Final decompositions, 1-1 _

An example: When a3 < (1 — a; — as — ag), we have

1
2 z
ZS P1P2p3’p3 ZS< P1P2p3”’ <p1p2p3> ) + Z S(Aglpzpsm’p‘l)'

a3
az<as<i(l—a;—az—as)

We can give asymptotic formulas of the form (C') for parts of the last sum with ay € G4. We can use
this device again for the remalnmg parts of the last sum if ay < (1 — ) — g — a3z — ay).
Buchstab's identity: When a3 < (1 — a3 — as — as), we have

E
Z S P1P2P3 <p1p2p3 > Z S p1p2p3 ’p3) Z S (A;Z1p2p3p4’p4) .

(e %3
a3<a4<%(17a17a27043)
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Final decompositions, 1-1 _

(Variable) Role-reversal.
Since only negative terms can be discarded in the upper bound case, we need to use Buchstab's identity
twice if we use it directly. Assume that a; € S;.

ZS ('Agl'“i"j’pj) - Z Y (Agl'”l’j’xﬁ) _ Z 2 (Agl"'PjPa‘+1’pj+l> i
(e %) (o %] (e %]
ngajurl<min(aj,%(1—a1—~-»—aj))

After applying Buchstab's identity once, sometimes we cannot use it again since

(0,...,a5,05) ¢ S;y1. In this case, we cannot give an asymptotic formula for (positive)
q K
Z S (‘Apl'“PjPHl’x )
@G
ngaﬁ_l<min(aj,%(1fa17---fozj))

after the second Buchstab iteration.
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Final decompositions, 1-1 _

Idea: Applying the second Buchstab iteration on a different variable, usually the largest explicit prime
variable (denoted by p;).

(p1p2---pj+1)B = (Bp2- - pjy1)P1
We have

Z S (Agl---Pij+1’pj+1>

@
ngaj+1<min(aj,%(1—oc1—-~-—o¢j))
9 3
- Z S\ Abps-pims 1’( - > :
= WP\ Bp2 - - pj
ngaj+1<min(aj,%(1—o¢1—~~-—o¢j))
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Final decompositions, 1-1 _

Then, using Buchstab's identity, we have

2z H
(Ao (52 )
Z < Bp2-Pijpj+1 ﬁp2 o0 .pj+1

@il

— ) K\ _ q .

- Z S (Aﬁp2~~pjpj+1’x ) Z S( sz~~'pjpj+1pj+2’pﬂ+2)'
@Ljril @3jril

k<o a<ion

Note that 8 =< '~ = ~%+1. Now we only need the condition (1 — a; — -+ — aj,az,...,a;) € S;
instead of (a1,...,;,a;) € Sj41. We can discard parts of the (negative) last sum with
(I—ai— - —aji1,02, - ,0542) &€ Gjyo.

Role-reversals are very useful in the lower bound case, which we will discuss later. Due to some reasons,
we shall only use role-reversals when % <6< % — €.
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Final decompositions, 1-1 -

The differences between role-reversals in Harman's sieve and the switching principle of Chen and lwaniec:
In some problems, such as the Goldbach problem (2n = p + p’) and the twin prime problem
(p+2=17p'), we have more than one prime variable to study and decompose. Role-reversals focus on
the size of factors of elements in one sieved set, while the switching principle allows us to change the
decomposed element and construct a new sieved set to work with.

An example: Diophantine approximation with Goldbach numbers. Harman (2020) proved that for any
irrational « and arbitrary real (3, there are infinitely many solutions to

_5
6

lan + Bl <n”s, n=p+p, p p>2
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Final decompositions, 1-1 _

A role-reversal:

n—p =p=>n—p =(pw2---p;)A
=n—p = (Bip2--pj);m
=n—p = (Bip2---pj)pj+1 - Prbo.

The switching principle:

n—p =p=>n-p =(pp2--- pg)ﬂl
=n— (pip2---p))B =1
= n— (pip2---pj)B1 = (P1Ps - - 1)L
By combining these two devices (maybe the first time to do this in the history of sieves), Harman
(2020) obtained a lower bound constant 0.16. In an unpublished note, we improved this to 0.2.

Role-reversals are also possible to use (with a splitting argument needed) in the proof of famous results
like Chen's Theorem (1 + 2). We hope someone can accomplish this work.
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Final decompositions, 1-1 _

After decompositions, we can obtain an upper bound for C(6) of the following form:

: w() w (i)
C1(0) <1 +/ t2t dt +/ 2 ——L 2 dt + 3D Loss — 4D Saving + 5D Loss + O(e).
1-60 T
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Final decompositions, 1-1 B

Case C{(0): Since 0 < :1),—; we use a two-dimensional Harman's sieve to deal with the fourth term.

to 1—t) —to—t3
“ (tl) “ ( t3

> S(A%,p1) = Loss of )dt3dt2dt1 +0(e).

t2t2
1-6—e<ay<i (t1,t2,t3) 103
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Final decompositions, 1-1

The second term:

> S(ALLp).

n<a1<%+6
Using Buchstab's identity, we have

Z S(‘Agl’pl)

m<a1<%+s

= Z S (‘A?n"rm) B Z S (‘A?npz)’pz)

n<a1<%+a n<a1<%+a
K<a2<min(a1,%(1fa1))
axeG2
B Z S (Ag1p2’p2) i Z S (AZIP2’p2)
m<a1<%+s n<a1<%+a
n§a2<min(a1,%(l—a1)) n§a2<min(a1,%(1—o¢1))
asEAUB axeC
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Final decompositions, 1-1

P>

n<o¢1<%+s

P1?

K<Oé1<%+6

n<az<min(a17%(1—o¢1))
ascAUB

+ by

k<o <2+4e

n<a2<min(a1,%(1—a1))

as e AUBUC

n<a3<min(a2,%(1—a1—a2))

a3€G3

S (AT 2" —

S

by

n<o¢1<%+s
n§a2<min(a1,%(1fa1))
a2€G2

(‘Aglpz ’ xn) -

) ('Alq?lp2 ? p2)

>

K<a1<%+6
m<a2<min(a1,%(1—a1))

axeC

m<a1<$+€
ﬁ<a2<min(a1,%(1—a1))
asEAUBUC
K<a3<min(a2,%(1—a1—a2))
03¢G3

S ('Aglpz Y wn)

S (‘Angpsﬂp?’) + S (‘Aglpzps’p?’) .

The first, the second, the third, and the fifth terms have asymptotic formulas of the form (C*).
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Final decompositions, 1-1 _

Since 6 < % — ¢, we know that s € C implies s € R. We use a three-dimensional Harman's sieve to

deal with the fourth term.

Z S (A2, @) = Loss of I + I + O(e).
ﬁ<a1<%+a
n<a2<min(a1,%(lfa1))
azeC

The sixth term:

Z S (Aglp2p3’p3) :

K<041<%+6
ﬁ<az<min(o¢1,%(1—a1))
ascAUBUC
m<a3<min(a2,%(1—a1—a2))
a3¢Gs

The decompositions on this sum are similar to the corresponding decompositions in Case C; ().
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Final decompositions, 1-1 _

After decompositions, we can obtain an upper bound for C () of the following form:

o (i) ()
CrH) <1+ /( ) - Py : dtsdtadty + I + I
t1,t2,t3 13

+ 3D Loss — 4D Saving + 5D Loss + O(e).
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Final decompositions, 1-1

Case 2. 2 —e <0 < 4 —c. Type-ll range:
1
20— 1+e, =(5-86) —¢|.

Case C1(0): The decompositions are very similar to the decompositions in Case 1. We only need to
replace the condition (a1, as, a3, a3) € S4 and similar conditions involving S; with
(a1, a2, a3, a3) € Uy and corresponding ones with U ;. Also, we do not use role-reversals here.
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Final decompositions, 1-1 -

Case C7(f): For 6 < 22 — ¢, the decompositions are very similar to the decompositions in Case 1.

For 2 — ¢ << % — &, we only need to make some modifications on the decompositions of the sum

49
Z S(‘Agﬂpl)’

K<a1<%+5

For parts of this sum with

310 — 15 3
max(n T—i—&s) <a1<min<?—|—€, 4—79—36),

we can perform the corresponding decompositions in Case 1 if 6 < é—? —¢&. When ¢ is prime, we can also
perform similar decompositions on parts of this sum with

(199 —7 500—19
max

3
24e <oy < = .
7 5 17 >+ 9 (e%] 7+8

We discard the remaining parts of this sum.
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Plots

Plots of U (0 =3, 22 —¢, 37 —¢

€, €, ﬁ
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Final decompositions, 1-1

Case 3. % —e<0< % —e. Type-ll range:
1
20 —1+c¢, 6(5—89)—8].

Case C1(6): The decompositions are very similar to the decompositions in Case 2.
Case C5(0): (Baker and Harman (1996)) We have

Cr(0) < 1.725 + 13.125(0 — 0.523).
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Final decompositions, 1-1 -

Case 4. 2L —e< 0<% —=

From here, all high-dimensional sieve results mentioned before are unavailable. The decompositions are
the same in the cases C1(6) and Cj(0). When 6 > 22T — ¢, we need to add the condition ¢ < (1 — s)
when applying the Type-Il range [% +e, 1—60— 5]

bu(s) et
C1(0), C5(0) <1 +/ ti;dt—k/ t ——t 2 dt + 3D Loss — 4D Saving + 5D Loss + O(e).
1-6 T

We shall only use the above upper bound for C¥(6) when 6 < 0.565. When 6 > 0.565, we have better
upper bounds for C} (), and we shall discuss them in the next case.
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Final decompositions, 1-1 -

Case b. %—6<9<1.

From here, almost all of the arithmetic information becomes unavailable, and we can only use the
standard upper bound sieve to construct the majorant p;(n) in the case C(6). Following Fouvry and
Radziwitt (2022), we pick the sieve weights Ag . as in Selberg's upper bound sieve:

2

> daz=| > wuld) (1 = 13:;2)

d|n d|n
d<z d</z

and A\g. =0 for d > 2. It is clear that we have

p(n) <> Aae
d|n
for n > /z and
X
SN =201+ 0(1))1ogz'

n~T din

Let p1(n) = >4, Ad,z-
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Final decompositions, 1-1

By our choice of p1(n), a result in Wright (2026) and the generalized Bombieri—Vinogradov Theorem,

we have the following bounds for Cy(0):

4 +¢,
Ci(0) < 1B+,

66
2389-11 T &

4 529
=<0 g = e
529 177
850 T€ <0<
177

m<9<1.
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Final decompositions, 1-1 _

Case C{(6): We need to consider the range 0.565 < § < 1. For };g < 6 < 1 we can use the above

upper bounds for C;(6) to bound Cj (6); for 0.565 < § < 11 we can use the existing results of Baker

and Harman (1996) and Fouvry (1985) based on the Rosser—lwaniec sieve with a bilinear error term:

= — log(‘*(1 "))+s, 0.565 < 0 < %,

m+€, 7\9<06
Ci(0) <4 385 +e, 06<0<2

6 5

T4e 76 7<9<z

12 3 11

5-20 =+ &, Z<0<ﬁ
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Final decompositions, 1-1

For 11 < 0 < 1Z%, we improve the result of Fouvry (1985).

Theorem (L. (2026))

Combining those bounds we obtain

it —log (A052) +=, 0565 <9 < 4,
et & %<0<0.6,
%—i—s, 0<§,
CH0) < =5 +5, %\9<—

25 1 £, Sco<y
%J’_E’ %<0<190’
5+ 15 <0< i
\%4‘6, 177

S
AN
>
N
—
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Tables

9 C1(0) 9 C1(0) 0 C1(0)
0.500 1.5823 0.524 1.7805 0.548 2.3725
0.501 | 1.5900 | 0.525 | 1.7894 | 0.549 | 2.3738
0.502 1.5977 0.526 1.7966 0.550 2.3996
0.503 | 1.6055 | 0.527 | 1.8041 | 0.551 | 2.4318
0.504 | 1.6132 | 0.528 | 1.8133 | 0.552 | 2.4393
0.506 | 1.6214 | 0.529 | 1.8239 | 0.553 | 2.4404
0.506 | 1.6292 | 0.530 | 1.8338 | 0.554 | 2.4426
0.507 1.6368 0.531 1.8451 0.555 2.4540
0.508 | 1.6446 | 0.532 | 1.8619 | 0.556 | 2.4776
0.509 1.6532 0.533 1.8658 0.557 2.4987
0.510 | 1.6614 | 0.534 | 1.8780 | 0.558 | 2.5120
0.511 | 1.6692 | 0.535 | 1.9028 | 0.559 | 2.5327
0.512 | 1.6776 | 0.536 | 1.9200 | 0.560 | 2.5345
0.513 | 1.6862 | 0.537 | 1.9277 | 0.561 | 2.6895
0.514 1.6944 0.538 1.9466 0.562 2.7144
0.515 | 1.7031 | 0.539 | 1.9568 | 0.563 | 2.8054
0.516 1.7104 0.540 1.9993 0.564 2.8788
0.517 | 1.7193 | 0.541 | 2.0582 | 0.565 | 2.9548
0.518 1.7283 0.542 2.0793 0.566 3.0791
0.519 | 1.7342 | 0.543 | 2.1223 | 0.567 | 3.3065
0.520 | 1.7394 | 0.544 | 2.1604 | 0.568 | 3.4768
0.521 1.7493 0.545 2.2179 0.569 3.6696
0.522 | 1.7611 | 0.546 | 2.3122 | 0.570 | 3.7733
0.523 1.7710 0.547 2.3310 0.571 3.8666
Upper Bounds for Cq (0) (0.5 < 6 < % —e)
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Tables

G SO 0 O] 0 CT(0)
0.500 Tte 0.522 | 1.7320 | 0.544 | 2.1604
0.501 | 1.0001 | 0.523 | 1.7382 | 0.545 | 2.2179
0.502 1.0003 0.524 1.7382 0.546 2.3122
0.503 | 1.0013 | 0.525 | 1.7500 | 0.547 | 2.3310
0.504 1.0019 0.526 1.7644 0.548 2.3725
0.505 | 1.0030 | 0.527 | 1.7775 | 0.549 | 2.3738
0.506 1.0043 0.528 1.7907 0.550 2.3996
0.507 | 1.0071 | 0.529 | 1.8038 | 0.551 | 2.4318
0.508 | 1.0091 | 0.530 | 1.8169 | 0.552 | 2.4393
0.509 | 1.0111 | 0.531 | 1.8300 | 0.553 | 2.4404
0.510 | 1.0150 | 0.532 | 1.8619 | 0.554 | 2.4426
0.511 1.0466 0.533 1.8658 0.555 2.4540
0.512 | 1.0830 | 0.534 | 1.8780 | 0.556 | 2.4776
0.513 1.1593 0.535 1.9028 0.557 2.4987
0.514 | 1.2525 | 0.536 | 1.9200 | 0.558 | 2.5120
0.515 1.3466 0.537 1.9277 0.559 2116327
0.516 | 1.4353 | 0.538 | 1.9466 | 0.560 | 2.5345
0.517 | 1.6781 | 0.539 | 1.9568 | 0.561 | 2.6895
0.518 1.6876 0.540 1.9993 0.562 2.7144
0.519 | 1.6947 | 0.541 | 2.0582 | 0.563 | 2.8054
0.520 1.7028 0.542 2.0793 0.564 2.8788
0.521 | 1.7160 | 0.543 | 2.1223 | 0.565 | 2.9548

Upper Bounds for C'; (6) (0.5 < 6 < 0.565)
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Tables

2] [5G 0 CT(6) 0 CT(6)
0.500 e 0.522 1.6873 [ 2.1604
0.501 1.0001 0.523 1.7138 0.545 2.2179
0.502 1.0003 0.524 1.7382 0.546 2.3122
0.503 1.0013 0.525 1.7500 0.547 2.3310
0.504 1.0019 0.526 1.7644 0.548 2.3725
0.505 1.0030 0.527 1.7775 0.549 2.3738
0.506 1.0043 0.528 1.7907 0.550 2.3996
0.507 1.0071 [PE) 1.8038 0.551 2.4318
0.508 1.0091 0.530 1.8169 0.552 2.4393
0.509 1.0111 0.531 1.8300 0.553 2.4404
0.510 1.0150 0.532 1.8619 0.554 2.4426
0.511 1.0237 0.533 1.8658 0.555 2.4540
0.512 1.0315 0.534 1.8780 0.556 2.4776
0.513 1.0789 0.535 1.9028 0.557 2.4987
0.514 1.1431 0.536 1.9200 0.558 PRSP
0.515 1.2199 0.537 1.9277 0.559 2.5327
0.516 1.3199 0.538 1.9466 0.560 2.5345
0.517 1.5740 0.539 1.9568 0.561 2.6895
0.518 1.5948 0.540 1.9993 0.562 2.7144
0.519 1.6136 0.541 2.0582 0.563 2.8054
0.520 1.6320 0.542 2.0793 0.564 2.8788
0.521 1.6591 0.543 PEPPE] 0.565 2.9548

Upper Bounds for C'; (6) (0.5 < 6 < 0.565), Prime Moduli

74 /175



Final decompositions, 1-1

Combining various bounds for C (), we can get the estimate

0.679
/ C2(6)d8 < 0.5 — ¢
0.5

under the assumption that ¢ is prime. This implies

Theorem (L. (2025))

However, we are still unable to show that

0.68
C;(0)d0 < 0.5 —e.

0.5
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Final decompositions, 1-2

We give lower bounds for C(0) and C§(6).
Known results:

(1). Co(0) =C3(0) =1 for all 6 < 0.5 —¢;
(2). C§(0) > 1 — ¢ for 6 = 0.5;

(3). C(0) is monotonic decreasing for 0.5 < 0 < 4T

32
Now we focus on the range 6 € [3, iT — 5}
Case Cy(6): Using Buchstab's identity, we have
S (Aqa (2"1:)%) = I{ Z S p17p1
n<o¢1<2
=S(A%e") - Y S(ALLp) - >, S(ALp).
r<a1<1—0—¢ 1—0—e<a1<3%

However, we cannot give an asymptotic formula of the form (C) for the last sum above. Hence we
cannot get any nontrivial lower bound for Cy(6) for § > 1
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Final decompositions, 1-2 _

We shall use two different methods to give lower bounds for Cj5(0).
First Method: Harman's sieve with Buchstab iterations.
Case 1. 3+ <0< 2 —e. Typell range:

((log 21, %(5 —86) — e} .

Using Buchstab’s identity, we have

s(Aq,m)%): )~ Y S(ALLp)

rc<o¢1< 3

=S A% = Y S(Am)

n<a1<%+s

- > oS- Y. S(ALm)

2tear<l—0—¢ 1-0—e<a1<3
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Final decompositions, 1-2 _

=S = Y SR - Y S(ALm)

n<a1<§+e 7+5<a1<17075
B z : (‘Aql’pl) 2 : S('Alqnpz’p2)'
1—6—e<on<3 k<1 <2+e

n<a2<min(a1,%(17a1))

The first, the second and the third terms have asymptotic formulas of the form (C*). Since 6 < ﬁ, we
use a two-dimensional Harman's sieve to deal with the fourth term.

w(t2) W (1=tizte
> S(A%,p1) = Loss of (t1> g o )dtzdtl + O(e).
(t1,t2) 151

1707€<a1<%
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Final decompositions, 1-2 _

The fifth term:

Z S (‘Ag11727p2)

m<a1<%+e
n§a2<min(a1,%(1—a1))

= Z S (Aglpz’pz) + Z S (Aglp27p2)

n<a1<%+s n§a1<%+a
n<a2<min(a1,%(1—a1)) n<a2<min(a1,%(1—cx1))
asEGy azEAUB
§ q
+ ) (‘Ap1p27p2) .

fc<a1<%+a
n<a2<min(a1,%(lfa1))
axeC

The first term above has an asymptotic formula of the form (C*). We discard the (positive) third term
above.
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Final decompositions, 1-2

The remaining second term:
Z S (Aglp2’p2) :
n<a1<%+s
n§a2<min(a1,%(1—a1))

asEAUB
Parts with (a1, @2, as) € S5: Apply Buchstab's identity twice to get a (positive) four-dimensional sum.
Remaining parts with (o, as) € S3 and (1 — oy — i, ) € Sa: Apply Buchstab's identity twice with
a role-reversal to get a (positive) four-dimensional sum. Role-reversals are very important in giving
better lower bounds for C(6) in this case.
Remaining parts: Use the reversed Buchstab's identity to gain some savings.
This process can be used repeatedly until we get a L%J-dimensional sum.
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Final decompositions, 1-2 _

Case 2. %—6<0<%—5.

The decompositions are very similar to the decompositions in Case 1. We only need to replace the
condition (a1, g, a2) € S3 and similar conditions involving S; with (a1, ag, @) € Ug and
corresponding ones with U ;. Also, we do not use role-reversals here.

Since we can remove the condition o; < 7 in the definition of A; when 6 < é—; — £, we can decompose

the sum
Z S (Aglpz’p2) :

T<a1<%+€
n§a2<min(a1,%(1—a1))
asEAUB

This helps us obtain better lower bounds for C¢(6).
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Final decompositions, 1-2 _

After decompositions, we can obtain a lower bound for Cj;(6) of the following form:

wiltz)w (i=tizte
t1 t1

Cy(0) >1— / ) dtodt; — 2D Loss + 3D Saving — 4D Loss + O(e).

(tl ,tz) t?
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Final decompositions, 1-3

Second Method: Mikawa's modified sieve.

Idea: Introduce a generalized sieve function that involves a sum over Maobius function u(d), “split” this
sieve function in two different ways to get two sums of primes together with “other sums” that count
almost primes, and use a combinatorial way to measure the contribution from “other sums”.

Mikawa used his modified sieve in Mikawa (2001) and Mikawa (2000) to study primes and Goldbach
numbers in arithmetic progressions.
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Final decompositions, 1-3

Preliminary lemmas:
(Mikawa (2001)) For square-free n, we have

0, p(n) =1,
1, n=mp,
Z,u(d)= 0, p | n with /n <p<n,
din =2,  n=pipeps with p3 < py <p1 < /7,

d<,/n
v —20, Q(n) =7 with P~(n) > ns.
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Final decompositions, 1-3 _

(Mikawa (2001)) For square-free n, we have

2, n = p1papspa(pa < ps < p2 < p1) with p1 < papsps and paps < p1,
0, Q(n) < 3,
Z 2=40, n = p1papspa(pa < p3 < p2 < p1) with p1 > papsps or paps > p1,
dln <20, QMn)=6
u?(d)=1 <20, f(n) =6, ) ;
Q(d)=3 0, Q(n) =7 with P~(n) > ns.
Vn<d<iy/nP=(d)

(Mikawa (2001)) For n = p1papspaps with ps < pg < p3 < pa < p1, we have

2 <
0< Z 9 _ Z p(d) < {Oa P2p3 < P1Ps,

i i otherwise.
w2 (d)=1 d</m
Q(d)=3

Vn<d<y/nP—(d)
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Final decompositions, 1-3 _

Write y = 2(log z)~* and put

A ={n:z—y<n<z, n=a(modq)} and B ={n:z-y<n<z}.
New asymptotic formulas of the form (C*):
(Mikawa (2001)) Let § < 6 < 52 — . Then, for almost all g ~ @, we have

Ky 1 - y
TS |ver-g T | S v )+0 (i)
d</z (n,9)=1 \d<\/z

and

3 Y ¢(n,xﬁ):i) 3 )R w(n,ﬂc“)—kO(%).

3

neA’ d|n Qp(q neB’ dn (log J?)
w2 (d)=1 (n,q)=1 w2 (d)=1
Q(d)=3 Q(d)=3

Vz<d<y/zP~(d) Vz<d<i/zP~(d)
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Final decompositions, 1-3

After decompositions, we obtain

1 1
Zl}wZI—i— > 2——) > 2

¢(q
peA’ peB’ p1p2ps€A’ p1p2p3€B’
2" <p3<p2<p1<p2p3 " <p3<p2<p1<p2p3

1

- E 20 — ﬂ E 20
PLq

p1---pr€A’ p1---prEB’
" <pr<---<p1 " <pr < <p1

1 Yy
e > 2+ ) 2+ ) 2 +O(—q(logx)3>

p1p2p3ps€B’ p1---psE€B’ p1---peEB’
" <pa<pz<p2<p1 " <ps<--<p1 2" <pe<---<p1
P1<p2p3p4 P2p3<p1Ps
P2p3<p1

for almost all ¢ ~ Q.
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Final decompositions, 1-3

We can estimate the right-hand side by the asymptotic formulas given earlier (with small modifications)
and Prime Number Theorem in short intervals. Summing over < (log x)® subintervals, we can obtain a
lower bound for C§5(0).
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Tables —

0 Cg(0) (Method1) | Cg (6) (Method 2) 0 C(0) (Method1) | Cg (6) (Method 2)
0.501 0.8636 0.8025 0.517 0.4455 0.6033
0.502 0.8455 0.8003 0.518 0.4086 0.5851
0.503 0.8298 0.7981 0.519 0.3744 0.5689
0.504 0.8135 0.7859 0.520 0.3363 0.5487
0.505 0.7972 0.7699 0.521 0.2973 0.5323
0.506 0.7299 0.7579 0.522 0.2546 0.5139
0.507 0.7082 0.7439 0.523 0.2148 0.4919
0.508 0.6894 0.7339 0.524 0.1706 0.4699
0.509 0.6606 0.7199 0.525 0.1218 0.4499
0.510 0.6369 0.7079 0.526 0.0778 0.4299
0.511 0.6128 0.6919 0.527 0.0267 0.4079
0.512 0.5907 0.6838 0.528 0 0.3839
0.513 0.5567 0.6658 0.529 0 0.3579
0.514 0.5332 0.6517 0.530 0 0.3339
0.515 0.5040 0.6355 0.531 0 0.3099
0.516 0.4762 0.6215

Lower Bounds for G (0) (4 < 6 < 2% — <)
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Majorants and Minorants _

Now we focus on the first 2-factored case, where the moduli ¢ = g1¢2 with ¢1 ~ Q1 = 2 and
g2 ~ Q2 = x%2. We want to show that

1 T
Z Z pi(n) — — Z Pj(”)<<w

et ol plae) =
¢2<Q2 |n=a( mod q1q2) (n,q1g2)=1
(q192,a)=1

for some functions p;(n) (j € {0,1}) satisfy

po(n) < 1,(n) < pi(n).
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Majorants and Minorants _

We want the minorants are always positive and the majorants are not too large. That is, we have

C()(Ql-, 92)95
log x

C1(61,02)z

Z po(n) = (1+o(1)) log x

n<x

and 3 pi(n) < (1+0(1))

n<x

for two functions Cy(60;,02) and C1(6;,05) satisfy 0 < Cy(01,02) < 1 and C1(01,02) > 1.
Moreover, we can try to show that for almost all ¢ ~ @ such that ¢; | ¢ and ¢1 ~ Q1,

Cg (01, 92):13
¢(q)log

CT(QL 92):17

< 7(x5¢,a) <
( ) ¢(q)logz

for two functions C{ (01, 62) and Cj(61,02) satisfy 0 < Cy(61,02) < C§(61,02) <1 and
1 < C7(01,02) < C1(61,02).
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Sieve setups _

By the definitions of the sieved sets A%, B and the sieve function S (C, z), using Prime Number
Theorem, we have

m(22; q1q2, a) — w(T; q1g2, a) = Z 1=9 (Aq“”, (2:0)%)

peEAILI2

and
T

S (Bma <2x)%) = (1+0(1))

logz”
Our aim is again to show that the sparser set 49192 contains the expected proportion of primes

compared to the larger set B2, which requires us to decompose S <Aq1‘12, (23:)%).
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Asymptotic formulas -

In order to decompose S (A‘“‘I?, (21;)%) and bound Cy (01, 63), C1(01,63), C5(01,62) and C5 (61, 02),
we need the following two types of asymptotic formulas.

Type-Cs:
1 a8
S (AT 7) — S (B2 z)| < . C

q;g ‘ ( ) (0192) ( ) (log x)4 (%))

1 1

q2~Q2

(q1g2,0)=1
Type-C5: For almost all ¢ ~ @ such that ¢; | ¢ and g1 ~ @1, we have
S (A%, z) = (14 0(1)) S (BT, z). (C3)

©0(q192)

Note that an asymptotic formula of the form (C5) implies an asymptotic formula of the form (C3). The
asymptotic formulas of the forms (C') and (C*) also imply asymptotic formulas of the forms (C5) and
(C3) respectively.
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Arithmetic information _

Type-ll information: Asymptotic formula of the form (C5) for Type-ll sums. Let M; M5 < x. Suppose
that ag ,, satisfies Conditions A and B.

1 T
§ § A1,m;A2,m, — E a1,m; a2 mo < (—

=
q1~Q1 my~M; (p(q“h) my~M; log l‘)
q2~Q2 ma~Ma ma~Mp

(q192,a)=1 mimz=a( mod g1q2) (mima2,q1q2)=1

(Maynard (2025a))

5 __ —
QQxE < M27 Q%QgMZG < x2_156a Q?QgMS < x2_1567 Q%QgMg <z? 1567 Q%Q% < MQ.’IJl 46;

Q1Q3 < Moz'™",  QYQIMS < x*713¢;

QIQ%Q <m4—19€’ lee < M2 < Q;l.’Iil_GE.
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Arithmetic information _

Type-l5 information: Asymptotic formula of the form (Cs) for Type-l3 sums. Let M; M5 =< = and
z = exp (log z(loglog z)~3). Let My, My, M3 be intervals such that M; C [M;, 2MM;].

> > g — —— > Uy | € .

log z
e o ¢(q192) o (log z)
q2~Q2 my1 EM; m1 EM;
(q192,a)=1 mo €M mo €M
msz€EMsg m3EM3
(mi1maoms,P(z))=1 (mimams,P(2))=1
momimamsz=a( mod qi1q2) (momimams,q1q2)=1

(Maynard (2025a))

T<My <My < My <ot 2t My, QIQY<at, QIQ <o, QF QF My <l e
(Lichtman (2022))

<My < My < My <234, My=2°, Q¥Q2<a?730c QUQL <630  (QQ, < xis—30
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Asymptotic formulas _

Write 6 = 61 + 65 and assume that 6; > 65. Define

(91,92) <0 <0 <1, 91+92<1},

~—

1
(01,02) : (01,602) € U; 61 + 65 < 3¢
or 201 + 0, <1—¢, 70; + 120, <4 —¢e, 190, + 2005 < 10 — 6}

2
(91,92) : (91,92) eU,; 70, +90> < 4, 99, + 05 < 37},

11 8
TS = (01,02) (01,92) € U\Tl, 301 + 205 < 7 =&, 1167 + 12605 < 6—¢, 01 + 0y < 1—5 —5}

=

—

| Il
— — —

(01,02) 5 (01,02) € U, (01,02) € T1 UTQ},

=
[
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Asymptotic formulas

5 2 1 1
= M 0 — < =5 = —_ —_ —_
{(91,92) (91,92) € U\I, 14 <6 5 2(1 291) <6y < 9(2 291)
2 | 1
or5<91 5 2(1_291)<92<6(2_391)
L o<t Lo o) <o < p—ony)
or 9 1S 9’ 9 1 2 ) 1
r1<9 <1 0<é <i(11—209)
METIRREINETI SRST! !
1 10 1
= {(91,92)2(91,92)€U\I; —<91\§, 5(1—291)<92<91
10 1 1 1
e <=, =(1- — _
or 33 <0 < 2 2(1 291) < by < 19(10 1491)
1 )
or§<91< = 0<62<1—9(10—1401)}
1 1 1
C = {(01,92) (91,02) € U\I < 91 < = 2 2(1 - 201) < 02 < 5(4 701)}
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Asymptotic formulas B

let j >4, PLP,---Pj<xand P, > P, > --- > P; > 2771%_ Suppose that
201 + 602 <1—100e and 767 + 12605 < 4 — 100e.

Then

> 1
pP1,..,P5
pi~Pi, 1<i<]
p1--pj=a( mod g1g2)

has an asymptotic formula of the form (C5).
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High-dimensional sieves _

A new three-dimensional Harman's sieve. Put

3
= {m1m2m3 12f <mg < mg <my < 27T mimoms ~ x, mimams = a(modq)} .

We can give an asymptotic formula of the form (C5) for
S (Faaz gr)

with k = % —cor % — € or some other values using the Type-Il information and the Type-I3

information above, under several conditions of 6;, 05 and 0.
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When the available Type-I| range starts from [20 — 1 +¢, ---), we need 260 — 1+ < 1 — 426 — 20, or
0 < é—‘f — 10e. Since 3(20 — 1 +¢€) < k when 6 < :13—? — 10¢e, we can give an asymptotic formula of the
form (Cs) for S (F1192,x%) if (61,02) € T1. When the available Type-II range starts from

[201 + 605 —1+¢, ---), we need the condition 4460, + 2665 < 23 and the details are similar. In these
two cases only Maynard's Type-l3 information is available.

When the available Type-ll range starts from [e, ---), we can use both Maynard's and Lichtman's
Type-l3 information since we can now take My = x°. For all § < % the Type-ll range [e, k] is
sufficient to give an asymptotic formula of the form (C2) for S (F71% z") if (61,603) € T'.
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Final decompositions, 2-1 -

We give upper bounds for Cy (01, 62) and C5 (61, 62).

Known results:

(1) 01(91, 02) 01(02, 91), Cf(@l, 92) = Cf(eg, 91);

(2) 01(01,92) = T(al,eg) =1 for all 91, 02 satisfy 91 A 02 0.5 — &y

(3). C1(61,62) = C5(01,02) =1 for all 0,05 satisfy 20; + 65 <1 —¢, 70; + 1205 < 4 — ¢ and
1961 + 2005 < 10 — ¢;

(4). 01(91,92) < 01(91 aF 92), Cf(91,92) < Cf(@l aF 92) for 0.5 <6; +65 <1

(5) C{‘(Gl, 92) < 01(91,02) < 1+ ¢ for all 61, 05 satisfy 6, + 6> = 0.5;

(6). Ci(61,62) < 01(91,02) < 1+ ¢ for all 6,65 satisfy 6; < 0.5 and

92 = min ( 201, 701 s %)

We divide the region U into subregions based on the available Type-Il ranges in each subregion. The
decompositions are similar to which in Final decompositions 1-1 (with more available arithmetic
information), and we can use the new three-dimensional Harman's sieve in Case C4(6;,62). In Final
decompositions 1-1, we can only use the three-dimensional Harman's sieve in Case C5 (6).

101 /175



Final decompositions, 2-1

For those subregions with a Type-Il range
201 +603—1+¢, ---) or [g ---),

sometimes we can replace the condition (o, ...,a;,20 —1+4¢) € S,41 in the definition of U; by
(Oll,...,Oéj,291 +92 — 1+€) € Sj+1 or (041,...,@]‘,6) € Sj+1.
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Final decompositions, 2-1 -

A sketch proof of the main theorem in Maynard (2025a).
If we want to use the asymptotic formula for numbers with > 4 prime factors, then we need to have

201 +02 <1—100e and 76; + 1205 <4 — 100e.

When 0 > % 701 + 1202 < 4 — 100¢ yields (61,602) € C, and we can use the Type-ll range

(01 +&, 1 — 0, — ). Note that 20; + 65 < 1 — 100c means that ; + & < 1 — 0 — ¢, the new Type-ll
range (01 +e¢&, 1—0; —¢) covers the Whole |nterva| (1 —0—c¢, 5) If we want to use the new
three-dimensional Harman's sieve with 8 > 1 31, then our Type-Il range cannot be [20 — 1 +¢,---),

which means that we need our Type-Il range starts from . The requirement of that is
1
6(4 701 —80s) —e =220 —1+¢, or 1967 + 2005 < 10 — 100e.
Now 6 < 13 — 11e is satisfied automatically, and we have 253 — ¢ > 1 4 10c. The available Type-lI

range is
- 2 — 30 .
) 3 :
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Final decompositions, 2-1 _

Write k = % — ¢ here. Using Buchstab’s identity, we have

1
9192 3\ _ q1q2 K 9192 q192
S(A ,(2x)2)_S(A ") — S SBE ) - Y 5(ALEp)
24eor<1-0—¢ 1—0—e<ai1<i
q192 .k q192
- E : S(Am 0 )"’ § : S(Ampzvp?)
n§a1<%+s n§a1<%+€
n§a2<min(a1,%(1—a1))
a2EG2
q1q2 K
+ > S (An7s,2") + > 1
n<a1<%+5 m1m2m363Aq1q2
n<ag<min (o, 3 (1—a1)) Koy <7 +e
as€AUB r<az<min(a1,3(1-a1))
aseC

(mimamg,P(z"))=1

- > S (A3 5apsp3) — > L

n<a1<%+s mimomg€eAILI2

3
n<a2<min(a1,%(1—a1)) r<ay<i+e

ase AUBUC r<ag<min(a,3(1—ay))
n§a3<min(0¢2,%(17(x170¢2)) (mym T?LZEPC(IW)) L
1mams, =
Q(mim2)>3

We can give asymptotic formulas of the form (C3) for all terms above.
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Upper Bounds for C; (64, 02) (0.5 < 6 < 0.55)
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Upper Bounds for C (01, 02) (0.5 < 6 < 0.55)
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Final decompositions, 2-2

We give lower bounds for Cy(61,62) and C§(61,65).

Known results:

(1) 00(91,92) = 00(92,91), 05(91,92) = 08(92,91);

(2) 00(01,92) = 8(91,92) =1 for all 91, 02 satisfy 91 aF 02 & 0.5 — Eo

(3) 00(91,92) = 8(91,92) =1 for all 91,92 satisfy 291 A 02 < 1-— €y 791 aF 1292 < 4 — ¢ and

19671 + 2005 < 10 — ¢;

(4). 00(91,92) > 00(91 aF 02), 06(91,92) > 08(91 aF (92) for 0.5 < 61 +605 < 1;

(5). C§(61,02) = 1 — € for all 0y, 65 satisfy 61 + 6 = 0.5.

Case C(01,62): by the earlier discussions, we know that we need to give an asymptotic formula of the

form (Cs) for the sum
> S(AR®p).

1—0—s<o¢1<%

By the earlier discussions, we need
201 +0; <1—¢ and 701 +1205 <4 —¢.

If 196, + 2002 < 10 — €, then we have Cy(61,03) = 1 by the main theorem in Maynard (2025a).
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Final decompositions, 2-2 -

Case C§(61,02): We still use two different methods to give lower bounds for Cf (61, 02).

First Method: Harman's sieve with Buchstab iterations.

The decompositions are similar to which in Final decompositions 1-2 (with more available arithmetic
information).

Second Method: Mikawa's modified sieve.

The decompositions are similar to which in Final decompositions 1-3 (with more available arithmetic
information).

When applying Mikawa's modified sieve, we need the Type-ll range [rq, 1] satisfies 1 > 2r¢. In the
case ¢ ~ @ in Final decompositions 1—3, the Type-Il range is fixed on [20 —1+4e¢, % — 5] (when
0 < gg, the Type-Il range ((logx) T, 20 -1+ s) Would not bring useful improvements here), and
that is why this method is not appllcable when 6 >

In the first 2-factored moduli case, we can enlarge 7“1 to vaIues like 2 339 € and %

some special (01, 62). For example, when & is replaced by M — €, then we only need

— ¢ for

2 — 30 8
T—£>2(20—1+£) or < o9

for the Type-ll requirements. Can we extend the “Mikawa applicable range” of 6 to > %7
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NO

The real problem is not on the Type-Il requirements but on the Type-l requirements.
When applying Mikawa's modified sieve, we also need the following conditions to apply the Type-I/II
information:

1 1 1
5 (@0-1)<1-0, -+1520-1)<2-0 and - +7(20-1)<2-20.

The last condition above is also equivalent to 6 < %

Another idea is to use the Type-ll3 information to cover the region that the Type-l/Il information cannot
cover; Type-ll3 information actually covers the remaining region for 6 < %. However, the coefficients in
the corresponding Type-l sum are convolutions involving the W function, which means that they do not

satisfy Condition B (No small prime factors), and the Type-ll3 information is not applicable here.
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Lower Bounds for C3(6:1,62) (0.5 < 6 < 0.53)
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Majorants and Minorants -

Now we focus on the second 2-factored case (the bilinear case), where the absolute values in the first
case are replaced by divisor-bounded coefficients. We want to show that

1 az
Y Mareg >, - >, piln) < Tog o)A

$@<Q:1 n<e vlae) =
( qz<Q)2 . n=a( mod q1q2) (n,q1q2)=1
q192,a)=

for some functions p;(n) (j € {0,1}) satisfy

po(n) < L,(n) < pr(n).
We want the minorants are always positive and the majorants are not too large. That is, we have
C§ (64, 6
> o) > (1+o() LT ang 3 pur) < (1+0(1)

n<x n<x

CI (91 5 (92).’1;‘
log x

for two functions C{(61,62) and C}(61,02) satisfy 0 < C{(61,02) < 1 and C{(61,62) > 1.
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Asymptotic formulas _

Now we need the following type of asymptotic formulas.

X ksl X S Y 0| <o )

o(g1q2) =

@ _n~w
el n=a( mod ¢1¢g2) (n,q1q2)=1
(q192,a)=1

Note that asymptotic formulas of the forms (C) and (C2) also imply asymptotic formulas of the form

112 /175



Arithmetic information _

Type-ll information: Asymptotic formula of the form (xx) for Type-ll sums. Let M;Ms < . Suppose
that ag ,, satisfies Conditions A and B.

1 z
> Mare > a1,m, 02,my — > armaam, <<W-

q1~Q1 mq~M; SO((]lQQ) my~M;
q2~Q2 ma~ M ma~Ma
(q192,a)=1 mima=a( mod q1q2) (m1ma,q1q2)=1
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Arithmetic information _

(Fouvry (1987))

@Q1Q3 < Maz'™%, QYQIMS < o'~
Q3 <'7°, QIQIM < =%
<
<

8

T
— 2 6 2— 4 13 3 2— 918 6 5—e.
QlQ% My ! Ea Q?QzMz <z Ev Q1Q2M2 <z Ev Q1Q2M2 <z 67
Q1Q3 < z'7°, QIQIM; < 277°, QYQSMS <t
— _ 4—
Q1Q3My < z'7°, Q3Q3M5 < 2°7°, QIQSMS < z'°.

(Bombieri et al. (1986))
Q22° < My < ™ ° min (méQ;%,x2Q;5Q2—17$Q1—2Q2—%> :
Qar® < My < o~ min (307 Q}. 28 Q) by ).
(lwaniec and Pomykala (1993))

— 5—
@22 < Ma, Q7Qa < Maz'™%, QIQ3MF <™.
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Arithmetic information _

Type-| information: Asymptotic formula of the form (xx) for Type-l sums. Let M;Ms < z and
z < exp (logz(loglog z)™1).

1 az
E : )‘1#11)‘2,(12 E a1,m;A2,m; — E : A1,my A2,m, | K 1 A
o~ m1eM 0(q192) oM (log x)
q2~Q2 ma~ Mz mo~ Mo
(q192,a)=1 mima=a( mod g1q2) (mima,q1q2)=1

(Bombieri et al. (1986))
Q1M2 < xl_ea QIQ%MQ < 1?2_5, Q1Q§M22 < 1’2_26, Q%Q%MQ < 1?3_5,
and

a1,m,; = 1m16M or A1,m; = 1 my1 €M
(m1,P(z))=1

for some interval M C [M;,2M;].
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Asymptotic formulas _

Write 8 = 61 + 05 and assume that 6; > 65. We can enlarge the region S defined before using our new
Type-| information. Define

S={(s,t):s<1—0—e, s+26<2—-20—¢, s+4t<2—-0—¢

1
or5+t<min<1—91,2—91—492,1—501—02,3—391—492> —6},

— &

l\')l»—t

= {(91,92) (91,92)EU 01+ 05 <

or 201 + 0, <1—¢, 701 +120, <4 —¢, 190, +2005 <10 —¢

1 29
0I’91<§, 0y < 91+92<%
29 1-20; 2—26,
or01+392<1, 01+02<%, 02<max< 5 5 5 )
PAY) 403 7 403
1, 4 —
or 01 + 307 < 91+92<5 91+92<266 49 +92<532}
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Asymptotic formulas B

1 2 1
E = {(91,02) 1 (01,02) € U\J; Z < 01 < ?, 5(1—291) < 02 <0y

2 2 1 1
Zc0<2, 2(1—26 02 < —(2— 30
or7< 1\5 2( 1) < 2<4( 1)

2 o<t 1(1 201) < 60 <X 2061)
-2 4ot _
My SLS 55 ! 2515 !

1 11 1
~ <6 —,0<80 — (11 — 200,1) p ,
WSS <o <2<15( 1)}

1 1
F1 = {(01,02):(01,02) € U\J; Z<91<Eu 5(1—291)<92<91
5 1 1 1
— % —, = (1 —260 6 — (5 — 86
or 18< 1<27 2( 1) < 2<10( 1)

1 11
or - < 6 < —

1
[Z] — (11 — 200
2 207 0<0:2 < 10( 0 1)}7

Fy

1 2 1
{(01,92) 1 (01,02) €e U\J; 1< 01 < =0 5(1 —261) < 62 < 61

2co<? 1(1 20,) < 0 <1(2 361)
or — -, =(1-= —(2 -
7\ 1\5 2 1 2 4 1

2<¢9 <1 1(1 201) < 02 <1 — 260
r— =g =(ll = = °
05 1 272 1 2 1
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High-dimensional sieves _

A new three-dimensional Harman'’s sieve, continued. In previous applications of the three-dimensional
Harman's sieve, we always assume that x > % + &. In fact, this device is still applicable in some cases
with k < % AF E-
Suppose that % <K< % + €, and we apply a three-dimensional Harman's sieve on a region R. Since
o < 3=2%and az <3 <2, we have Q(m1) < 3 and Q(m2) < 2, and Q(mym2) can be 3, 4 or 5.
Now we have 3 cases based on different values of Q(mims):

(1) Q(ml) = 1, Q(’N’LQ) =2or Q(ml) = 2, Q(mg) = 1;

(2). Q(m1) =2, Q(mz2) =2 or Q(my) =3, Q(mz) = 1;

(3). Q(m1) =3, Q(mse) =2.
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High-dimensional sieves B

These 3 cases correspond to 3 loss integrals:

1 w (17t17t27t§)
i t1,t2,t32K — L& L dtsdtadty,
t1tot
K J (t1,ta+t3)ER, ta>ts 1tats3
or (t1+ta,t3)ER, t1>to
(t1,t2,t3)¢G3
1—t;—ty—ts—t
1 w (#_4)
i t1,t2,t3,ta>k - tmt dtydtsdtadty,
K J(t14to,ta+ts)ER, t13ts, ts>ty 1tat3ls
or (t1+ta+t3,t4)ER, t1>t2>t3
(t1,t2,t3,t4)¢Ga
and
1 w (17751 —to—tz—ts—1s
—/ t1,t2,t3,t4,t5 2K - t’;t dtsdtydtsdtadty.
K J(t14to+ts,tatts)ER 1tatstals

t12t22>13, ta>ts
(t1,t2,t3,t4,t5)¢Gs
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High—dimensional sieves -

When = —e<0< 32 — g, the new three-dimensional Harman's sieve should be applied on both B and
Cif We use it, since we can only perform straightforward decompositions on A where a1 + as < 6.
Since we have ap < %, a1 < 2 + e and ay + a2 > 3 — ¢ for ay € BUC, the new three-dimensional
Harman's sieve is available here. Now we want to prove that as € U5 for as € A. The proof is trivial
when oy < 7 = % When % <o < %—1—5, we need to show that ay € Us or (aq, 9,20 — 1 +¢) € Ss.
Assume that a3 < 2 — 36 — 3¢, we get

o +20—1+e<1—0—c¢,

)
a1+20 —1+e+2a9 <40 —a1 —1+e < 975+s<272975,

and
13
a1 +20—1+e+4a3 <60 —3a1 —1+¢e < 69—7+€<2—9—6.

Since we have ap > 5282 — ¢ and 6 — 282 4 22 < 2 — 30 — 3¢ for all § < 1L — &, we know that the
condition oy < 2 — 36 — 3¢ is satisfied automatically when ay € A.

We often decide to use the new three-dimensional Harman's sieve instead of discarding the region

% <o < % + ¢ since the higher dimensional loss is usually smaller than the one-dimensional loss.
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Final decompositions, 3-1

We give upper bounds for Cf (61, 62).
Known results:

(1). 01(91,92) C1(02,61);

(2). C1(61,62) =1 for all 6,05 satisfy 6; + 05 < 0.5 —¢;

(3). ’(91,92) =1 for all 61, 05 satisfy 260, +92 1— 5 7601 + 1205 < <, —5 and 196; + 200, < 10 —¢;
(4). C{(61,02) =1 for all 6,0, satisfy 01 < 3, 62 < £ and 6; + 92 < 2,

(5) O{(Gl,gg) 1 for all 01, 05 satlsfy 01 + 392 <1, 01 ) < and 0 < max (1 201 2= 291 ;

(6) 01(91,02) =1 for all 91,92 satlsfy 01+302<1,0,+6 < 56’ 401 + 605 < ggg and 91 +92 < égg,
(7) 01(91,92) 01(91,02) < 01(01 aF 92) for 0.5 < 91 4 02 < 1

(8). C1(01,62) < 1+¢ forall 01,05 satisfy 6; + 62 = 0.5;

(9). C1(01,02) <1+ ¢ for all 61,0, satisfy 6; < 0.5 and 6> = min (1 — 26, 2550 101901

We divide the region U into subregions based on the available Type-Il ranges |n each subregion. The
decompositions are similar to which in Final decompositions 1-1, with more available arithmetic
information.
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Final decompositions, 3-1

Some special cases. Define

1 1 1
21 = {(01,92) g = K 91 < i —(1—201) < 92 < 5(1 —91)

4 177 2

) 3 1

— < —, = (1 — = .
or 17\01< 10 2(1 201)<92<2 691}

Theorem (L. (2026))
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Final decompositions, 3-1 _

Proof. The Type-ll range for Z; is
1 1 3
g, 6(5—891—802)—6 U 92+8, 5(1—02)—8 U ?4-671—(9—6 0

Since we have (61,605) € Z; and 61 + 65 < % — ¢, all of the following conditions hold true:

5—89 17
= — 116 126 6 — 86 116 5—8
K 5 >126 €>8+E 1+ h < €, i h < g,
11 1-6 1 1 3
— - <1, — < ~(1—6;)> >
3601 + 205 < 7 e, 601+30,<1, 60;< 3 1 and 2(1 92) 3

We can simplify our Type-ll range in this case to

€ 1—7—5 U 1+5 §—5 U §+5 1-60-—¢
" 126 4 "8 7 ’ ’
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Final decompositions, 3-1 _

Using Buchstab’s identity, we have

1
¥ (n@0)2) =g (na") - Y w(Ba")+ > ¥ (8, p2)
n=p1pB n=p1p28
m§a1<%+5 n<a1<%+a
n§a2<min(a1,%(1—a1))
agyEGy
+ > ¥ (B,z") — > ¥ (B, p3)
n=p1p2f8 n=p1p2P3h
m<o¢1<%+s ~§a1<%+s
n<a2<min(o¢1,%(1—a1)) n<a2<min(a1,%(1—o¢1))
g €AUB age AUBUC
r<ag<min(az, 3 (1—a1—az))

S > ¢ (mimams, z") — > ¢ (mimams, z")
n=mjmomsy n=mjmomsg
N<(X1<%+E ~<0¢1<%+5

n<a2<min(o¢1,%(l—a1)) n<a2<min(a1,%(l—a1))
ageC ageC
Q(myma)23
- > ¢ (B,p1) — > ¥ (Bip)-
n=pj B n=pjy B
2te<a1<1-6-¢ 1-6—e<ai<i

Now we only need to show that (**) holds for f(n) = sums that count numbers with 4 or more prime factors.
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Final decompositions, 3-1 -

Since k > %, we have Q(n) < 7. Assume that Q(n) > 4, and we only need to consider the following 7 cases:
Case 1: Q(n) = 7. Suppose that n =p1---p7 and a1 > a2 > -+ > ar. Now we have ag + a7 < % Since we
have 2 < 3 < Zand 1(1—02) > 2 > 2, ifas+ar € [f2+¢, 3 —¢], then (xx) holds for f(n). Otherwise we

have ag + a7 < 02 + . But since we have 801 + 11602 < 5 — 8¢, we get
5 — 80

ag+ar <O+e< —2e < ag + ay,

making a contradiction. Hence (xx) holds for f(n) in Case 1.

Case 2: Q(n) = 6. Suppose that n =p1---ps and a1 > a2 > -+ > as. Now we have as + ag < % Since we
have o < 1 < Land 2(1—02) > 2 > 1 ifas+as € [02+¢, 3 —¢], then (xx) holds for f(n). Otherwise we
have a5 + ag < 02 + €. But since we have 801 + 1105 < 5 — 8¢, we get

5 — 80

o5 + o <02 +¢e < —2e < as + ag,

making a contradiction. Hence (*x) holds for f(n) in Case 2.
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Final decompositions, 3-1 -

Case 3: Q(n) = 4 or 5, no product of variables lies in (1 — 6 — e, 0 + ). Suppose that n = p1 - - - py, and 1 > s > - > ay,
while the remaining part a; = a; gives a "loss” of size O(e). In this case we can “view” [g &, % = 5} as a “fake” Type-ll range. Since
we have 6 < 22 < %, the results in [Maynard (2025a), Chapter 9] can be applied here if any of the following conditions holds:

(1). ar = % + ¢

(2). Q(n) =5, ag + as + as > % — ¢

(3). 2(n) =4, a1 < 2 +¢, a1+a4> -

By Condition (1), we can assume that ¥ < aj < % +&. We first con5|der the subcase 2(n) = 5. By Condition (2) and the “fake” Type-ll
range [2 +¢, 2 — €], we can also assume that a3 + as + as < £ +e. This means that oy + az > % —e, and thus a1 > 2 — e
Since 05 < % <%—%E< % < %(1—92) wecanassumethatal > § — €. Nowwehave%+a< %—E—%—E-‘r 3 <a1+a5,
and we can assume that a; + a5 > % — &. Since a5 < = +€ we have a1 > s -2 Ifag > % + €, we can assume that a; > % =&
But now we have 1 o1 tastastagtas>2E—e+4- s> 1 makmg a contradiction. The remaining part is

2 — 2 < a1 < 2 +e, leading to a “loss” of size O(a). Hence (**) holds for f(n) with an error O(e) in Case 3 if Q(n) = 5.
Next, we consider the second subcase ©2(n) = 4. Suppose that a1 + as < 3 — e. By Condition (3) and the “fake” Type-Il range

[%Jrs, %75},Wecanassumethatoc1+a4< 3+6 Sincea4> é,wehavea1< éngs_ 7+5,, Since
92<%<%+€< (1702) wecanassumethatal\ +e. Ifoq\4,thenwehave1_a1+a2+a3+a4<4 %:1,

making a contradiction. The remaining part is Z <o <3 + €, Ieadmg to a “loss” of size O(e).

Now, by the “fake” Type-Il range [% + &, % — a}, we only need to consider the subcase Q(n) = 4 with a1 > % — £. This means that
Qo +a3+a4 < %+6. Since as > agz > aq > é + ¢, we have asz + ay > i—&-e > 05 + €. Thus, we can assume that

as + ay > 2 — g. But now we have

1<3 3 <3( + a4) < az +asz + <3+
5 SANE 15 2(13 (a7} Qg asg (67} 7 €,

making a contradiction. Hence (xx) holds for f(n) with an error O(e) in Case 3 if Q(n) = 4.
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Final decompositions, 3-1 -

Case 4: Q(n) = 5, one variable liesin (1 —0 —e, 0 +¢). Suppose that n = py - -ps and a1 > as > -+ > as. Now we have
a1 >1—0—eandaz > - 2 a5 > 0_88—6 But since 0 < 21 < 19—6,Wehave

5 — 80
1—-0—e+4 = —e) >1,

making a contradiction. Hence Case 4 is empty.

Case 5: Q(n) = 5, a product of two variables lies in (1 — 6 — e, 6 + ). Suppose that n = py - - - p5 and

ar+as€(1—0—¢, 6+¢) (ofcourse as+as+as € (1 —60—¢, 0+¢) too). Slncecn+ozJ = 89 — 2e > 05 + € (see Case
1), we can assume that a; + a; > 5(1 —62) —e > 2 —eforalli,j € {1,2,3,4,5} (otherwise ab+a] [62+¢, (1 —62)—¢],
and (*x*) holds for f(n)). But now we have

oo 4 o 4 s — (as+a4)+(a3;ras)+(a4+a) : (§_5> >1%_2a>—+2s>9+a7

making a contradiction. Hence () holds for f(n) in Case 5.

Case 6: Q(n) = 4, a product of two variables lies in (1 — 6 — e, 0 + €). Suppose that n = p1p2p3ps and

a1 +az € (1—60—¢, 6+¢) (of course, ag + as € (1 — 0 — e, 6 + €) too). Without loss of generality, we further assume that

a1 > az and ag > a4, while the remaining part o;; = o gives a “loss” of size O(e). Now we have a, as < 9+5 . Since % <0< %

we have g—gi <4 +e< 2 —e<1(—062)— e Now we can assume that oz, oy < 02 + & (otherwise

Qg or ay e [62 + ¢, 5(1—62) — €], and (x*) holds for f(n)). Since we can assume that az + oty > 3 — £ (see Case 5), if

a1, a3 > £ — g, then 1=a;+ a3+ (a2 + o) > 3 — 3e > 1, making a contradiction. Now we assume that

min(a1, ag) F=e<gy (1 — 02) — e. Without Ioss of generality, we further assume that a1 > g, while the remaining part a1 = a3

gives a “loss” of size O(e). If ag € [02 +e, 2(1 —602) — €], then (*x) holds for f(n). Otherwise we have iz, a3, g < 02 + €. If

ag < 03 — 2¢, then we have a3 + as < 205 —e < 1 — 0 — &, making a contradiction with the assumption az + a4 € (1 — 0 — e, 0 + ).

The remaining part is 02 — 2e < ag < 02 + ¢, leading to a “loss” of size O(g). Hence (xx) holds for f(n) with an error O(e) in Case 6.
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Case 7: Q(n) = 4, one variable lies in (1 — 0 — e, 6+ ¢). Suppose that n = pop1p2ps and

oo > o > o > 3. Now we have ap € (1 — 0 —¢, 0+¢)anda; +as+as € (1 —0—¢, 6+¢). We also
have a1 + as < 4 and ap < . Note that the sum of ¢ (m1mams, ™) only counts numbers with all prime
factors smaller than max(m1, ma, ms3) < x%“, one can easily find that this type of n will not be counted in the
sum of 1 (m1mams,z™) by a simple observation. Hence, this type of n will only be counted in one part of the

sum of ¥ (8, p3):
Z ¢(5,p3),

n=pip2p3B
1—60—e<ajtastaz<b+e

where (3 here is a large prime. Using Buchstab's identity, we have

> ¥ (B,ps) = > b (B, 2") — > ¥ (B, pa) -

n=p1p2p3p3 n=p1p2p3p3 n=p1p2p3p4B
1—0—e<ajtastaz<b+e 1-0—e<aj+astaz<O+e 1—0—e<aj+tagtaz<b+e

n§a4<min(a3,%(lfalfagfag))
We know that (#x) holds for the first sum since (a1 + a2, a3) € A, and we only need to deal with the second
sum that counts numbers with 5 or more prime factors, with a product of 3 variables liesin (1 —0 —¢, 0 +¢).
Now we reduce this case to Cases 1, 2 and 5. Since the second sum is a positive sum that cannot be dropped
directly, we need (xx) holds for f(n) in Cases 1, 2 and 5 without an error O(g). By the discussions above, we
know that (xx) holds for f(n) in Cases 1, 2 and 5 without an error O(e), and thus (xx) holds for f(n) in Case
7. Combining all the 7 cases above, the proof of Theorem is completed.
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Final decompositions, 3-1 _
When (0;,05) lies in the boundary of this region:

1 2 2 3 R 1—-6; 11 — 216,
916[1,?—6}U|:?+E,E—6:|, 92—Hl111< 3 21 ,2—601),

we can use the same decomposing process (with some small modifications) to prove the same upper
bound:

/ P w () 0
01(91,92)<1+/ e dt+0()—1—|—log(1 0)4—0()
1-0

For example, we have

1
C1(0.28,0.24) < 1+log( 3) +0(e) < 1.0801.

12

Note that we have (61,0) € T except for 6, € (2 —¢,2 +¢).
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Final decompositions, 3-1

Define
Z, = 6?19)1<0<6 1(—6?)<¢9<6?
2 = 3 (01,02 1S53 3 1) 0201
6 5 1
or % <6 < ﬁ, 3( 91) 0y < —(6— 1091)}

Theorem (L. (2026))

130/175



Final decompositions, 3-1 _

Proof. The Type-ll range for Z5 is
1 1 3
&, 6(5—891 —892)—6:| U |:92+€, 5(2—01—402)—6} U |:? aF &, 1—0—6:| .

Since we have (61,02) € Z2, 65 < }1 — ¢ and 1761 + 2665 < 11 — 14¢, all of the following conditions
hold true:

5 — 86 17 1
= 2 _ - _ 0 — 0 1160 =
5 >126 €>8+E, 116; + 1260, < 6 — e, 8607 + b < 5 — 8¢,
11 1 11 1 9
— = = &£ L — = = = = —
3601 + 205 < - €, 5 <01 +0; < o1 e, 701 +1605 <6 —8 and 2(2 01 — 492) > 55

We can simplify our Type-ll range in this case to
Ui 2 c|u2 e 10—
T Rl PR el I '
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Final decompositions, 3-1 _

Using Buchstab’s identity, we have

1
¥ (n@0)2) =g (na") - Y w(Ba")+ > ¥ (8, p2)
n=p1pB n=p1p28
m§a1<%+5 n<a1<%+a
n§a2<min(a1,%(1—a1))
agyEGy
+ > ¥ (B,z") — > ¥ (B, p3)
n=p1p2f8 n=p1p2P3h
m<o¢1<%+s ~§a1<%+s
n<a2<min(o¢1,%(1—a1)) n<a2<min(a1,%(1—o¢1))
g €AUB age AUBUC
r<ag<min(az, 3 (1—a1—az))

S > ¢ (mimams, z") — > ¢ (mimams, z")
n=mjmomsy n=mjmomsg
N<(X1<%+E ~<0¢1<%+5

n<a2<min(o¢1,%(l—a1)) n<a2<min(a1,%(l—a1))
ageC ageC
Q(myma)23
- > ¢ (B,p1) — > ¥ (Bip)-
n=pj B n=pjy B
2te<a1<1-6-¢ 1-6—e<ai<i

Now we only need to show that (**) holds for f(n) = sums that count numbers with 4 or more prime factors.
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Final decompositions, 3-1 -

Since k > %, we have Q(n) < 7. Assume that Q(n) > 4, and we only need to consider the following 7 cases:
Case 1: Q(n) = 7. Suppose that n =p1---p7 and a1 > a2 > -+ > ar. Now we have ag + a7 < % Since we
have 62 < 3 < 2 and 1(2—61 —462) > - > 2, if as + a7 € [02 + ¢, 2 — €], then (xx) holds for f(n).

Otherwise we have ag + a7 < 02 + . But since we have 861 + 1162 < 5 — 8¢, we get

5— 860
ag+ar <O+e<

—2e < ag + ay,

making a contradiction. Hence (xx) holds for f(n) in Case 1.

Case 2: Q(n) = 6. Suppose that n =p1---ps and a1 > a2 > -+ > as. Now we have as + ag < % Since we
have f < 1 < 1and 1(2—61—462) > 2 > 1, ifas +as € [02+¢, o — €], then (xx) holds for f(n).
Otherwise we have as + ag < 02 + . But since we have 861 + 1162 < 5 — 8¢, we get

5 — 80

o5+ <02 +e < —2e < as + ag,

making a contradiction. Hence (*x) holds for f(n) in Case 2.

133 /175



Final decompositions, 3-1 -

Case 3: Q(n) = 4 or 5, no product of variables lies in (1 — 6 — &, 0 + €). Suppose that n = p1 - - - py, and 1 > s > -+ > ay,
while the remaining part a; = «; gives a “loss” of size O(e). In this case we can ‘“view” [% + e, % — 6} as a “fake” Type-ll range. Since
we have 6 < 21 < %, the results in [Maynard (2025a), Chapter 9] can be applied here if any of the following conditions holds:

(1) ar >+ +&

(2). Qn) =5, az +as +as > 2 —¢;

(3).Qn)=4, 01 <24+e a1 +os>2—=

By Condition (1), we can assume that 1 < ax < £ + . We first consider the subcase (n) = 5. By Condition (2) and the “fake”

Type-ll range [% + e, % - s], we can also assume that ag + a4 + as < % + . This means that a1 + ao > % — g, and thus

o > % = %8. Since 05 < % < % — %s < % < %(2 — 61 — 4602), we can assume that a; > % — &. Now we have

24+e< L —e=2 —c+ 1 < a1+ as and we can assume that oy + a5 > 2 —e. Since a5 <  +¢, we have oy > 2 — 2¢. If
oy > %-‘rE, we can assume that a; > % — e. But now we have 1 = a1 + as + a3 + asg + a5 > % —e+4- % > 1, making a
contradiction. The remaining part is 2 — 2e < a1 < 2 + ¢, leading to a "“loss” of size O(g). Hence (*x) holds for f(n) with an error
O(e) in Case 3 if Q(n) = 5.

Next, we consider the second subcase 2(n) = 4. Suppose that o1 + a4 < % — &. By Condition (3) and the “fake” Type-Il range

[% + &, %—a}, we can assume that ay + ag < %+5. Since ay > é, we have a1 < % +e= % +e— %. Since

0y < % < é—g +e< 2% < %(2 — 01 — 405), we can assume that a3 < i +e lIfar < %, then we have

1=o1+oaz+as+as <4-% =1, making a contradiction. The remaining part is -+ < a1 < § + €, leading to a “loss” of size O(e).
Now, by the “fake” Type-Il range [2 + €, # — €], we only need to consider the subcase 2(n) = 4 with a1 > 2 — . This means that
ag + a3z +ayg < %Jra. Since as > a3z > ay > %Jrs, we have as + ag > i«ka > 62 + . Thus, we can assume that

az + ag > 2% — £. But now we have

! < 2(2 < 3( tay) <aztoastoy< 2 +
—<=-|=-¢ — (o @ o o o =+,
2 > 2\25 R
making a contradiction. Hence () holds for f(n) with an error O(e) in Case 3 if Q(n) = 4.
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Final decompositions, 3-1 -

Case 4: Q(n) = 5, one variable liesin (1 —0 —e, 0 +¢). Suppose that n =py---ps and a1 > as > -+ > as. Now we have
a1 >1—0—eandaz > - 2 a5 > "_88 — &. But since 0 < 1 21 < T —s,wehave

5 — 80
1—-60—e+4 = —e) >1,

making a contradiction. Hence Case 4 is empty.

Case 5: Q(n) = 5, a product of two variables lies in (1 — 6 — e, 6 + ). Suppose that n = p; - - - p5 and

ar+oaz €(1—0—¢€, 0+¢) (of course, ag + g + a5 € (1 — 0 — e, 6+ €) too). Since a; + aj > 57389 — 2e > 03 + € (see Case
1), we can assume that a; + a; > 2(2 — 01 — 463) — e for all i, 5 € {1,2,3,4,5} (otherwise

a;+a; € [62+¢e, 1(2— 601 —4602) — €], and (*x) holds for f(n)). Now we have

3
s+ s+ ag = (aa+a4)+(a3;—a5)+(a4+a5) >Z(27917402)75'

Since 701 + 1602 < 6 — 8¢, we have %(2 — 01 — 402) — e > 0 + £, making a contradiction with ag + a4 + a5 € (1 —0 —¢, 6 +¢€).
Hence () holds for f(n) in Case 5.

Case 6: Q2(n) = 4, a product of two variables lies in (1 — 6 — e, 0 + ). Suppose that n = p1papspa and

a1 +oaz €(1—0—¢, 6+¢) (of course, g + g € (1 — 6 — e, 6 + ) too). Without loss of generality, we further assume that

max (o, ag, ag, ag) = a1, while the remaining part a; = o gives a “loss” of size O(e). Since a1 > i > 02 + £, we can assume that
a; > 2(2— 01 — 402) — € (otherwise a1 € [02 + &, 2(2 — 61 — 462) — €], and (*x) holds for f(n)). Now we have

" >27917402 5 — 86 5 11 — 1161 — 2002
o « — 4E = — 4E.
e 3 6 6

Since 17601 + 2602 < 11 — 14¢, we have w 2e > 0 + &, making a contradiction with the assumption
a1 + az € [1 — 0, 0]. Hence (xx) holds for f(n) with an error O(e) in Case 6.
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Case 7: Q(n) = 4, one variable lies in (1 — 0 — e, 6+ ¢). Suppose that n = pop1p2ps and

oo > o > o > 3. Now we have ap € (1 — 0 —¢, 0+¢)anda; +as+as € (1 —0—¢, 6+¢). We also
have a1 + as < 4 and ap < . Note that the sum of ¢ (m1mams, ™) only counts numbers with all prime
factors smaller than max(m1, ma, ms3) < x%“, one can easily find that this type of n will not be counted in the
sum of 1 (m1mams,z™) by a simple observation. Hence, this type of n will only be counted in one part of the

sum of ¥ (8, p3):
Z ¢(5,p3),

n=pip2p3B
1—60—e<ajtastaz<b+e

where (3 here is a large prime. Using Buchstab's identity, we have

> ¥ (B,ps) = > b (B, 2") — > ¥ (B, pa) -

n=p1p2p3p3 n=p1p2p3p3 n=p1p2p3p4B
1—0—e<ajtastaz<b+e 1-0—e<aj+astaz<O+e 1—0—e<aj+tagtaz<b+e

n§a4<min(a3,%(lfalfagfag))
We know that (#x) holds for the first sum since (a1 + a2, a3) € A, and we only need to deal with the second
sum that counts numbers with 5 or more prime factors, with a product of 3 variables liesin (1 —0 —¢, 0 +¢).
Now we reduce this case to Cases 1, 2 and 5. Since the second sum is a positive sum that cannot be dropped
directly, we need (xx) holds for f(n) in Cases 1, 2 and 5 without an error O(g). By the discussions above, we
know that (xx) holds for f(n) in Cases 1, 2 and 5 without an error O(e), and thus (xx) holds for f(n) in Case
7. Combining all the 7 cases above, the proof of Theorem is completed.
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Final decompositions, 3-1

When (61,05) lies in the boundary of this region:

1 7 . (1 11 —-176,
< _ — - - -7
4\01<25, 0 mln(4, 26 ),
we can use the same decomposing process (with some small modifications) to prove the same upper
bound: .
: > w () 0
1-6 -

For example, we have

51
C1(0.26,0.25) < 1 + log (E) + O(e) < 1.0401.
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Final decompositions, 3-1

Define

1 1
5(1 — 201) <Oy < ﬁ(5 — 801)} 0

1 3
Z3 = {(91,92) '3 < < 3

Theorem (L. (2026))
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Final decompositions, 3-1 I
Proof. The Type-Il range for 23 is

1 1
{5, 6(5891402)5} U [91+5, 2(192)5] U [iJre, 195].

Since we have (01,62) € Z3 and 166, + 805 < 7 — 14¢, all of the following conditions hold true:

5 — 86, — 46 1 1 11
——— = 2 o> —<d<— o

& 6 19 21

Now, we can decompose v (n, (21)%>. By previous discussions, we only need to show that (xx) holds

for f(n) = sums that count numbers with 4 or more prime factors. Since £ > 1, any n ~ x with 4 or
more prime factors must has at least one factor smaller than x", and we can use our Type-Il range

[, % — | to show that (xx) holds for f(n) that count numbers with 4 or more prime factors.
The proof of Theorem is completed.

For example, we have

1
C}(0.36,0.15) < 1+ log (29> + O(e) < 1.0401.
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Final decompositions, 3-1

Define

8
17 20

or S o <0 L
7 > 217 20

Z4 = {(91,02):%<9 N (10 1991)<92<1—12(4—791)—E

10 —19601) < 02 < 1—260; — 26}

Theorem (L. (2026))

Combining this with the main theorem proved in Maynard (2025a), we get

Theorem (L. (2026))
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Proof. The Type-Il range for Z4 is

1 1
€, 6(5—801—492)—6] @] |:91+€, 5(1—02)—5] U |:g+6, 1—9—8:| °
Since 207 + 65 < 1 — &, we have

5 — 801 — 460 5 —4(20, + 6>) 1
6 g = 6 €>6 €>7.
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Using Buchstab’s identity, we have

1
¥ (n@0)2) =g (na") - Y w(Ba")+ b Y (B, p2)
n=p1 8 n=p1p2h
m§a1<%+5 n<a1<%+a
n§a2<min(a1,%(1—a1))
agyEGy
+ > ¥ (B,z") — > ¥ (B, p3)
n=p1p2h n=p1p2P3h
m<o¢1<%+s ~£a1<%+s
n<a2<min(o¢1,%(1—a1)) n<a2<min(a1,%(1—o¢1))
ag€A age AUBUC
r<ag<min(az, 3 (1—a1—az))

+ Z ¥ (mimams, z™) — Z ¥ (mimams, z™)
n=mjmomsy n=mjmomsg
N<(X1<%+E ~<0¢1<%+5

n<a2<min(o¢1,%(l—a1)) n<a2<min(a1,%(l—a1))
ay€BUC @y €BUC
Q(mymz)>3
- > ¢ (B,p1) — > ¥ (Bip)-
n=pj B n=pjy B
2te<a1<1-6-¢ 1-6—e<ai<i

We can give asymptotic formulas of the form (xx) for all terms above. The proof of Theorem is completed.
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Now we focus on the region

1 1 1 11
- <o, -<H< — —
{(01a02) 0 g, 02 X 55 2 X 0 21 5}

w

Baker and Harman (1998) proved that (xx) holds for f(n) = 1,(n) in this region with 0 < They
used Heath-Brown's identity to perform the decompositions. We shall extend the range of 0 to = —c
using Harman's sieve.
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The Type-Il range for this region is

1
&, %(5—891—892)—6] U[92—|—€, 6(5_801_402)_5] U [91—|—€, 5(1—92)—6] U[%—F&:, 1—9—6].
We have
H—ﬂ—€>£—6>1+6
6 126 O
5 — 861 — 46, 5-8(z-¢)-d(Gr-e-g+e) 1 1 11 1
(§ 6 42 3 42~ 4
and L
1— 6> 1_3
> =04,
% 2 0
and we can simplify our Type-Il range in this case to

17 1 11 1 3
— — —+e — =, 04—
[E, 126 5]U[5 £, 2}U{3,0 €:|U|:
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Using Buchstab’s identity, we have

1
¥ (n@0)2) =g (na") - Y w(Ba")+ > ¥ (8, p2)
n=p1pB n=p1p28
n§a1<%+5 n<a1<%+s
m§a2<min(a1,%(1—a1))
agyEGy
+ > ¥ (B,z") — > ¥ (B, p3)
n=p1p2p8 n=p1pr2p3B
N<(X1<%+E K,Sa1<%+s
n<a2<min(a1,%(1—a1)) n<a2<min(a1,%(1—o¢1))
agEAUB agyEAUBUC
r<ag<min(az, 3 (1—a1—az))

S > ¢ (mimams, z") — > ¢ (mimams, z")
n=mjmomsy n=mjmomsg
N<(X1<%+E n<0¢1<%+5

n<a2<min(a1,%(l—a1)) n<a2<min(a1,%(l—a1))
ageC ageC
Q(myma)23
- > ¢ (B,p1) — > ¥ (Bip)-
n=pj B n=pjy B
3 te<ar<i—0-¢ 1-0-c<aj<i

We discard the (negative) last term.
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We want to show that (xx) holds for f(n) = sums that count numbers with 4 or more prime factors. Since

K > , we have Q(n) < 7. Assume that Q(n) > 4, and we only need to consider 8 different cases as in the proof
of preV|ous two Theorems. We shall prove that (xx) holds for f(n) in 7 of the following 8 cases (sometimes with
an error O(g)), and the “loss integrals” for C7 (61, 62) will only come from that remaining case and the discarded
last term.

Case 1: Q(n) = 7. Suppose that n = p1 ---p7 and aq > az > .-+ > a7, while the remaining part a; = o gives
a “loss” of size O(g). Now we have au + a5 + a6 + a7 < 2. If uu + a5 + a6 + a7 € [9 +¢e, 2 —¢], then (xx)
holds for f(n). Assume that oy + as + ag + ar < 0 +¢. But since we have 6 < 11 < 10 — ¢, we get

5— 860

10 — 1660
a4+a5+a6+a7<0+5<7—45:4<

. —5)<a4+a5+a6+a77

making a contradiction Now we can assume that (14 + as +as + a7 € (% — &, 7) and thus
(e %1 +a2 + as € (7, ? +s) Now we have a3 < = + s and a4 > % — %E. Since a3 > a4, we have

1—1e< a3 <1+ ;e leading to a “loss” of size O( ) Hence (x*) holds for f(n) with an error O(¢) in Case 1.
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Case 2: (n) = 6. Suppose that n = p1 -+ - pg and @y > ap > -+ - > ag, while the remaining part a; = o gives a “loss” of size O(e).
Now we have a1 + g > % If 1 + s € [%, 0.4 — s], then (xx) holds for f(n). Otherwise we have a1 + a2 > 0.4 — e. If

a1 +as € [% +e, 1—-6 —E], then (xx) holds for f(n). If a1 + az > 1 — 60 — &, we have

5 — 860
ar+--F+ag>1—-—0—c+4 % —e) >1,

making a contradiction since 6 < % < % — € (see Case 1). Thus, we can assume that a1 + ag € (0.4 — &, % + s).

Suppose that ag > %+s. Since a1 > ag > -+ > ag = %+6, we have a1 + as + asz > %+3sand oyg + a5 + ag > %+36. Hence

a1 +ostas€[2+e, 2 —¢c]. far+ast+ase[2+e, 1-0—e]U[0+e, 2—¢], then (x*) holds for f(n). Otherwise we

have a1 + as + az € (1 —0 —e, 0 + €). But since a1 + as > 0.4 — g, we have
1
a1+a2+a3>0.4—6+; > 0.54 >0+ ¢,

making a contradiction.
Suppose that ag < % — 2e. Now we have a1 + ao € (0.4 — €, % + s) and % < ag < % — 2¢. Thus,

4
a1 +as + ag € <0.525—€, ?—z-:).

Since 6 + & < 0.525 — €, we have (*x*) holds for f(n).
The remaining part is % —2e < ap < % + €, leading to a “loss” of size O(g). Hence (xx*) holds for f(n) with an error O(g) in Case 2.
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Case 3: Q(n) = 5, a product of two variables lies in (1 — 6 — e, 6 + €). Suppose that n = py - - - p5 and

a1 +as € (1—0—¢, 6+¢) (of course, ag + as + as € (1 — 0 — e, 0 + €) too). Without loss of generality, we further assume that
a1 > az and az > ag > as. Now we have a; > # and o < e;rs_ Since % +e< # < 9;5 < %, we can assume that
a; >+ —canday < £ +e Nowwehaveoy > (1—0)— (2 +e)=2—-0—e>2— 11 —2:>0276. Ifay > %, wecan
assume that 1 > 0.4 — e and a1 + a2 > 0.4 — e + % = 0.525 — € > 6 + &, making a contradiction with the assumption

a1 + as € [1 — 0, 0]. Hence we also assume that a1 < %

Since az + a4 + a5 € (1 —0 —e, 0+ ¢), we also have ag + ag > %(1—9—6) > %—aandag > %—e. If ag + g > %,then
we can assume that ag + a4 > 0.4 — €. Thus we have az + a4 + a5 > 0.4 — e + é = 0.525 — € > 6 + €, contradicting with the
assumption a3z + a4 + a5 € (1 —0—g, 0+ s). Hence we can also assume that as + a4 € (% — €, %)

Since a1 > 0.276 and a3 > 12 — e, we have oy + a3 > 0.276 + 32 — e > 2 + ¢, and we can assume that oy + a3 > 1 — 6 —e. If
a1 + as > 0 + €, then we can assume that a; + ag > % — €. Since a1 < % we have a3 > % —&— % = 2—51 —& > %—Q—a, and we can
assume that g > % — £. But now we have az + ay + as > % —e+2 (% — 5) > 0.53 > 6 + €, making a contradiction with the
assumption az + a4 + a5 € (1 —0 — e, 0 4 €). Thus, we assume that a1 + a3 € (1 — 0 — e, 6 +¢) and

as+as+as €(1—60—¢, 0+¢).

When ag 2> a4 2> as 2> a2, a3 2> aq > a2 > ap or ag = e > &g > ap holds, we know that

1 1
a3 + oy 2> 5(1—011) > 3
and we can assume that a3 + a4 > 0.4 — . But now we have a3z + a4 + a5 > 0.4 — e + é = 0.525 — € > 6 + ¢, contradicting with
the assumption a3 + s + a5 € (1 —0 — ¢, 0+ ¢).
When as > a3 > a4 > as holds, we know that

)

w| =

1
az +ag > 5(1*(11) >
and we can assume that as + a4 > 0.4 — £. But now we have as + a4 + a5 > 0.4 — e + % = 0.525 — € > 6 + ¢, contradicting with
the assumption a2 + a4 + a5 € (1 —0—¢, 0+¢).
Hence (*x) holds for f(n) in Case 3.
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Case 4: Q(n) = 5, one variable lies in (1 — 0 — ¢, 6 +¢). Suppose that n = p; - - - p5 and
a1 =2 a9 >--->a5. Nowwe havea; >1—0—candag > -+ > a5 > 5’Tf30—5. But since

0<%<}—g—s,wehave
1—9—64‘4(5%?6—8) > 1,

making a contradiction. Hence Case 4 is empty.
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Case 5: Q(n) = 5, no product of variables lies in (1 — 0 — e, 6 + £). Suppose that n = p; - - - ps and a1 > a2 > - -+ > a5, while the
remaining part a; = «; gives a “loss” of size O(e). In this case we can "view” [% + e, % — 5] as a “fake” Type-ll range. Since we have
<2< %, the results in [Maynard (2025a), Chapter 9] can be applied here if any of the following conditions holds:

(1). a5 > 3 + &

(2) asz + ag + as > % — €.

By Condition (1), we can assume that é <as < % + £. By Condition (2) and the “fake” Type-ll range [% + e, % — €], we can also
assume that ag + ayg + as < % + . This means that a1 + as > % —¢eand ap > % — %e.

If we have oy + a5 > 2 + €, then we can assume that o1 + o5 > 2 —e. Since a5 < £ + &, we have oy > 2 —2e. If a; > 2 + ¢,
then we can assume that a7 > % —e. Nowwe havel = a1 +ast+as+ag+as > —e+4- % > 1, making a contradiction. The
remaining part is % —2e< a1 < % + &, leading to a “loss” of size O(e).

Hence we can assume that a1 + a5 < % + ¢, and thus as + as + aq4 > % — . Now we have as + ag > %(062 + a3z + a4) > % — €.
Since % < % — &< 0.4 — ¢, we can assume that ag + a3 > 0.4 —e. If as + a3z > % + &, then we can assume that as + asz > % —€
and a1 + ag + as < % + . But we also have a1 + a4 + a5 > % — %5 +2. é > % + &, making a contradiction. Now we assume that
as + ag € (0.4 — g, % + s). Since % < as < % + &, suppose that % < as < % — 2¢, we have

S gl

4
as + agz + as € <0.525—5, ?—s>.

Since 6 + £ < 0.525 — €, we have (*x) holds for f(n). The remaining part is + — 2e < a5 < 1 + ¢, leading to a “loss" of size O(e).
Hence (#*) holds for f(n) with an error O(¢) in Case 5.
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Case 6: 2(n) =4, a product of two variables lies in (1 — 6 — ¢, 0+ ¢). Suppose that

n = p1popsps and ag +as € (1 —0 —¢, 6 +¢) (of course, ag + a4 € (1 —0—¢, 6+ ¢) too).
Without loss of generality, we further assume that a; > as and a3 > ay, while the remaining part
o = 0y gives a “loss” of size O(g). Now we have ag,ay < 2 < % — g, and we can assume that

Qg, Oy < +5 If gy < £ 725 then we have as + a4 < 0.4 — ¢, and we can assume that as + ay < B
If q > 3, we can assume that a; > 0.4 — . Thus we have a; + as >04—€+§ —0525—6>0+5
making a contradiction with the assumption a; +as € (1 — 60 — ¢, 6 + €). Similar arguments also hold
if ag > % Hence, we can assume that aq, asz < % and thus

1 1 1
1:oz1+oz2+oz3—|—oz4:a1—|—ag—|-(a2—|—oz4)<§—|—§—|—§=1,

making a contradiction. The remaining part is g —2e <y < % + ¢, leading to a “loss” of size O(g).
Hence (xx) holds for f(n) with an error O(e) in Case 6.
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Case 7: Q(n) = 4, one variable lies in (1 — 0 — e, 6+ ¢). Suppose that n = pop1p2ps and

oo > o > o > 3. Now we have ap € (1 — 0 —¢, 0+¢)anda; +as+as € (1 —0—¢, 6+¢). We also
have a1 + as < 4 and ap < . Note that the sum of ¢ (m1mams, ™) only counts numbers with all prime
factors smaller than max(m1, ma, ms3) < x%“, one can easily find that this type of n will not be counted in the
sum of 1 (m1mams,z™) by a simple observation. Hence, this type of n will only be counted in one part of the

sum of ¥ (8, p3):
Z ¢(5,p3),

n=pip2p3B
1—60—e<ajtastaz<b+e

where (3 here is a large prime. Using Buchstab's identity, we have

> ¥ (B,ps) = > % (B, ") — > % (B, pa) -

n=p1p2p3p3 n=p1p2p3p3 n=p1p2p3p4B
1-0—e<ajtastaz<b+e 1-0—e<aj+astaz<b+te 1—-60—e<ajtagtaz<b+e

K§a4<min(a3,%(17(1170427043))
We know that (#x) holds for the first sum since (a1 + a2, a3) € A, and we only need to deal with the second
sum that counts numbers with 5 or more prime factors, with a product of 3 variables liesin (1 —0 —¢, 0 +¢).
Now we reduce this case to Case 3 and parts of Cases 1 and 2 that a product of 3 variables lies in
(1—6—¢, 6+c¢). Since the second sum is a positive sum that cannot be dropped directly, we need () holds
for f(n) in Case 3 and parts of Cases 1 and 2 without an error O(g). By the discussions above, we know that
(**) holds for f(n) in Case 3 without an error O(e), and we only need to consider the following 2 subcases.
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Case 7.1: Q(n) =7, a product of three variables lies in (1 — 6 — e, 6 + ). Suppose that n = p; - - - p7 and
a1+ azt+as€(1—60—¢, +¢) (of course, oy + a5 + as + a7 € (1 —0 — e, 6+ ¢) too). Without loss of
generality, we further assume that a1 > a2 > a3 and a4 > as > as > ay. Since
astast+as=2(1—60—¢e)>2(1—4 —¢) >0.35> %, we can assume that s + a5 + a6 > 0.4 — . Now
wehave l=a1+ - +ar= (a1 +az+as)+ (au+as+ag)+ar>(1—0—¢e)+(04—¢e)+ (2 —¢) > 1,
since § < 11 < 3T — 100e. This makes a contradiction, and we know that (xx) holds for f(n) in Case 7.1.
Case 7.2: Q(n) = 6, a product of three variables lies in (1 — 0 — e, 6 +¢). Suppose that n = p; - - - ps and
artaztaz€e(l—0—¢, 0+¢) (of course, as +as +as € (1 — 0 — &, 0+ ¢) too). Without loss of
generality, we further assume that a; > a2 > a3 and a4 > as > as. Now we have o + aus > % and

a1+ oy > as + as > as + ag, and we can assume that a; + a4 > 0.4 —¢. If as + a5 > % we can assume that
as+as>04—¢ andthusl=a1+---+ag>(04—¢)+(0.4—¢)+2- 1 =1.05—2¢ > 1, making a
contradiction. Now we can assume that as + a5 < % and thus as + ag, a3 + as < az + as < % If

o+ as < 3, we know that ay + as =1 — (a2 + a6) — (a4 + a5) > 3, and we can assume that

a1 + az > 0.4 —e. But now we have a3 + a2 + a3 > 0.4 — e+ é = 0.525 — & > 0 + ¢, making a contradiction
with the assumption a1 + a2 + as € (1 — 0 — e, 6 +¢). Thus, we can assume that o + a5 > % Similarly, we
can assume that oy + as > % Now we can assume that oy + a2, a4 + a5 > 0.4 — . But now we have
l=ai+-+ag>(04—¢c)+(04—¢)+2- % =1.05—2¢ > 1, making a contradiction. Hence () holds for

f(n) in Case 7.2.
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Case 8: Q(n) =4, no product of variables lies in [1 — 0, 6]. Suppose that n = p;papsps and

aq > g > a3 > oy, while the remaining part a; = o gives a “loss” of size O( ). In this case we can
“view’ [2 4+ ¢, 2 —¢] as a “fake” Type-ll range. Since we have § < 31 < -1, the results in Maynard
(2025a) can be applied here if any of the following conditions holds:

( ) (%] 2 5 @

(2) 041< aF &, Oé1+044>**€

By Condltlon (1), we can assume that 1 g <oy <3 —I— €. Suppose that ag > = — e. Note that the sum
of ¥ (mymams, ") only counts numbers with all prlme factors smaller than max(ml,mQ,mg) < zPte,
one can easily find that this type of n will not be counted in the sum of 1 (m1moms,x") by a simple
observation. Hence, this type of n will only be counted in one part of the sum of ¢ (5, p3):

> Y (Bips),

n=pap3p4f
aztas +(¥4<%+6

where 8 here is a large prime.
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Using Buchstab's identity twice, we have

> ¢(B.pa) > ¢(B,2") - > ¥ (8,ps)

n=p2p3p4f3 n=p2p3p4f3 n=p2p3papsf
a2+a3+a4<%+6 a2+a3+&4<%+5 a2+03+a4<%+5
Kr<as <min(a4,%(1—a2—a3—a4))

= > p(BaY) - > % (B, ")
n=p2p3p4 /3 n=p2p3p4psf
042+a3+0t4<%+5 agtagtags< %+£
N§a5<min(a4,%(1704270437(14))

a4 Z 1/}(ﬂ7p6)

n=p2p3p4P5P6 3
agtagtag< %+5
n<a5<min(a3,%(1—&2—043—&4))
n<a6<min(a5,%(1—&2—043—(14—(15))

Note that we have a2 + a3 + au < 2 4+ ¢ and a5 < asa < 1 +¢. Since we have (2 +¢,1 +¢,¢) € S35 when
6 < i, by the Type-ll range [e, 15 — ], (%) holds for the first and the second sums. Now we only need to
deal with the last sum that counts numbers with 6 or more prime factors. Since this sum is negative, we know

that () holds for f(n) with an error O(¢) in Case 8 if as < 1 + ¢ and a1 > 2 — ¢ by the discussions in Cases

1 and 2.
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Now by Condition (2) and the “fake” Type-ll range [% S % — s], we only need to consider the case
ap +ayg < %—1—5. Now we have as + ag > %—s, and thus a1 + as > a1 +ag > as + az > %—5.
However, we cannot show that (xx) holds for all f(n) in Case 8. An obvious counterexample is

2 2 2 1

=z s 42,246 - —6c).

oy (7 + 3¢, - + 2¢, - a4 &, 7 65)

By a simple observation, one can easily find that such f(n) that (xx) does not hold will only be

negative parts of the sums of ¥ (5, p3) and ¥ (mymamg, ") since Q(n) = 4. We can discard them in

the upper bound case. We also have the following conditions on n = p;papsps counted in such f(n):
5 — 86

1 3
T—E<a4<?+8, ?+€>OZ1+OZ4>O(2+C¥4>OZ3+OZ4,

4
?—E<a2+a3<a1+a3<a1+a2.
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By the conditions above, we can deduce an upper bound for a1, as and as:

3 5-80

ag < as < g < 044\7 6

7
Since a1 + as + a3 + a4 = 1, by the conditions above, we can deduce a lower bound for a;y, as and as:

3 5-—860 1 5 — 80
a1>a2>a3:1—(a1+a2+a4)>1—2<?—T—|—5>—?:T—Qe.

Now, we know that such part of the sum of ¢ (3, p3) that (xx) does not hold is no more than

2x 3
Z 1/} <B7 <p1p2p3> ) N 71=P;:Dsp4 -

n=p1p2p3f
—86 —80 5-86 _ 3_5-86
%—25<a1<%—%+5 s a0 2e<a1<5 R +e
5—86 5—86 D=6 3__5-86
T—2a<a2§%—T+a E §§<a2<7 5 1€
_ - 1
%—5§a3<%+5 5 —eSaz<zte

a3¢Gs a3z¢G3
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For such part of the sum of ¥ (mymams, ™) that (xx) does not hold, we have an extra condition

o =T = @ — e since 0 < % Note that we have @ > 5%89 when 6 > é—?, and we can assume
that 0 > % é—?. Let 4,5 € {1,2,3} and i # j. By above conditions and the condition as € C, we
know that m1 # p;p; and mgy # p;p;. Since we have Q(mimsg) > 3, we know that mg # p;p; and

mg 7 p;pa. Now the only possible cases are my = p;p4 or mo = p;p4, and such part of the sum of

¥ (mymamg, ") that (xx) does not hold is no more than

> 1.

N=p1p2pP3pP4
T<on<E -8 e
5—38972€<a2<%75—689+€
=51 —5<a3<%+6
(a14as,a2)€C or (a1,a2+a3)eC
C!3¢G3

Finally, we get the following theorem by combining all the 8 cases above.
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Theorem (L. (2026))
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The above arguments also show that

% w (1_t) %)
01(91,92) < 1 +/ t—;dt—l- 0(6) =1 +10g (ﬁ) =F 0(6)
1-06 -

if 0; < % —¢g, 05 < % and 07 + 0, < % — ¢, since we have xk > % in this case and (xx) holds for f(n)

with an error O(e) in Case 8.
By this Theorem, we get

13
C}(0.32,0.20) < 1 + log (E) +107° + O(e) < 1.0801

and
13
1(0.33,0.19) < 1 + log <ﬁ) +107° + O(¢) < 1.0801.
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a3

Upper Bounds for C;(6+,62) (0.5 < 8 < 0.56)
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We give lower bounds for C{ (01, 62).
Known results:

(1) 00(91,92) = 06(02,91>;

(2). C{(01,6) =1 for all 61,05 satisfy 61 + 0 < 0.5 — &;

(3). C{(01,602) =1 for all 61,05 satisfy 260, + 92 1—¢and 70; + 1292 =g

(4). C{(01,03) =1 for all 6,05 satisfy 6, < 02 < 5 L and 6, —|—6’2 < 56,

(5). C4(61,602) =1 for all 0y, 6, satisfy 6, +392 <1,0,+60; < %6 2 and 0, < max (120, 22201,

(6). Cp(01,02) = 1 for all 01,0, satisfy 01 + 302 < 1, 61 + 02 < £5, 401 + 02 < ggg and 791 + 605 < ggg;
(7) 06(91,92) 00(01,92) = 00(91 aF 92) for 0.5 < 61 + 65 < 1.
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Final decompositions, 3-2 _

By the discussions in Final decompositions 1-2, we need to show that (*x) holds for

fmy= > wBim).
n=p1f3
1797€<a1<%

We need
201 +0> <1—¢ and 707 +1205 <4 —¢

to show that (#x) holds for this sum, and we have C{(61,602) = 1 in this case. By the discussions in
Final decompositions 2-2, we cannot get any nontrivial lower bound for C{ (61, 62) if either

200 +0; <1—¢ or 707 +1205 <4 —¢

is not fulfilled.
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Majorants and Minorants _

Now we focus on the trilinear case, or the 3-factored case with divisor-bounded coefficients. We want to
show that

1 T
AL g1 A2,92A3,q5 i(n) — —— i(n) | K
Z 1,91 12,92 \3,¢ Z p;(n) o(019203) Z pj(n) (logz)A

1<Q1 n<T n<T
q2S Q2 n=a( mod q1¢2q3) (n,q19293)=1
q3<Q3

(q192g3,a)=1

for some functions p;(n) (j € {0,1}) satisfy

We want the minorants are always positive and the majorants are not too large. That is, we have

C{ (9],92 95).’17
log x

S o) > (1 “’“”W and " pu(n) < (1+ (1))

n<x n<x

for two functions 06(01, 92, 93) and 01(01,02, 93) satisfy 0< 06(91,02, 93) <1 and Ci(@l, 92,03) > 1.
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Asymptotic formulas _

Now we need the following type of asymptotic formulas.

1 ar
AL A2,0:s, f(n) — ——— fn) | <« ——. (x*x%
q;Q nom 7;0 ) ©(q19293) ,; () (log x)4 (%)
q;NQ; n=a( mod q1q2q3) (n,q192q3)=1

q3~Q3
(q19293,a)=1

Note that asymptotic formulas of the forms (C), (C3) and (x%) also imply asymptotic formulas of the
form ( * x).
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Arithmetic information _

Type-ll information: Asymptotic formula of the form (x % %) for Type-ll sums. Let M;Ms < x. Suppose
that ag ,, satisfies Conditions A and B.

E  Ag A s E a1,m;02,ms

q1~Q1

q2~Q2

q3~Q3
(919293,a)=1

(Lichtman (2022))

Q1Q;° Q5

mi NM1
mao~ My
mimz=a( mod q19293)

1 < T
= E ag, as, ——ro
©(q19293) M s (log )4
1~My
mo~Mso

(m1m2,919293)=1

<2t Qy < Q1Q3, Quat < My < Q71Qy a0,
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Asymptotic formulas _

Define

k:k(91,92,03):{(s,t):1—01—92—93—5<s<01+92—|—03—|—5},
IC = K(61,62,03) = {a; : a; partitions into k} .

Let PLP,---Pj<zand P, > Py > --- > P; > 2771%. Suppose that

1
0y < 01+ 303, 01+ 203 < 5—206, 201 + 05+ 03 <1—20e and 767 + 1205 + 1003 < 4 — 20e.

Then

fm= > 1

W=y
i~ P, 1<)
[e71S

has an asymptotic formula of the form (x x x).
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Final decompositions, 4 _

Known results:

(L1). C (01,02, 03) = C{ (01, 03,02) = C[(62,671,03) = C{(62,63,01) = C](03,01,02) = C](83,02,01);

(1.2). 06(91»92, 63) = 06(91«93’92) = C{(62,01,03) = C{(62,03,01) = C\(63,01,02) = C\H(03,02,671);

(2). C} (01, 05, 03) = C4 (81, 02, 03) = 1 forall 0, 63, 03 satisfy 01 + O + 03 < 0.5 — <;

(3). 01(91,92,93) CO(91,02,03) 1 forall 67, 69, 03 satisfy 67 + 65 + 03 = 0.5+ r, 0 < r < 0.001, 407 < 69 < % — 7r and
5 =02 +12r <03 < 5 — 205 —ar

0
(#1). €[ (61, 02,03) = C{H(01, 02, 03) = 1forall 61,03, 03 satisfy 61 < L, 05 + 03 < £ and 01 + 03 + 03 < 23,
(42). €[ (61,02, 03) = C{(61, 62, 03) = 1 forall 61, 03, 03 satisfy 61 + 03 < 1,605 < L and 01 + 65 + 65 < 23,

) 1-20; 2-26
(51). C1 (61,62, 03) = C{(01,02,03) = 1forall 01, 03, 03 satisfy 01 + 305 + 303 < 1,01 + 03 + 03 < 22 and 63 + 63 < max (Tl Tl)

: 1-26, —263 2-26;—26
(52). C{(61,062,03) = C{(81,63,03) = 1forall 61, 63, 03 satisfy 61 + 305 + 03 < 1,671 + 03 + 03 < 22 and 92<max( 1—=3, B 3):

(61). C{(01,02,03) = C{H(01, 03, 03) = 1forall 61, 03, 03 satisfy 01 + 305 + 303 < 1,01 + 0 + 03 < 22,401 + 03 + 03 < 222 and

%91 + 63 + 63 < %gg
2

(6:2). C4 (01, 63, 03) = 00(91 03,03) = 1forall 01,0, 03 satisfy 01 + 302 + 63 < 1,01 + 03 + 03 < 22,407 + 03 + 463 < 293 and
F61+ 02+ 703 < 333
(7.1). €4 (61, 62, 63) = 00(91, 69, 63) = 1forall 61, 6o, O3 satisfy 207 + 65 + 03 < 1 — e and 707 + 1265 + 1203 < 4 — &;
(7.2). C} (01,02, 03) = CL(01,02,03) = Lforall 01,05, 03 satisfy 201 + 05 + 203 < L —  and 701 + 1205 + 703 < 4 — &;
(8.1). C1 (01,02, 63) < min (01(91»92 +63), C1{ (02,01 + 03), C{ (03,01 + 03), C1 (01 + 02, 03), Cf (01 + 03, 05), C1 (62 + 93,91)) for
0.5 < 601 + 605 <1;
(8:2). C{(071, 02, 63) > max (06(01»92 +63), C{ (02, 01 + 03), C{ (03,01 + 02), CH(81 + 02, 03), CH(01 + 03, 02), C{ (02 +93,91)) for

<601 +603 <1
9) €1 (01, 09,03) < 1+ cforall 01,0, 03 satisfy 61 + 65 + 63 = 0.5;

1(01, 02,03 1, 02,03 1+ 02+ 03

a3

S
m

(10.1). C} (07, 02,03) < 1+ & forall 01, 63, 03 satisfy 67 < 0.5 and 05 + 63 = min (1 — 26, ﬂ)

. R _ _ 4-701 763
(10.2). Cﬁ (01,60,03) <1+ eforall 07,609, 63 satisfy 61 + 63 < 0.5 and 63 = min (1 207 203, 112 .
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Final decompositions, 4
Define

Y = Fo201 U Eo301 U Eg401 U Egs01 U Eoso1 U Eogor U Eogort,

1
= {(91,92) :(01,02) €eU; 01 +60>< = —«¢

2
or261+92\1—5 701 + 1205 <4 —¢
29
Ol’91< 92< 91+92<%
29 1—-20; 2—26,
or01+392<1,01+92<%,92<max< 5 g )

29 403 7 403
or01+392<1, 01—|—92<56 401—|—92<266 191 02<@}7

K = {(01,92,93) 05 <91—|—303, 91+293<%—5, 201 + 05 + 03 < 1—e¢, 701 + 12605 + 1005 <4—8},

W = {(61,02,03) : (61,02,03) partitions into Y, (61, 602,05) partitions into T,
(61,62,63) does not partition into J', (61,62,03) € K} .

The explicit definition of the region W is very complicated (about 50 pages).
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Final decompositions, 4

Theorem (L. (2026))

Since

1 15 3 1
+€,——3E)€E0901ﬂT and (—+€

17 9 15 3
32 16 32 " 64

32717
we have

32 64 64

Hence, this Theorem generalizes the main result of Lichtman (2022).

1 1
(—5+£,i—25,——5) eWw.
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Final decompositions, 4

Proof. One of the available Type-ll ranges for Y is
1
|:€, 6(5 — 891 — 462) — E:| o

When (607,05, 03) partitions into Y, then at least one of (61 + 62, 653), (61 + 03,63), (02 + 03,61),
(01,05 + 03), (02,61 + 03) and (65,01 + 63) isin Y. Thus, we can assume that (01, 62, 03) partitions
into (s,t) € Y. By the definition of the region Y, we know that 25+t < 1 —e. Also, for (s,t) €Y we
have a Type-Il range

{5, (13(5—88—415)—5].

Since the available Type-Il range starts from € and (61, 02, 05) partitions into T', we can use the new
three-dimensional Harman's sieve. Moreover, we have

5 —8s — 4t 5—4(1—¢) 1 1
—e> — - — — + 100¢,
5 € 5 5>6 5>7+ 00e

and the Type-ll range can be simplified to [e, + —¢].
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Final decompositions, 4 .

Write k = g —&. Since (61,602,03) € K implies § = 01 + 05 + 65 < =5 — €, we can decompose our
P (n,( )2) in a way similar to the decompositions in the proof of Theorem Z,. By the discussions in

the proof of Theorem Z4, we only need to show that (x * %) holds for f(n) = sums that count numbers
with 4 or more prime factors. Now we can use the arguments in [Maynard (2025a), Chapter 9] to
complete the proof of this Theorem. We only need the following two modifications:

In Case 1 (J =4) we have

Q1Q2KL* < B P Py(PyP3)F < gitetlbaite = gfiit2e o310
In Case 2 (J = 5) we have

4
OVQuK LA < pire DIDRPsPAPO )T  apcia 2y bspee  #ot0
(PyPs)s
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The End B

Thank you!
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