PRIMES IN ALMOST ALL SHORT INTERVALS
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ABSTRACT. The author sharpens a result of Jia (1996), showing that the interval [n,n 4+ n215 T¢] contains
prime numbers for almost all n. Watt’s mean value bound, a delicate sieve decomposition and more accurate
estimates for integrals are used to good effect.
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1. INTRODUCTION

One of the famous topics in number theory is to find prime numbers in short intervals. In 1937, Cramér
[7] conjectured that every interval [n, n+ f(n)(logn)?] contains prime numbers for some f(n) — 1 as n — oc.
The Riemann Hypothesis implies that for all large n, the interval [n,n 4+ n?] contains ~ n?(logn)~! prime
numbers for every % +¢e < 0 < 1. The first unconditional result of this asymptotic formula was proved
by Hoheisel [19] in 1930 with 6 = 1 — 55555, After the works of Hoheisel [19], Heilbronn [18], Chudakov
[6], Ingham [21] and Montgomery [37], Huxley [20] proved in 1972 that the above asymptotic formula holds
when 6 > % by his zero density estimate. Very recently, Guth and Maynard [9] improved this to § > % by
a new zero density estimate.

In 1979, Iwaniec and Jutila [22] first introduced a sieve method into this problem. They established a

13

lower bound with correct order (instead of an asymptotic formula) with § = 53. After that breakthrough,

many improvements were made and the value of # was reduced successively to

5 11 17 23
9= 0.5556, 20 = 0.5500, 31 = 0.5484, o 0.5476,
1051

6 7
2 05474, — = 0.5455 and — = 0.
1920 0.5474, 11 0.5455 an 13 0.5385
by Iwaniec and Jutila [22], Heath-Brown and Iwaniec [16], Pintz [39] [40], Iwaniec and Pintz [23], Mozzochi
[38] and Lou and Yao [34] [35] [36] respectively. In 1996, Baker and Harman [2] presented an alternative
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approach to this problem. They used the alternative sieve developed by Harman [11] [12] to reduce 6 to
0.535. Finally, Baker, Harman and Pintz [4] further developed this sieve process and combined it with Watt’s
theorem and showed 6 = 0.525.

However, if we only consider the prime numbers in ”almost all” intervals instead of ”all” intervals, the
intervals will be much shorter than n%%25. In 1943, under the Riemann Hypothesis, Selberg [44] showed
that Cramér’s interval contains primes for almost all n if f(n) — oo as n — co. In the same paper, he also
showed unconditionally that the interval [n,n + n%“] contains prime numbers for almost all n. In 1971,
Montgomery [37] improved the exponent % to % with an asymptotic formula. The zero density estimate of
Huxley [20] gives the exponent % with an asymptotic formula, and the best asymptotic result now is also
due to Guth and Maynard [9], where they proved the exponent %

In 1982, Harman [10] used his alternative sieve method to showed that the interval [n, 7+ n11¢] contains
prime numbers for almost all n. His method can only provide a lower bound instead of an asymptotic
formula. The exponent % was reduced successively to

1 14 1 17 1

o5 = 0083, T = 0.088L, = 0.0769, - = 0.0749, = = 0.0740,
L 00714, L — 00667, & = 0.0625, & — 0.0556 and — — 0.0500
14~ 00 gy TURL g T UERA9, g T UEeob and o5 = 1

by Harman [11] (and Heath-Brown [15]), Lou and Yao [33], Jia [25] [26], Lou and Yao [33], Li [31], Jia [24]
(and Watt [46]), Li [32], Baker, Harman and Pintz [3], Wong [47] (and Jia [28], Harman [[14], Chapter 9])
and Jia [27] respectively. As the strongest result above, Jia [27] used many powerful tools and arguments in
his proof, both analytic and combinatorial, and these are extremely complicated. In this paper, we further
develop the sieve machinery used in [27] and obtain the following result.

Theorem 1.1. The interval [n,n + nﬁJrE] contains prime numbers for almost all n. Specifically, suppose
that B is a sufficiently large positive constant, € is a sufficiently small positive constant and X is sufficiently
large. Then for positive integers n € [X,2X], except for O (X (log X)~5) values, the interval [n, n+nzsTe]
contains > n'/?*5*+¢(logn) =1 prime numbers.

Throughout this paper, we always suppose that B is a sufficiently large positive constant, ¢ is a sufficiently
small positive constant, X is sufficiently large and = € [X,2X]. The letter p, with or without subscript, is
reserved for prime numbers. Let ¢y, ¢; and co denote positive constants which may have different values
at different places, and we write m ~ M to mean that e;M < m < oM. Let g1 = €2, § = /3 and
n=3X —315+<. We use M(s), N(s) and some other capital letters to denote the Dirichlet polynomials

M(s) = Z a(m)m™°, N(s)= Z b(n)n=*
m~M n~N

where a(m), b(n) are complex numbers with a(m) = O(1) and b(n) = O(1). We define the boolean function

as
1 ifXist
Boole[X] = 1 ?S e
0 if X is false.

2. AN OUTLINE OF THE PROOF
Let p; = X' in the following sections and put

A={n:z<n<z+nz}, B={n:z<n<2z}

Ag={a:ac A dla}, P =]][p, SAz= > 1

p<z acA
(a,P(2))=1

Then we have
m(x +nz) —n(x) = S (A, (QX)%). (1)
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In order to prove Theorem 1.1, we only need to show that S (A, (QX)%) > 0. By Buchstab’s identity, we
have

S (A X)) = 5 (4 x7) - S (Ap,, X¥¥)
s <ti<i
+ Z S(‘Aplppr)
517 St1<3
2 ta<min(t1,1(1—t1))
=51 — S5+ 5;. (2)

Our aim is to show that the sparser set A contains the expected proportion of primes compared to the bigger

set B, which requires us to decompose S (.A, (2X )%) and prove asymptotic formulas (for almost x € [X,2X]
except for O (X (log X)) values) of the form

S(A,z) =n(1+40(1))S (B, 2) (3)

for some parts of it, and drop the other positive parts. In Sections 3 and 4 we provide some arithmetic
information of Dirichlet polynomials, and we shall use them to prove the asymptotic formulas for type-I
terms S (Ap, . p., X) in Section 5 and the asymptotic formulas for type-II terms S (Ap, . p,,Pr) in Section
6. In Section 7 we will make further use of Buchstab’s identity to decompose S (A, (2X )%) and prove
Theorem 1.1.

3. ARITHMETIC INFORMATION I

In the following two sections we provide some arithmetic information (i.e. mean value bounds for some
Dirichlet polynomials) which will help us prove the asymptotic formulas for sieve functions. In this section
we only use the classical mean value estimate and Haldsz method. In next section we will provide a crucial
result which will help us give asymptotic formulas for even more terms.

Lemma 3.1. Suppose that MH = X where M(s) is a Dirichlet polynomial, H(s) = >, .z AMh)h™% and
X0« H< X5, Letb=1+ @, Ty = (logX)B/E, then for Ty < T < X we have

2 2T
<min (n%)) / M (b+ it H (b + it)|dt < 1> (log ) ~10P.
T

Proof. The proof is similar to that of [[27], Lemma 1]. Let s = b+ it and by the zero—free region of the ¢
function, for |t| < 2X we have

(CZH) 71:((;1[{) - +O((10g1})723/6) ) (4)

So, for Ty < |t| < 2X we have H(s) < (logx)~5/¢. According to the discussion in , there are O ((log X)?)
sets S(V, W), where S(V, W) is the set of t,(k = 1,..., K) with the property |t — ts| > 1 (r # s). Moreover,

H(s) =

V< M2|M®Ob+ity)| <2V, W<H?|H®D+ity)| < 2W,
where X' < M2V, X ' < H *W and V <« M2, W < H=(logz)~B/¢. Then we have

2T
/ |M(b+it)H(b+it)|*dt < VW22 (logz)?|S(V,W)| + O (z72) , (5)
T

where S(V, W) is one of sets with the above properties.

Assume X =T <H< X%, where k is a positive integer, £ > 10 and ké < 1. Applying the mean value
estimate (see Lemma 7 of [25]) to M(s) and H*(s), we have

IS(V,W)| < V73(M + T)(log ),
IS(V,W)| < W=2! (H* +T) (log ),

3



where d = ¢/6%. Applying the Haldsz method (see Lemma 7 of [25]) to M (s) and H*(s), we have
S(V,W)| < (V2M +V-OMT) (log )",
IS(V,W)| < (W 2*H* + W= H*T) (log )"
Thus,
VEWAS(V,W)| < VEW?F(log ),
where
F=min{V3M+T1),V 2 M+ VM, W *(H* +T), W2 H" + Wk H*T} .
It will be proved that ,
(min (n, ,})) V2W?F < nz(logz)~P/e.

We consider four cases.
(a) F<2V2M,F < oW 2k Ik Then

VPW?F < V2W?min {V>M, W **H*}
< V2W2 (V72M)1_i (Wf2k:Hk) ﬁ
= VEWM'" 2% H?
< z(logz)~B/e
and so
1 2
(min (n, T)) V2W?F < nz(log )~ P/e.
(b) F >2V~2M,F > 2W2*H*. Then
VEW?F < VEW?min {V T, V- MT, W7, W H*T}
< V22 (V—z)k% (V—GM)ﬁ (W—Qk)% T
= M=T.
Since k > 10, we have H > X *1 > Xl_li' M 2% <X22 and so
2
(min (777 )) VEWAF < TJC%T < nPztTen
(c) FL2VAM,F > oW 2k % Then
VEW?EF < VEW?min {V2M, W T, W H*T}
< V22 (V—zM)lfﬁ (W—ﬁkaT) %
< MH3T3*,

since V< M3, As H > X&1 > X%+ and M < X! —41% | we have
3%
(mln ( )) VEW?F < o 1{) (MH)% M3T5%
< p3— 33 (2—3p)+30- %)
< ot

(d) F>2V2M,F < 2W—2*H*. Then
VEW?F < V2W?min {V 2T, V- SMT, W2k H*}

3
1-3%

< VEW? (V27) T (VIO M) (W k)

— M HT %,



21(k—1) 21(k—1)
If k> 11, then H < X* < X'~ 111, M > X111 and so

1\)\? 1\'" " _
(min (n, T)) VEW2F < pits (T) (MH) M~ "5 7' %

< - ERE( ) - Ay

<g: 7723114*61.
If k = 10, then X1 < H < X517, M > X &7, and so

2 10 19 9
(min <n, ;)) V2W?2F < n1o <T> (MH)M ™2 T15

<g: €T 1 21.5 0 17
< pPatte
Combining the above cases, Lemma 3.1 is proved. O

Lemma 3.2. Suppose that MHK = X where M(s), H(s) and K(s) are Dirichlet polynomials and G(s) =
M(s)H(s)K(s). Letb=1+ ﬁ, Ty = (log X)B/¢. Assume further that for Ty < |t| < 2X, M(b+it) <
(logz)~B/¢ and H(b + it) < (logz)~B/c. Moreover, suppose that M and H satisfy one of the following 9

conditions:
(1) MH < X127 Xis < H, MPH ' <« X%, X817 < M, M7 'H?® « X% | X% < M2H"Y;

(2) MH < X5, MP®H"Y « X%, X% « M2H, M?H"' <« X%, X5 < MH%;
(3) MH < X35, X355 <« H, MPH < X%, X300 < M < X%, MH < X%, X% < MCH®;
(4) MH < X§7, Xi5 <« H, MP2H < X%, X12r < M, M H® <« X% | X% < M2H";
(5) M2H < X337, MPH® < X5 X387 < M, MH° < X1, X% < M2H;
(6) X <« MH < X1, X35 <« H MPH < X%, X <« M, M7'H" < X%, X% < MSH5;
(7) MH < X5, MPH?® <« X% | Xin < M2H, M?H" < X% | X5 < MTOHY;
(8) MH < X 5%, MW H?Y <« X% | X5% <« M2H, M?H"Y < X% | X5 < MS2H%;

1534

(9) M?H < X%, MOH! « X5, X35 < M, MH® < X%, X% <« M3 H!2,
Then for Ty <T < X, we have

<min (n, 1))2 /TQT G(b+ it)2dt < n?(log z) 1B (7)

T
Proof. The proof is similar to that of [[27], Lemmas 5,7,9,10,12]. Using the method of Lemma 3.1, we only

20.5

need to show that for T'=1/n =2X215"¢,

2T
1:/ G (b + it)[2dt < (log )~ "B, (8)
T

Assuming the condition (1). By applying the mean value estimate and Haldsz method to M?3(s), H5(s)
and K?(s), we get
I < UV*W2z~ ' F(logx)©
where
F=min{V°(M*+T), VoM + V- BMT,W~'° (H®> +T),
W 1HS + WHPT, U™ (K* +T) , U K>+ U™ "?K°T} .
We consider 8 cases:
(a) F <2V M3 F <2W~10H5 F <2U*K?2. Then
UPVPW2E < UPVAW2min {V W 2M?H, W~ ""H? U *K?}
3 1 1
< U2V2W2 (V—4w—2M2H) 8 (W—10H5) 8 (U—4K2> 2
=VIMiHK



< z(logz) 1B,

< N ) < - 5 > - . en
b) F <2V SM3 F <2W-10H> F > 92U *K2 Th
UPV2W?2F < U?V*W2 min {V M3 W H® U*T, U2 K*T}
1 1 9 1
< U2V2W2 (V76M3) 3 (W—loHS) 5 (U74T) 20 (U712K2T) 60
— TS MHK3®

o

29 2
3

oH

g
[=]

= TH(MHK)® (M
< xlfﬁl,

where M H < X 1517 is required.
() FL2VSM3 F > 2W-1H° F <2U*K?. Then

UPVZW2E < U?V2W 2 min {V M2 W—10T, W30 HT, U4 K?}
< U2V2IW2 (V—6M3)% (W—loT)% (W_?’OHST)G% (U—4K2)%
=Tt MHTK
=Ts(MHK)H 12
< gt e,

where X33 < H is required.
(d) FL2VSM3 F > 2W°H% F > 2U*K?. Then

UPVEW?F < UPVPW2 min {V M3 W= 10T, W= H°T, U T, U ?K*T}
< U222 (V—6M3)% (W—loT)% (U_4T) 36 (U_12K2T) %
— T3 MK
— T3 (MHK)% (M%H*%)
< xl e,

where M2 H~! <« X% is required.
() F > 2V—SM3, F < 2W 1955 F < 2U~*K2. Then

UPVPW2E < U?VAW2 min {V T, V- BM3T, W' H? U K?}
< UVEW? (V-OT) % (V-1801°T) & (W—10H5)% (U—4K2)%
=T M»HK
= T (MHK)M™%
<L ztTe,

where X817 < M is required.
(f) F>2V=SM3 F <2W~H5 F > 2U~*K?2. Then

UPVPWPF < UVPW2 min {V ST, VB M3T, W' H° U~*T, U "*K*T}
< U122 (V—6T>% (W—10H5)% (U_4T) 25 (U—lszT) %
— TSHK®
— TH(MHK)% (M*%H%>
<zl

where M~1H? « X% is required.



(g) F>2V-SM3 F>2W-10H5 F <2U*K?. Then
UPVPW2E < UPV2W2 min {V°T, V- BM3T, W10, W H°T, U K?}
< U2V (V—6T)% (W-107) 0 (W30 5T) & (U—4K2)%
—T:H=K
— T3(MHK) (M*H*%)
< 2ty
where X %5 < M'2H' is required.
(h) F>2V—SM3 F > 2W~1H% F > 2U *K?. Then
UVPW?F < UPVPW? min {V =0, V- BM3 W10 w01 U~ U2 K?} T
170 1 1 1
g U2V2W2 (Vfﬁ) 60 (V718M3) 60 (Wfl()) 5 (U74) 2T
— TM3
< ztmey
where M < X 15717 and TM 3 < X313 +a0 15717 < X sases are used. The former one can be obtained by
using M H < X127 and X175 < H.
Assuming the condition (2). By applying the mean value estimate and Haldsz method to M?2(s)H (s), H®(s)
and K?(s), we get
I < UV*W2z ' F(logx)©
where
F=min{V*W?2(M°H+T),V*W?M°H+V W °M?HT,
W*l(] (H5 4 T) ; W710H5 4 W730H5T, U74 (K2 4 T) 7[]74[(2 4 U712K2T} .
We consider 8 cases:
(a) F <2V AW 2M2H, F < 2W19H® F < 2U *K?. Then
UPVPWPE < UPVPWPmin {V W 2M*H, W~ ""H® U K?}
< U212 (V_4W_2M2H)% (W—10H5)é (U—4K2>%
= VIMiHK
< z(logz)~ 118,
(b) F <2V AW 2M2H,F < 2W~°H5 F > 2U*K?2. Then
UPVEW?F < UPV2W? min {V W 2 M?H, W~ H° U™*T, U~ K*T}
< U2V (V’4W*2M2H)% (W’10H5)117° (U—1T) 2 (U’12K2T)2%
= TS MHK?To

=

— TH(MHK)T (M%Hl
<zl
where MH < X 37 is required.
(c) F <2V 4W=2M2H F > 2W~10H5 F < 2U*K2. Then
UVPW?F < UV*W2min {V W 2M*H, W '°T, W H°T, U K*}
< U2V (V_4W_2M2H) 3 (U—4K2> 3
= WMH*K

< z(logz) B,



(d) F <2V AW 2M?H,F > 2W-°H5 F > 2U~*K?. Then
UPVPW?PF < UVPW? min {V W M?H, W~ 'T, W H°T, U~*T, U~ K*T}
< UV (V‘4W_2M2H)% (W30 H5T) 30 (U=4T) 20 (U~12K2T) 16
— T3 MH3K%

o

Wt
Slo
|

— T3(MHK)% (M Hlo)
<< xl—t’:‘l’

where M29H" « X %% is required.
(e) F > VAW T2 M2H, F < 2W19HS F < 2U*K?. Then
UPV2W?F < UV2W2min {V AW 2T, V- 2W SM?HT, W' H> U~ *K?}
4 1 1 1
g U2V2W2 (V74W72T) 20 (V712W76M2HT) 20 (WfloHS) 10 (U74K2) 2
—TEMHHSK

=

= T3 (MHK) (M—1 H—%)
<< x17517

where X 5% < M2H is required.
(f) F > 2V W 2M2H,F < 2W-9H> F > 2U~4K2. Then

UPVW?F < UV*W?min {V W T, V- "W SM*HT, W~ ""H°, U*T,U " K*T}
< URVEW2 (V=AW =2T) @ (V=12 S M2HT) ™ (W0 H5) ™ (U=4T)*
- TS (M%H%%)
< xl e,

where M2HY <« X% is required. This can be obtained by using M?H!! < X%,
(g) F>2V A W2M?H,F > 2W~1H° F <2U~*K?. Then

UPVW?F < UV*W?min {V W T, V- "W SM*HT, W~ '°T, W H°T, U *K*}
< U212 (V‘4W_2T) 6 (V12w =S M2 HT) % (W=305T) 30 (U‘4K2) 3
— TiMHHGK
— T5(MHK) (M*%H*%)
< x1—517

where X 55" < M5 HY is required.
(h) F > 2V AW 2M?H,F > 2W~°H5 F > 2U~*K?. Then

UPVPW2F < UPVW2 min (VW2 V- 2w A H, W0 w301° U~ U~ ?K?} T
< UPVEW? (VAW =2) 0 (V12 =0 2 ) ® (W30 g5) % (=) 3 7
=T (M:%OH%>
<zt e

where M2H'! < X% is required.
Assuming the condition (3). By applying the mean value estimate and Haldsz method to M3(s), H*(s)
and K?(s), we get
I < UV*W2z~ F(logx)©
8



where
F=min{V°(M*+7T), VoM +V MT, W~* (H*+T),
WSH+ W HT, U * (K*+T), U K>+ U ZK*T}.
We consider 8 cases:
(a) F <2V SM3 F <2W-8H* F < 2U*K?. Then
UPV2W2F < UPV2W? min {V M3 W—3H* U *K?}
< U2V2W2 (V76M3)% (W78H4)% (U*4K2)
=ViMiHK
711B.

1
2

< z(logx)
(b) F <2V-SM3 F < 2W8H* F > 2U~*K2. Then
UPVEW?F < UPV2W2min {V-SM3 W=3H* U*T, U~ ?K°T}
< U2V22 (V76M3)% (W—8H4)i (U’4T)% (U*HKZT)Q%‘
= TEMHK™
= TH(MHK) (M*H*)
< xksl’

where MH < X5 is required.
() F L2V SM3 F > 2W8H* F <2U *K?. Then

UPVEW?F < UPV2W2 min {V M3 W8T, W H'T, U *K?}
< U222 (V76M3)% (W—ST)é (W’24H4T)ﬁ (U*4K2)%
= Ts MHb K
= Ts(MHK)H ¢
< z'Te

where X215 < H is required.
(d) F<2V-SM3 F > 2W—8H* F > 2U *K?. Then

UVAW?F < UV2W2 min {V-SM3 W8T, W H*T, U *T, U KT}
< U2V (V76M3)% (W—ST)% (W’24H4T)i (U*4T)%
— T3 (MH%)
< gl e,

where M®H < X1 is required.
(e) F>2V - SM3 F <2W-8H* F <2U*K?. Then

UPVPW2E < UPVPW2min {V°T, V- BM3T, W 3H* U K?}
< UPVEW? (V-OT) 21 (V-1801°T) 51 (W—8H4)% (U—4K2>%
=TiMsHK
=Ti(MHK)M™%
< xl7e

where X301 < M is required.



(f) F>2V-SM3 F <2W—3H* F > 2U*K?. Then
UPVW?F < UV*W?min {V T, V=B M3*T, W *H* U*T, U *K°T}
< U2V2W2 (V—6T)% (V—18M3T)714 (W—8H4)i (U‘4T)%
_ 73 (MéH)
< x'Te

where MH® < X% is required.
(g) F>2V-SM3 F > 2W-8H* F <2U *K?. Then

UPVW?F < UV*W?min {V T, VB M*T, W=*T, W >*H*T, U *K*}
1 1 1 1
< U2v2w2 (VﬁGT) 3 (WﬁST) 8 (W724H4T) 24 (U74K2) 3
—T3HtK
— T (MHK) (M—lﬂ—%)
< z17€1’

where X% < MSH? is required.
(h) F >2V-SM3 F > 2W-8H* F > 20 *K?. Then
UPV2W2F < UV2W?min (V-0 V1803 W3 W= H* U~ U ?K?} T

< U2V2W2 (Vfﬁ)% (V718M3)2714 (Wfs)% (U74)% T

where M < X 18 is required.
Assuming the condition (4). By applying the mean value estimate and Haldsz method to M?2(s), H%(s)
and K3(s), we get
I < U*V*W2z ' F(logz)©
where
F=min{V*(M*+T),V*M*+V 2M>T,W~ ' (H° +T),
W HS + W0HPT, U (K® +T) , U K + U8 K°T'} .

‘We consider 8 cases:
(a) F <2VAM2 F <2W19HS F <2USK3. Then

U2V2W2F < U2V2W2 min {V74M2, W10H5, U—6K3}
< U2V (V*4M2)% (W*10H5)% (UfGKS)%
= W3SMHSK
< z(logx)~ 118,

(b) F <2V—4M2 F <2W~1°H5 F > 2U5K3. Then

UVEW?F < U?V2W? min {V M2 W H? U—ST, U K3T}
< U212 (V’4M2)% (W’lOHE’)% (U—GT)% (U—18K3T)61*o
= T MHEK
— T (MHK)% (M*H*)
< ztte

10



where MH < X7 is required.
() FL2VM2 F > 2W-1H> F < 2U K3, Then

UPV2W?2F < U?V2W2 min {V M2, W 0T, W30 T, U ° K3}
< U2V2IW2 (V—4M2)% (W—loT)% (W‘30H5T)& (U—6K3)%
=TsMHZK
=Ts(MHK)H 12
< e

where X1 < H is required.
(d) F<2V4M2 F > 2W-19H% F > 2USK3. Then

UPVEW?F < UPV2W2 min {V M2 W 10T, W= H°T, U ST, U * K*T}
< UVEW? (V’4M2)% (W*lOT)% (W*30H5T)% (U—fsT)%
— T3 (MHﬁ)
<zl e

where M12H < X% is required.
() F>2V—4M?2 F <2W~19H? F <2U K3, Then

UPVPW?F < UV*W?min {V*T, V-2 M*T, W~ ""H° U °K?}
< U2V (V*4T)% (V’12M2T)& (W’IOHE’)é (U—GKS)%
— T5 M3 HK
=T (MHK)M™5
< xkel,

where X 1217 < M is required.
(f) F>2V—4 M2 F <2W-H5 F > 2U-SK3. Then

UPVPW?F < UV*W?min {V T, V-2 M*T, W’ H° U~°T, U K*T}
1 1 17 1
§ U2V2W2 (V74T) ) (WflOHE)) 5 (UfGT) 60 (U718K3T) 60
— T3HK®
— TH(MHK)% (M*Z‘IT)H )

1

©

|
ol

< i ey
where M~1H « X5 is required.
F>2V M2 F>2W 9H> F <2U SK3. Then
(2) : ,
UPVPWPE < UPVAW? min {V AT, V-2 M2T, W T, W H°T, U~ °K?}
1 3 1 1
g U2V2W2 (V_4T) 2 (W—loT) 20 (W—30H5T) 60 (U—6K3) 3
—TSH=K
— T3(MHK) (M*H*%)
< gl e
where X < M'2H' is required.
(h) F >2V—4M? F > 2W°H% F > 2USK?. Then
UPVPW2F < UPV2W2min (V=4 V202 W10 w=301° U=% U~ ¥ K3} T
11



where X5 < MH is required. This can be obtained by using X127 < M and X175 < H.
Assuming the condition (5). By applying the mean value estimate and Haldsz method to M?(s), H5(s)

and K?(s)H (s), we get
I < U*V*W2z ' F(logz)©

where
F=min{V*(M*+T),V*M* +V 2M*T,W ' (H> +T),
W OHS + WOHPT, U W2 (K*H +T) ,U "W 2K°H + U~ W °K*HT} .
We consider 8 cases:
(a) F <2V4M2 F <2W1H? F < 2U*W~2K2H. Then
UPVPW2F < UPV2W?min {V'M? W HY UMW ?K*H }
< UV (V—4M2)% (U—4W—2K2H)%
= WMH:K

< z(logz) 118,

(b) F <2V "M% F <2W~°H% F > 2U*W2K?H. Then
UPVW?F < UV2W?min {V*M?, W H U*W T, U "W °K*HT}

1 1 . 1

< U2V2W2 (V74M2) 2 (WfIOHE)) 10 (U74W72T) 20 (U712W76K2HT) 20

)

— T3MHB K
— T3(MHK) (M%H

N
gl

<< ml—El

where M2H < X 57 is required.
(c) FL2VAM2 F > 2W~10H® F <2U*W~2K2?H. Then

UPVPW2F < UPV2W2 min {V M2 W 0T, W HT, U *W ?K*H }
< U2V (V—4M2>% (U—4W—2K2H)%
= WMH2K
< z(logz)~ 118,
(d) F<2V4M2 F > 2W 1005 F > 2U*W2K2H. Then
UVAW?F < U*V2W2min {V M2 W, W= HST, U~ *W 2T, U~ *W °K*HT}

< U2V2IW2 (V’4M2) 3 (W30 H5T) el (U—w2T) 2 (U~2WSK2HT) %
— T MH® K3

— T3 (MHK)% (M*H*)

< xl—sl,

where M3 H® < X'%" is required.
12



(e) F>2V—4M2 F <2W-10H5 F < 2U4W~2K2?H. Then
UPVPWPE < UPVAW2 min {V AT, V-2 M*T, W H° U *W ?K*H}
< U2V2T02 (V_4T) 75 (V_12M2T) 3 (W—10H5) % (U_4W_2K2H)%
=TEMTHK
=T5(MHK)M 1
< xl7e

where X387 < M is required.
(f) F>2V=At M2 F <2W-H5 F > 2U*W~2K?H. Then

UPVW?F < UV*W?min {V T, V-2 M*T, W~ H° U *W T, U W °K*HT}
< U2V (V-AT)® (V- 12M27) (W 0H5) W (-t 2T
— T (Mﬁ H%)
< ztte

where MH® < X% is required. This can be obtained by using M H° < X%,
(g) F>2V 4 M? F > 2W10H5 F <2U*W~2K?H. Then

UPVEW?F < UPV2W? min {V AT, V-2 M2T, W 0T, W= H°T, U *W 2 K*H}
< UPVEW? (V4T 36 (V’12M2T)% (W30 5T) % (U*4W*2K2H)%
— TSMBHIK
= T (MHK) (M~ B 1Y)
< Ikel’

where X % < M2°H'0 is required.
(h) F>2V—4M2 F > 2W 0% F > 22U *W~2K?H. Then
UPVEW?F < UPV2W2min (V-4 V- R2M2 W0 W01 U W2 U "W SK?*H} T
< UPVEW? (V4% (V*12M2)& (W’30H5)% (U’4W’2)% T
-7 (M?%H%)
<< x].fal7
where MH® < X 13 is required.
Assuming the condition (6). By applying the mean value estimate and Haldsz method to M?2(s), H*(s)
and K3(s), we get
I < U*V*W2z ' F(logz)©
where
F=min{V~*(M*+T),V*M*>+V 2MT,W® (H*+T),
WH+ W H'T, U % (K*+T), U K® + U KT} .
We consider 8 cases:
(a) F<2V*M? F <2W8H* F < 2U K3, Then
UPV2W2F < UPV2W?min {V M2 W 3H* U SK?}
1 1 a1
< U2v2w2 (V74M2) 2 (W78H4) 6 (U76K3) 3
— WSMH3K
< z(logx)~ 11,
13



(b) F <2V—4M2 F <2W8H* F > 2U 6K3. Then
UPVPW?F < UPVW2 min {V*M? W *H* U T, U8 K°T}
< U2V2W? (V—4M2)% (W—8H4)i (U—GT)% (U—lsKsT)ﬁ
= TiMHKS
— TH(MHK)?} (M%H%)
< 1,1—517
where MH < X 5t is required.
() F L2V M2 F > 2W8H* F <2U %K3. Then
UVAW?F < UPV2W2 min {V M2 W8T, W H*T, U K3}
< U2V (V—4M2)% (W—ST)% (W_24H4T)ﬁ (U—6K3)%
= TsMHb K
=Ts(MHK)H ¢
< xlfslv

where X215 < H is required.
(d) F<2V—4M2 F > 2W—8H* F > 2U %K3. Then

UPVEW?2F < UPV2W2 min {V M2 W8T, W H*T, U 5T, U "® KT}
g U2V2W2 (V74M2)% (WfsT)% (W724H4T)2714 (UfﬁT)%
— T3 (MH%)
< xlfel’

where MSH < X% is required.
() F>2V—4M2 F <2W8H* F <2U %K3. Then
UPV2W2F < UV2W?min {V 4T, V-2 M?T, W 3H* U S K?}
3 1 1 1
< U2V2W2 (V74T) 8 (V712M2T) 24 (W78H4) 1 (U76K3) 3
=TEMuEHK
=T (MHK)M™ 12
< x'Te

where X 1% < M is required.
(f) F>2V=tM2 F <2W-8H* F > 2U5K3. Then

UPVW?F < UV2W?min {V T, V-2 M*T, W *H* U T, U ®K°T}
< U2V22 (V_4T)% (W—8H4)% (U=5T) 21 (U8 K°T) 31
— TiHKS
=i (MHK)S (M)
< x'e

where M~'H7 < X% is required.
(g) F > 2V—4M2, F > 2W SH* F < 20 SK®. Then
UPVPW?F < UPV2W2min {V AT, V-2 M>T, W8T, W H*T, U S K?}
14



1

< U2V22 (V’4T)% (W—BT)% (W’24H4T) + (U—6K3)%
—T3iHSK

=3 (MHK) (M HE)

<< xl—Sl’

where X %5 < MSH? is required.
(h) F>2V~4M2 F > 2W 8H* F > 2U SK3. Then
UVEW?E < UV2Wemin (V-4 V- R2M2 W3 W2 HY U U K3} T

g U2V2W2 (V74)% (W78)i (U76)% (U718K3)2714 T

where X 15 < MH is required.
Assuming the condition (7). By applying the mean value estimate and Haldsz method to M?2(s)H (s), H%(s)

and K?(s), we get
I < UV2W2z ' F(log x)°
where
F=min{V*'W?(M*H+T), VW M*H+V "W SM?HT,
W2 (HC+T) W 2H + W HT, U (K*+T) , U *K*+ U KT} .

We consider 8 cases:
(a) F < VAW 2M?H, F < 2W12HS F < 2U*K?. Then

UPV2W?2F < UPV?*W?min {V W 2 M?H, W~ "2 H% U K?}
< U2V2I2 (V’4W*2M2H)% (U*4K2)%
= WMH?K
< z(logx)~ 118,
(b) F < 2V4W—2M2H,F < 2W~12HS F > 2U~4K2. Then
UPVEW?F < UPV2W? min {V W 2 M?H, W~ "2HS U™*T, U K*T}
< U2V2W2 (V_4W_2M2H)% (W=12H9) 55 (U_4T)% (U~12K°T) 31
— TEMHK™
)

-
=

= TH(MHK) (M%Hl
<< xl*{fl’

where MH < X5 is required.
(c) F <2V 4W=2M2H,F > 2W~'2HS F < 2U*K?2. Then
UPVW?F < UV*W2min {V W 2M*H, W~ T, W H°T, U K*}
< U2V (V_4W_2M2H) 3 (U—4K2> 3
=WMH2K
< z(logz) B,

15



(d) F < VAW 2M?H,F > 2W12HS F > 2U*K?2. Then
UPVPW?2F < UPVPW? min {V W 2 M?H, W =27, W H°T, U T, U~ K*T}
< UV (V_4W_2M2H)% (W—36H6T) 36 (U_4T) 5 (U_12K2T) 7
— TsMH3K3

2

— TH(MHK)% (M%H.

o

W]
=N

1—
<L x

where M35 H? <« X% is required.
() F > 2V—4W2M2H, F < 2W~'2HS, F < 2U~*K2. Then

UPVW?F < U*V*WPmin {V W T, V- 2"W SM?HT, W~ "?H®, U *K*}
< U2V2I2 (V_4W_2T) 3 (V_UW_GMQHT) 31 (W—12H6) = (U—4K2)%
—TEMEHRK
— T#(MHK) (M*%H*%)
< xl—sl’

where X 17 < M2H is required.
(f) F > 2V4W2M2H, F < 2W~12H6 F > 2U~4K2. Then

UPVEW?F < UPV2W? min {V AW 2T, V- 2WSM?HT, W~ H, U*T, U 2 K*T}
< U2V2W2 (V’4W*2T)% (V’IQW’(SMQHT)ﬁ (W712H6)T12 (U*4T)%
— T (M5H£>
< xlfel’

where M2H'3 < X% is required.
(g) F > 2V4W2M2H,F > 2W'2H® F < 2U~*K>. Then

UPVW?F < UV*W2min {V W T, V- "W SM*HT, W~ "*T, W H°T, U *K?}
< UPVEW? (V4w 2T 51 (V=12 S M2HT) = (W36 HOT) 36 (U~ K?) 3
— TiMBHDK
— T5(MHK) (M*%H*%)
< gt e

where X '35 < M7 H% is required.
(W) F > 2V—4W2M?H,F > 2W12HS F > 2U~*K”. Then

UPVEW?2F < UPV2W2 min (VAW 2, V- R2W A2 H, W2, W3H® U~ U~ ?K?} T
< U2V22 (V*4W*2)% (W—m)% (U—4)§ (U*12K2)i T
— TKi=

— T(MHK) (M‘leH‘
where X33 < MH is required. This can be obtained by using X505 < MH?% < MH.
Assuming the condition (8). By applying the mean value estimate and Haldsz method to M?2(s)H (s), H"(s)
and K?(s), we get

—
sl

< 1,1761

I < UV*W2z~ ' F(logx)©
16



where
F=min{V*'W?(M*H+T),V*W>M*H+V "W M?HT,
WM H+T), W HUH + W PH'T, U (K*+T)U*K* + U "K°T}.
We consider 8 cases:
(a) F<2VAW2M?H, F < 2W"H" F < 2U~*K?. Then
UPVW2EF < UV2WPmin {V W 2 M?H, W “H", U *K?}
< U2V (V—4W—2M2H)% (U—4K2)%
= WMH?K
< z(logz) 1P,
(b) F <2V AW2M?H,F < 2W~"H" F > 2U~*K?. Then
UPVEW?F < UPV2W? min {V W 2 M?H, W~ "H", U*T, U ?K*T}
< U2V22 (V’4W’2M2H)% (W’14H7)ﬁ (U—1T) b (U’12K2T)%
= TP MHK7
)

18 1
4

— TH(MHK)T (M1 H?

Rl

< xlfel

where MH < X 35 is required.
(c) FL2VAW2M2H,F > 2WMH" F < 2U *K?2. Then

UPVW?F < UV*W2min {V W ?M*H, W T, W H'T, U K?}
< U2V2IW2 (V_4W_2M2H) 3 (U_4K2) 3
=WMH?K
< z(logz) B,
(d) F <2V 4W—2M2H,F > 2W“H" F > 2U*K?2. Then
UPVPW2F < UPV2W? min {V W 2 M2H, W "7, W~ H"T, U*T, U ?K*T}
< U2V2IW2 (V’4W’2M2H)% (W—2HT) o (U=*T) 35 (U—12K2T) 81
—TiMHSK#

Ko

— T3 (MHK) (M%Hl )
<< Il*é‘l’

where M H? « X %% is required.
() F > 2V AW 2M?H,F <2W~YH" F <2U *K?. Then

UPVEW?F < UPV2W2 min {V AW 2T, V- 2W SM?HT, W “H", U *K?}
g U2V2W2 (V74W72T) % (V712W76M2HT) Tls (W714H7) ﬁ (U74K2) %
—Tiy R K
= T%(MHK) (M*%H*%)
< x'Te

where X 55 < M2H is required.
17



(f) F > 2V—*W2M?H,F <2W~"“H" F > 2U*K?. Then
UPV2W?F < UPV2W? min {V W 2T, V- PWSM?HT, W~ "H", U T, U KT}
< U2V22 (V’4W*2T)% (V’IQW’GMQHT)% (W—14H7)T14 (U’4T)%
— 71 (MﬁH%%>
< xl—q’

where M2H' <« X% is required.
(g) F>2VAW2M?H,F > 2W1H" F <2U *K?2. Then

UPVZW2F < UVAW2min {V AW 2T, V-2 W SM?HT, W M1, W H'T, U *K?}
< UPVEW? (V4w 2T) e (V-2 -SM2HT) 81 (W’42H7T)i (U*4K2)%
—TiMEH®K
= T (MHK) (M—%H—%)
<zl e,

where X 5" < M82H® is required.
(h) F > 2V AW 2M?H,F > 2W-“H" F > 2U*K?. Then

UPVEW?F < UV2W2 min (VAW 2, V- 2w Ar? g, W W-2H" U~ U ?K?} T
< U2V (V*4W*2)% (W’M)ﬁ (U—4)% (U’12K2)% T
— TK™

where X1 < MH is required. This can be obtained by using X3 <« MH: < MH.
Assuming the condition (9). By applying the mean value estimate and Haldsz method to M?(s), H%(s)
and K2(s)H(s), we get

&

— T(MHK)% (M—ﬁH—

< 1,1761

I < UV*W2z ' F(log x)°
where
F=min{V*(M*+T), VM +V 2M*T,W~ "2 (H® +T), W~ "2H® + W3 HOT,
UMW (K*H+T), U W K?H+U "W °K’HT}.

We consider 8 cases:
(a) F < VM2 F < 2W12HS F < 2U*W2K2H. Then

U2V2W2F < U2VAW2 min {V—4M2, W 1205 U~ "W 2K2H)
< U2V2W2 (V*4M2)% (U*4W*2K2H)%
— WMH:*K
< z(logx)~ 1B,
(b) F < 2V-4M2 F < 2W~'2HS F > 2U~4W~2K2H. Then
UPVPW?F < U*V2W?min {V M2 W2 HS U*W T, U""W SK?HT}
< U2V2IW2 (V—4M2)% (W—12H9) 12 (U‘4W_2T)§ (U"2WSK2HT) 21
T MHAKT
— TH(MHK) (M*H*)

18



<< xl—t’;‘l’

where M2H < X7 is required.
(c) FL2V M2 F > 2W 12HS F <2U*W~2K?H. Then

UPV2W?2F < UPV?W? min {V M2, W= 2T, W3 HOT, U *W?K*H }
< U2V2I2 (V*4M2)% (U*4W*2K2H)%
= WMH?K
< z(logz) HB.
(d) F<2V4M2 F > 2W 1205 F > 2U W ~2K2H. Then
UPV2W?2F < U?V2W2 min {V M2, W 2T, W3 HOT, U W 2T, U W SK*HT}
< U2V2W2 (V—4M2)% (W—36H6T) o (U_4W_2T) 3 (U‘lQW_GKQHT) 7
— TiMHB K
— T5(MHK)% (M%H%)
<zl e,

where MO H' « X %" is required.
() F > 2V—4M2, F < 2W~12HS F < 2U*W~2K2H. Then

UPVPWPE < UPVAW2min {V T, V-2 M*T, W~ 2H®, U "W ?K*H}
< U212 (V_4T)§ (V‘lQMZT) 31 (W—12H6> v (U—4W—2K2H)%
=ToM=HK
=TE(MHK)M™
< x'Te

where X375 < M is required.
(f) F>2VAtM2 F <2W~12HS F > 22U *W~2K2H. Then

UV2W?F < U?V2*W2 min {V 4T, V-2 M2 T, W2 HS U*W 2T, U *W SK?HT}
< U2V2W2 (V*4T)% (V’12M2T)i (W712H6)T12 (U*4W*2T)%
— T (M%H%)
< gl e,

where MH® < X1 is required.
(g) F>2V=A*M2 F > 2W~12HS F <20 *W~2K?H. Then

UPVEW?F < UPV2W2 min {V AT, V-2 M2T, W 2T, W HT, U *W 2 K*H }
11 1 1 1
< U2v2w2 (V74T) 21 (V712M2T) 72 (W736H6T) 36 (U74W72K2H) 2
—TSM%HIK
= TH(MHK) (M~ B )
< 331761,

where X 5 < M3%H'? is required.
(h) F>2V—4M2 F > 2W 12HS F > 2U*W~2K?H. Then
UPVPW?F < UPV2W2min (V-4 VRN W2 W30HS U~ tw 2 U~ "W SK*H} T
19



1

(V712M2) 21 (W—lz)% (U*4W*2)% T

g U2V2W2 (V74)%
— TMT=
<< z17517

where M < X % is required. This can be obtained by using M < MH™ < X 1505
Finally, by combining all the cases above, Lemma 3.2 is proved. O

Lemma 3.3. Suppose that NQRK = X where N( ), Q(s), R(s) and K(s) are Dirichlet polynomials and
G(s) = N(s)Q(s)R(s)K(s). Let b =1+ 10gX7 = (log X)B/¢. Assume further that for Ty < |t| <
2X,N(b+it)Q(b + it) < (logz)~B/¢ and R(b + zt) (logz)~B/¢. Moreover, suppose that N, Q and R
satisfy one of the following 10 conditions:
(1) XG55 < NQ < X359, X317 <« R< Q < (NQ)™ % X 9 ;
(2) X385 < NQ <« X 756, X7 <<R<<Q<<(NQ) X555 ;
(3) X726 <« NQ < X557, X3 <« R< Q < (NQ)*% o ;
(4) X255 < NQ < X 13, X <R<Q< (NQ)" 5;
(5) X1 < NQ< X%, X5 K RK Q < (NQ)7X301;
(6) X% < NQ < X7, X517 <<R<<Q<<(NQ) X501 ;
(7) X7 < NQ < X3, X517 <« R< Q < (NQ)~ % X 57 ;
(8) X35 < NQ < X§383 X" K RKQ < (NQ)—*X%S
(9) X303 < NQ < Xf‘ogfz X <R<Q< (NQ)~2
(10) X152 < NQ < Xsmo X7 <« R< Q< (NQ)~ ?*‘f e,
Then for Ty < T < X, we have

Bl
\.g

1\\2 /2T
<min (77, T>) / |G(b+it)|2dt < n?(logz) 108, (9)
T
Proof. The proof is similar to that of [[27], Lemma 13]. Let M(s) = N(s)Q(s) and H(s) = R(s). Then by
Lemma 3.2, Lemma 3.3 is proved. ]

Lemma 3.4. Suppose that NQRK = X where N( ), Q(s), R(s) and K(s) are Dirichlet polynomials and
G(s) = N(s)Q(s)R(s)K(s). Letb =1+ logX’ = (log X)B/¢. Assume further that for Ty < |t| <
2X,N(b+it)R(b + it) < (logz)~B/¢ and Q(b + zt) (logz)~B/¢. Moreover, suppose that N, Q and R
satisfy one of the following 9 conditions: ‘

(1) X37r < R<Q, (NR)Q < X1, X% < Q, (NR)®Q™ ' < X%, X&7 < (NR), (NR)1Q¥ <«
X24633 X24436 < (NR)12Q11

(2) X# <« R<Q, (NR)Q <« X# | (NR)®Q¥ < X, X# < (NR?Q, (VR)2Q" < X #, X4
(NR)58Q49,'

(3) X371 < R<Q, (NR)Q < X¥5, X355 < Q, (NR)°Q < X%, Xor < (NR) < X, (NR)Q® <
X%, X'E < (NR) Q5

(4) X3t <« R< Q, (NR)Q < X517, X165 < Q, (NR)?Q < X%, X©r < (NR), (NR)7'Q" <
X146317 X34238 < (NR)12Q11

(5) X517 <« R< Q, (NR)2Q < X357, (NR)Q? <« X'5', X351 < (NR), (NR)Q° < X%, X% <
(NR)ZQQH);

(6) X5" <« R< Q, X% « (NR)Q < X301, X155 < Q, (NR)°Q <« X 47
X%, X% < (NR)SQS;

767 1476

(7) X#r « R<Q, (NR)Q < X175, (NR)®Q® <« X%, X715 < (NR)2Q, (NR)2Q"® <« X%, X &5
(NR)7OQ59;

(8) X#1r <« R< Q, (NR)Q < X35, (NR)*1Q¥ « X5, X5% < (NR)2Q, (NR)2Q" <« X%, X &
(NR)gQQGQ;

1534

(9) X517 <« R< Q, (NR)?Q < X%, (NR)OQ! < X%, X5 < (NR), (NR)Q® <« X%, X% <
(NR)35Q12.
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Then for Ty < T < X, we have

2 2T
<min (7], ;)) / |G(b+it)|2dt < n?(logz) 08, (10)
T
Proof. Let M(s) = N(s)R(s) and H(s) = Q(s) and by Lemma 3.2, Lemma 3.4 is proved. O

Lemma 3.5. Suppose that NQRK = X where N(s),Q(s), R(s) and K(s) are Dirichlet polynomials and
G(s) = N(s)Q(s)R(s)K(s). Let b =1+ @, Ty, = (log X)B/. Assume further that for Ty < |t| <

2X,Q(b+ it)R(b + it) < (logx)~B/¢ and N(b+ it) < (logz)~B/¢. Moreover, suppose that N, Q and R
satisfy one of the following 9 conditions:
(1) X3 « R< Q, (QR)N < X157, Xin < N, (QR)¥N! < X%, X517 < (QR), (QR)"'N? <«
263 246
XH? Xf << (QR)12N11; 223 632 328 120
(2) X317 < R<K Q, (QR)N < X557, (QR)¥PNY <« X 15, X357 < (QR)?N, (QR’N"' <« X', X
(QR)N*;
(3) X5ir <« R< Q, (QR)N < X#, X715 < N, (QR)’N < X%, X301 < (QR) < X3, (QR)N® <«
98 123
X43’ X 4:9 << (QR)GNS; 571 82 270 574
(4) X517 < R< Q, (QR)N < X577, X115 < N, (QR)'’N < X5, X12i7 < (QR), (QR)"'NY <«
161 328
Xﬁ, Xf << (QR)IQNII; 446 1264 164 60 615
(5) X3r K R<Q, (QR)’N < X557, (QR)* N’ < X8, X357 < (QR), (QR)N* < X8, X&' <
(QR)29N10;

1230
43

<

(6) X317 <« R<Q, XT3 < (QR)N < X1, X355 < N, (QR)’N < X% | X113 < (QR), (QR)"'N7 <

164

X8, X% < (QR)°N?;
(7)75(87?9; <R<Q, (QRIN < X#, (QR)®N? <« X%, X115 < (QR)2N, (QR)2N' <« X' | X'
(QR)N>%;
(8)82)(% < R<Q, (QR)IN < X5, (QR)*'N?" « X5 | X5 < (QR)2N, (QR)2NY « X5 | X &
N .
(@8 o 2 238 70 p711 1534 205 6 &3 38
(Q)Xsn <<R<<Q, (QR) N<<X473, (QR) Nt <« X a3 , Xis K (CQ}%)7 (QR)N <<X43, X113 K

(QR)35N12.
Then for Ty < T < X, we have
2 2T
<min (77, ;)) / |G(b+it)|2dt < n?(logz) 08, (11)
T
Proof. Let M (s) = Q(s)R(s) and H(s) = N(s) and by Lemma 3.2, Lemma 3.5 is proved. O

Lemma 3.6. Suppose that NQRK = X where N(s),Q(s), R(s) and K(s) are Dirichlet polynomials and
G(s) = N(s)Q(s)R(s)K(s). Let b =1+ @, Ty, = (log X)B/¢. Assume further that for Ty < |t| <
2X,Q(b + it)R(b + it) < (logz)~B/¢ and N(b+ it) < (logz)~B/¢. Moreover, suppose that N, Q and R
satisfy one of the following 9 conditions: ‘ r
(1) X5" <« R< Q, N(QR) < X177, X33 < (QR), N¥(QR)' < X%, X&? < N, N"}(QR)® <«
X " ’ X7493 << N12(QR)11; 223 632 328 120 1230
(2) X517 < R<KQ, N(QR) < X357, N¥(QR)"Y <« X5, X357 < N2(QR), N>(QR)'' < X435, X 13
N58(QR)49,'
(3) X317 <« R< Q, N(QR) < X5, X215 < (QR), NS(QR) < X%, X301 < N < X3, N(QR)® <
98 123
X43’ X 4':)9 << N6(QR)5; 571 82 270 574
(4) X517 < R < Q, N(QR) < X517, X1 < (QR), N'}(QR) < X%, X121 < N, N"YQR)" <«
1617 828
X b ’ X ;L; << NlQ(QR)ll; 446 1264 164 60 615
(5) X511 <« R < Q, N*(QR) < X557, N®(QR)? < X735, X557 < N, N(QR)’ <« X, X' <
N29(QR)10,'

<

<

<

(6) X317 <« R< Q, XT3 < N(QR) < X1, X355 < (QR), N(QR) < X'it, Xi < N, N"}(QR)" <

164

X%, X% < NS(QR)’;
(7) X#7 <« R< Q, N(QR) < X%, N3 (QR)® <« X4, X3 < N2(QR), N2(QR)"® < X
N7O(QR)59;

13 1476

0
3, X1
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8

(8) X7r « R< Q, N(QR) < X5, NY(QR)Y < X3, X3 < N2(QR), N2 (QR)" < X, X &5
NSQ(QR)GQ;

(9) X517 <« R < Q, N* (QR) < X%, NO(QR)" <« X', Xi% < N, N(QR)S < X%, X& <
N35(QR)12.
Then for Ty < T < X, we have
1\\2 27
<min (n, T)) /T |G(b+ it)|*dt < n*(logz) 108, (12)
Proof. Let M(s) = N(s) and H(s) = Q(s)R(s) and by Lemma 3.2, Lemma 3.6 is proved. O
f (s) =N(s) Y : p

4. ARITHMETIC INFORMATION II

In this section we are looking for more type-I information. In [27], Jia used a mean value bound of
Deshouillers and Iwaniec [8], which makes an approximation to the sixth-power moment of the Riemann
zeta—function. Now we shall use another mean value bound of Watt [45], which is stronger than that of
Deshouillers and Iwaniec when the length of interval is nas e,

Lemma 4.1. Suppose that N(s) is a Dirichlet polynomial and L(s) =%, ,17°. Let T > 1, then

T N (L
/T L(Z—Ht) N<2+zt>

Proof. For ¢;L < T2 and N < T, by the main theorem proved in [45] we have

2| g 4 1 2
L=+t N |-+t
Jo Gl v ()

at < (T+N>TH) 77,
For ¢;L < T2 and N > T, by the classical mean value estimate (see [27]) we have
2T 4 2
1 1
L{-+it N|{=+it
Jo Gl oz o)

dt < (LN +T) (LN)*

When Tz < c1 L < 2T, by a reflection principle based on an approximate functional equation, we can get
the same bound as above. By this process we may replace L by Lo ~ T'/L, so that Ly < Tz. For this, one
can see [[8], Section 2], [[4], Lemma 2] or [[1], Lemma 5.2] for a detailed proof with N < T. For N > T, by
the classical mean value estimate we have

| !
L=+t N |-+t
Pt
When 27" < ¢; L, by the method in [27] we have

2T 1 4 1
L{=+it)| |N(=+it
LG v (G ee)

(Actually we have a better bound L2T~#(N + T') in this case, but this won’t bring any improvement to the
next lemma.)
Finally, by combining all the cases above, Lemma 4.1 is proved. O

Lemma 4.2. Suppose that MHL = X where M(s), H(s) are Dirichlet polynomials and L(s) =", ; 17°.
Letb=1+ ﬁ, Ty = VL. Moreover, suppose that M and H satisfy one of the following 2 conditions:

20

(1) M2H < X27513, M*HS « X4 313, H* < X4~ 5% ;
(2) M < X%, H< X3,
Then for Ty < T < X, we have

2 p2T
(min (n, ;)) / |M (b +it)H (b4 it)L(b + it)|*dt < n*x 2", (13)
T

2
dt < (T + N2T% 4 NLQT‘Q) T,

< (T n N2T%) 7=,

2
dt < (L§N +T) (LoN)®* + Error

< (T i N2T%> T

2
dt < NL?>T~2.
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Proof. We can prove this by using Lemma 4.1 and the methods in [[27], Lemmas 3,4]. For condition (1) we
apply Lemma 4.1 to L and N, while for condition (2) we apply Lemma 4.1 to L and N2. One can see [27]
for an explanation.

O

Lemma 4.3. Suppose that NQRL = X where N(s),Q(s) and R(s) are Dirichlet polynomials, L(s) =
Yoo 7% and G(s) = N(s)Q(s)R(s)L(s). Letb=1+ @, Ty = VL. Assume further that for Ty < |t| <
2X,N(b+it)Q(b +it) < (logz)~B/¢ and R(b + it) < (logx)~B/¢. Moreover, suppose that N, Q and R
satisfy one of the following 9 conditions:
(1) X5" <« R< Q, (NQ)’R < X> 313, (NQ)*R® « X315, R* « X413 ;
(2) X5r <« R< Q, (NQ) < X5, R<<X34T14'
(3) Xs" « R<Q, X1 < (NQ) < X%, R< (NQ) 53X
(4) X577 <« R<Q, X% < (NQ) < X%, R< (NQ)7 X 301
(5) X3t <« R<Q, X% < (NQ) < X, R< (NQ)™'X
(6) X517 <« R< Q, X1 < (NQ) < XZS?S R« (NQ)*%
(7) X311 <« R< Q, X1t < (NQ) < stos R« (NQ)*% 255 ;
(8) X « R< Q, X8 < (NQ) « X%, R« (NQ)2XH;
(9) X# < R<Q, X# < (NQ) < X5, R < (NQ)- B x5,
Then for Ty < T < X, we have

<min (n, ;))2 /2T |G(b+it)|2dt < n?(logz) 08, (14)

T

12
43'

7
1264
387
6

Proof. The proof is similar to that of [[27], Lemmas 14,15]. Let M(s) = N(s)Q(s) and H(s) = R(s). Then
by Lemma 4.2 and Lemma 3.2, Lemma 4.3 is proved. ]

Lemma 4.4. Suppose that NQRL = X where N(s), Q( ) and R(s) are Dirichlet polynomials, L(s) =
Yuor 77 and G(s) = N(s)Q(s)R(s)L(s). Letb=1+ =, Th = VL. Assume further that for Ty < |t| <
2X,Q(b + it)R(b +it) < (logx)~B/¢ and N(b+ it) < (1og x)~B/e. Moreover, suppose that N, Q and R
satisfy one of the following 9 conditions:
(1) X5 <« R< Q, (QR)2N <« X233, (QR)*NS <« X4-31%, N <«
(2) X517 <« R< Q, (QR) < X5, N<<X§TZ,-
(8) X3t « R< Q, X1 < (QR) < X%, N < (QR)"5X
(4) X3iT « R< Q, X1 < (QR) < <Xse N < (QR)7 X 3ot
(5) X3F <« R<Q, X% < (QR) < X, N < (QR)™'X
(6) X311 <« R< Q, X115 < (QR) < <X4gog N < (QR)~ %8
(7) X51" < R< Q, X% < (QR) < X503, N < (QR)"¢X
(8) X51" <« R< @, X503 < (QR) < X052, N < (QR)™2X 7

1 B
13 ;

55

= .
l\J

(9) X% < R<KQ, X1032 < (QR)<<X07190 N<<(Q ) Zfo 733
Then for Ty < T < X, we have
1 2 2T
<min (n, T>) /T |G(b+it)|?dt < n*(logz) 105, (15)

Proof. Let M(s) = Q(s)R(s) and H(s) = N(s). Then by Lemma 4.2 and Lemma 3.2, Lemma 4.4 is
proved. (Il

5. SIEVE ERROR TERMS

For type—I terms we will use Iwaniec’s linear sieve method and this requires us to control the errors
occured. The following two lemmas will help us deal with the error terms when we apply Iwaniec’s linear
sieve in Section 7.
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Lemma 5.1. Suppose that M < X5, H < X1 and a(m) = O(1), b(h) = O(1). Then for real numbers
z € [X,2X], except for O (X (log X)~5) values, we have

_ -B
Z a(m)b(h) Z 1 — < nz(logx)™". (16)
”;?z% rz<mhlLz+nx

Proof. The proof is similar to that of [[27], Lemma 16] where the condition (2) of Lemma 4.2 is used. O

Lemma 5.2. Suppose that a(n) = O(1), b(q) = O(1), ¢(r) = O(1) and N, Q, R satisfy one of the 18
conditions in Lemma 4.3 and Lemma 4.4. Let b =1+ @, Ty = VL and NQRL = X. Assume further
that for Ty < |t| < 2X, N(b+it)Q(b+it)R(b+it) < (logz)~B/%. Then for real numbers = € [X,2X], except
for O (X (log X)™7) values, we have

Z a(n)b(g)c(r) Z 1- M) <« na(logx) ™. (17)
n~N z<ngri<z+nx nqr
q~Q
r~R
Proof. The proof is similar to that of [[27], Lemma 17]. O

6. ASYMPTOTIC FORMULAS FOR TYPE—II TERMS

These lemmas will help us transform the sum S (Ap, . ., pn) into S (By, .. p.,Pn) and estimate them.

Lemma 6.1. Suppose that X < M < X'9 and that 0 < a(m) = O(1). If m has a prime factor < X?,
then a(m) = 0. Then for real numbers x € [X,2X], except for O (X (log X)~#) values, we have

S am) =1 (1 +0 (10;)) S a(m)+0 (na(log ) ). (18)

r<mp<xr+nx r<mp<2x
m~M mn~ M

Proof. The proof is similar to that of [[27], Lemma 18] where Lemma 3.1 is used. O

Lemma 6.2. Suppose that MHK = X where H(s) and K (s) are Dirichlet polynomials, M(s) = >\ A(m)m™?.
Suppose that X517 < HK < X %17 and that 0 < a(h) = O(1), 0 < b(k) = O(1). If h has a prime factor

< X9, then a(h) = 0. If k has a prime factor < X°, then b(k) = 0. Let G(s) = M(s)H(s)K(s), b = 1+@

and Ty = (log X)B/¢. If we have

1\\2 27
(min (777 T)) / |G (b +it)|2dt < 1 (logx) 108 (19)
T
for To < T < X, then for real numbers x € [X,2X], except for O (X(log X)’B) values, we have
1
> a(mp(k) =7 (1 +0 (1 )) > a(h)b(k) + O (nz(logz) 7). (20)
r<phk<Lz+nx 08 z<phk<2z
h~H h~H
k~K k~K
Proof. The proof is similar to that of [[26], Lemma 4]. O

Lemma 6.3. ([[27], Lemma 21]). For sufficiently large x and z, we have

$B2)= Y 1=(+o(1)2 <10gx>,

logz" \1
r<n<2x 08 % 08 %
(n,P(2))=1

where w(u) denote the Buchstab function determined by the following differential—difference equation
w(u) =1, 1<u<?,
u

(uw(u)) = w(u —1), > 2.
24



7. THE FINAL DECOMPOSITION

In this section, sets A and B are defined respectively. Let v denote the Euler’s constant, F(s) and f(s)
are determined by the following differential-difference equation

F(s):%, f(s)=0, 0<s<2,
(sF(s)) = f(s=1), (sf(s))=F(s=1), s=2,

and w(u) denote the Buchstab function defined above. Moreover, we have the upper and lower bounds for
w(u):

l, 1<u<?,

Lilog(u-1) 2<u<3

w(u) = wo(u) = i 1 _ ’

- 1+10guu 1 fu log a 3 < u < 47
0.5612, w4,

1 1<u<?,

Ltlog(u=1) 2<u<3

w(u) <wi(u) = Y - ’

( )\ 1( ) 1+loguu 1) fu 1 log t, 3<u<4,
0.5617, u> 4.

We shall use wp(u) and wy (u) to give numerical lower bound for some sieve functions discussed below.
Beginning with (2), we shall use Iwaniec’s linear sieve method to estimate S; and Ss. By Buchstab’s
identity we have

Slzs(A,X%):S(A,Xé)_ 3 S(Apep). (21)

<1< &%

Let z = X% and D = X %. Then by Iwaniec’s linear sieve, Lemma 5.1 and arguments in [27] we have

s nx_, (logD\ enr -\ _nx
5 (A4 X7 > long<logz) © (logx) Z a(m) ('Am m)

m<D
= 5otz O (gs) )
st < 2 (952) 40 (22 5t (- )
= S1ogs (s )
So we have the asymptotic formula
st =il vo (5. @)

By Lemma 6.1 and Lemma 6.3 we have

> SUwo=n ¥ 8@ +0 (o)

S<t1< &2 <1< &%

oz [T
“nes ) () o ()
nx 5 ne
:logx/s7 (t—l)dt+0< x)
o
_onz (1 (1 817 (817 onx
~i (5 (5) - (%)) o (6
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e Tpx 817 [(817\ nx onx
= 2l (L . 2
dlogx 79 (79) 10gx+0<logx (25)
By (24) and (25) we have

Si=S(AX) - > S(A,p)

<t < §5%

817 /817T\ nzx onx

T ( 79 ) log x +0 (logx)

> 5.806486 . (26)
log x

Similarly, we have

So= > S (API,X%>

Fr<n<h

_ § )

- S (‘APNX ) - E S(Ap1p27p2) (27)
sir<ti<i Sta< g <tr1< 3

1 1
e Tnx 21 nx 817 1 817 onx
— —dt — — — 1-t¢ 0]
<5log:z:/87197 t logz 79 Jzo t (79( )> >+ (1 ogx
1
817 (= 817 onx
= | = —(1—1t))dt (0]
(79 /797 “’(79( )) >1gsc+ (logx>
< 9.540312——. (28)
log x

| =

Before estimating S3, we first define the disjoint regions Uy;—Upg as
Uoi(t1,t2) :== {(t1,t2) € Upro1 U Upro2 U - - - U Upiog,

79 1 79 1
ot <= P in (1, =(1— 1)
si7 SS9 37 2<mm<12 1)}

Uoa(t1,t2) == {(t1,t2) € Up201 U Up202 U - - - U Upa1o, (t1,t2) ¢ Uo,

1 1
E<lf < =, 79<t2<min<t1,2 1t1>}

~

817 ' T 27 817
Uos(t1,t2) :== {(t1,t2) € Upzor U Upzo2 U - - - U Upser, (t1,t2) & Ut U Upe,

79 179 . 1
ﬁ<t1<§, 817<t2<lnln<t1,2 ].tl)}

Uoa(t1,t2) == {(t1,t2) € Upaor U Upao2 U - - - U Upaog, (t1,t2) ¢ Uo1 U Upe U Ups,

79 179 1
Locti<n, Lo <ty <min (t, 2(1—t)
817 S S 20 817 2<mm<12 1)}

Uos(t1,t2) := {(t1,t2) € Upsor U Ugsoz U - - - U Upsog, (t1,t2) & Uot U Uz U Ups U Upy,

79 1 79 . 1
ﬁ<t1<§, @<t2<mln <t172(1—t1)>},
Uos(t1,t2) := {(t1,t2) € Ugsor U Uosoz, (t1,t2) ¢ U1t U Upz U Upz U Uy U Ups,
79 1 79 1
7 < - Y < i (1 —
317 <t < 2 8’17 < to < min <t172(1 t1)>},
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where

673 82 427 246 263 246
= X 9 < o ) o1~ < 9 - < o ' 410 < 1 )
U0101(t1,t2) {tl + 1o 1247 473 < to, 29t — to 137 817 t1, 29t — t1 13 3 12t + 1t2}
223 632 328 120 1230
tiite) = At +to < 22 20t + 19ty < —o ) <2y +to, 2y + 11ty <~ —o < 58ty + 49ty b,
Uoro2(t1,t2) { 1+t 387 9t1 + 19¢, 13 387 S 1+ t2, 21 +11i2 < 3 13 o8t1 +49 2}
268 41 94 K2 16 98 123
tite) i= At +te < o Sto, 6t 410 < o) —o <t < oy 1y + 8ty < ) t + 5t
Uoros (t1,12) {1+2 173 215 St Ot S g g St S m 8 S 5 61+52}
571 82 270 574 161 328
= < .12 <& 1 <=z <12t + 11
Uor04(t1, t2) {tl + t2 317 173 <o t1 +t2 < 13 1247 <ty, 1960 — 4 3 13 t1 + 752}
446 1264 164 60 615
Uoros(t1,t2) == 32t +ts < ——, 58ty + 9ty < ——n . —= < t1, 1 + 5ty < —, < 29t + 10t
0105(t1,t2) { 1+ 12 337 1+ 92 13 ' 387 1, U1+ otg 13 43 1+ 2}
27 219 41 135 205 55 164
tiote) = s <ty 4+t < oo <ty 6ty 4+t < —, <ty Ty —t < 22, t1 + 5t
Uoro6(t1,t2) { 3 1+t 301 215 S 12 611 + t2 B3 a3 Sh Ttg — 11 3 13 <6t +5 2}
268 767 410 130 1476
fota) = Qb +ty < oo BBty + 23ty < ) — < 2y + by, 2 + 13ty < ——, —— < 70ty + 59t
Upro7(t1,t2) {1+ 2S o3 35t1 + 23ta 3 173 1+ t2, 2t + 13t 5 i3 70ty + 59 2}
313 902 492 138 1722
Uoros(t1,ta) = 31 +ts < oo ALty + 2Tty < ) oo < 2y 4 1o, 2t + 15ty < — ) =122 < 821, + 69t
o108(t1,t2) { 1+ t2 559 1+ 2712 137 559 1+ 12 1+ 152 13 13 1+ 2}
536 1534 205 65 738
Uoroo(t1, 1) = 32t +to < oo T0t; + 11ty < —on <ty b+ 6ty < —, < 35t + 12t
0100(t1,t2) { 1+ 12 173 1+ 11t 13 173 1, t1+ 6t2 13 13 1+ 2}
Vot m d 2207y 2L 3 TOTY
0201(f1,%2) = Ggoggq ST H 2 S 5oy g7 St s moalhith)+ o9
231 3275 79 313
t1,t9) :i= < — <t to < ——, — <t t t —
Uozoa(t1, t2) {55 12 S e grp S S Tt t)+ 559}
U (t1,t2) = 3275 <ttt < 15005 79 < 41 N )+ 902
020300 7207 726 S M T2 S 334977 817 2 27 T T 1161
Vomos(tastn) o d B0y 20T L 12
o204(t1,02) i=  geroe St S 50 oE S 2 < Fltiti2)+ 5
Ussos(trote) = 40 <t 4toc b L pay 4 2521
0205\t1,0t2) -— 43 X U1 2 X 867 ]17 X 7 1 2 301
41 227 79 219
tite) = 4 <ty e < o, L Kty K (b ) + o
Uo206(t1,t2) {86 1+t 173 g S B2 —(t1 +t2) + 301}
Vonr(trta) e {220 gy < 2319 B8 126
0207\t1,0t2) -— 473 X l1 2 X 4859’ ]17 X 2 X 9 1 2 387
Voms(tastn) i {283 g 0L 79 1 65
0208\t1,0t2) -— 4859 x U1 2 X 5203 ]17 X 02 \ 6 1 2 258
Voma(tnta) i A0 o gy 99T 536
0200(f1,82) »= | =ora S+ 12 < a0y on S 1tt2)+ =
499 28277 79 70 1534
i te) = 4 — <t <2 Y <ty )+ —
Uozro(t1, t2) {1 g3 ShittS gy grp Stes -+ + 473}
673 82 427 246 79
t1,t9) := t t to < < to, 29(% to) —ta < —, —= < —
Uosor (t112) {( 1) th S o g St W4 h) —h < S5 o ( + 817>
79 263 246 79
Wty — [t + — ) < 22, <12(¢ 1ty b,
2 <1+817> 437 43 <1+817>+ 2}

632 328

79
20(ty 4+ t2) + 19t < —, —— < 2(t1 + —= | + to,
(t1 +t2) + 19t2 5’ 387 (1+817)+2

27

= g oor
Uozoz2(t1,t2) {(tl +t9) +to 387



Uozos(t1,t2) ==
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and let Uy = Ugy U Uya U Ups U Ugyg U Ups U Ugg. The plot of the 6 regions can be found in Appendix. Then
we have
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For S301, by Lemma 3.2 and Lemma 6.2 we have
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For Ss392, we can apply Buchstab’s identity again to get
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By Lemma 5.1 and Iwaniec’s linear sieve with z = X and D =

, we have
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By Lemma 3.3 and Lemma 6.2 with a small modification we have
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Combining together (31)—(34), we have
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Similarly, by replacing Lemma 3.3 with Lemmas 3.4, 3.5 and 3.6 in above discussion, for S303 we have
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We note that there is an extremely small region of Ups with ¢; + ¢, > 3. Fortunately we have t; < 3 and

ty < 344 in this region. By this we can use Lemma 5.1 and Iwaniec’s hnear sieve with z = X% and D = Xﬁ
to give asymptotic formulas.
For ¥, and Y5, we can apply Buchstab’s identity two more times to get
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By Lemma 5.1 and Iwaniec’s linear sieve with z = X® and D = ;(1;2 , we have
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Combining together (39)—(42) and by (37), we have
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where the total loss of shortening the sum interval of ¢; is less than 1071%°, Similarly, for Sso5 we have
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For Y, we can perform a role-reversal after using Buchstab’s identity one time to get a small saving.

For the definition of a role-reversal one can see [4] or [[14], Chapter 5], and we refer the readers to [17], [29]

and [30] for more applications of role-reversals. By Buchstab’s identity and similar arguments as in [[14],
Chapter 9], we have
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+ Z S (Agpzpspa Pa)
(t1,t2)€Uos
817§t3<mm(tz,%(1—t1—t2)>
g Sta<gty
é
- Z S (‘AP1P2’X ) B Z S(Aplpwsvp?))
(t1,t2)€Uoe (t1,t2)€Uos
I<ts< &%
é
o Z S (‘Aﬁpzp:s?X ) + Z S (Appzpspas P4)
(t1,t2)€Uos (t1,t2)€Uoe
2 <ta<min(ta, 5 (1—t1—t2)) 2 <ta<min(ta, 5 (1—t1—t2))
5<t4<%
+ Z S (ABpspspas P1)
(tl,tz)GUos
2 <ta<min(ta, 5 (1—t1—t2))
<ty <3ty
= Y601 — L602 — 2603 T 2604 T 2605, (45)
where B ~ X1~th~t2=ts and (B, P(p3)) = 1. By the definition of Uys, we know that Lemma 4.2 is valid for

(Bps,p2). By shortening the length of the sum interval of ¢; by 107190 using
_ X1071000

(m,h) = (p1,p2) and (m, h) =
Iwaniec’s linear sieve with z = X°, D

Y01 = Z S (AplpzaXa) =0 Z S (Bplpz’Xé) +0 (W) (46)

log x
(t1,t2)€Uos (t1,t2)€Uos

and by Lemma 5.2 with a small modification, we have

and

Y603 = >

(t1,t2)€Uos
o <tg<min(tz, 3 (1—t1—12))

enx
) (65172:037)(6) +0 (ng> :

S (A5P2p3’X5) =1 Z

(t1,t2)€Ugs
o <tz<min(tz, 1 (1—t1—t2))
(47)
36



By Lemma 6.1 we have

enz
Y602 = Z S (Apipaps>P3) =1 Z S (Bpypaps:p3) + O (10gx) (48)
(t1,t2)€Uos (t1,t2)€Uos
6<ts< 555 S<ts< &%
and
enx
Y604 = Z S (Aﬁp2l73p47p4) =1 Z S (Bﬁpzpspupél) +0 <logz> :
(t1,t2)€Uos (t1,t2)€Uos
e <ta<min(tz,3 (1—t1—t2)) 7 Sta<min(t2,3 (1—t1—t2))
6<t4<% 5<t4<%
(49)

We can give asymptotic formulas for part of Ygg5 if we can group (,p2,ps,ps into p;, h or h,p; satisfy
Lemma 3.2, where ¢ € {2,3,4}. Combining this part with (45)—(49) we have

Z6 = Z S (Ap1p27p2)

(t1,t2)€Uos

= Z S ('APIP27 Xa) - Z S (APIPZPB ’ p3)

(t1,t2)E€Uos (t1,t2)€Uos
d<ta<ghx
S
- E S (A5P2P37X ) + E S (A5P2p3p47p4)
(t1,t2)€Uos (t1,t2)€Uos
%§t3<min(tz,%(1—t1—t2)> %<t3<min(t27%(l_tl_t2))
6<ta< s
+ E , S(A5p2p3p4,p4)

(t1,t2)€Uos
2 <ta<min(t2, 3 (1—t1—t2))
%<t4<%t1
(1—t1—to—ts,ta,t3,ta) can be partitioned into (¢;,h) or (h,t;)€Uop1

+ Z S (A5P2P3P47p4) (50)

(t1,t2)€Uos
2 <ta<min(t2, 3 (1—t1—t2))
%<t4<%t1
(1—t1—to—ts3,ta,t3,ts) cannot be partitioned into (¢;,h) or (h,t;)€Uo1

21 Z S (BP1P2>X6) - Z S(Bplp2psvp3)

(t1,t2)€Uos (t1,t2)€Ups
5<t3<%
5
- E : S (Bﬁpzpst ) + § S (Bﬁp2p3p4,p4)
(t1,t2)€Ugs (t1,t2)€Uos
2 <ta<min(ta, 5 (1—t1—t2)) 2 <ta<min(ta, 5 (1—t1—t2))
o<ta< 5%
+ E : 5(85192[)31?471)4)

(t1,t2)€Uos
2 <ta<min(ta, 5 (1—t1—t2))
%<t4<%t1
(1—t1—to—t3,t2,t3,ta) can be partitioned into (t;,h) or (h,t;)€Uo1

=" Z S(Bplpz,pQ)

(t1,t2)€Uos
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-1 Z S (Bﬁpzpspupél)

(t1,t2)€Uos
£§t3<min(t2,%(17t17t2))
a5 Sta<ity
(1—t1—to—ts,ta,t3,t4) cannot be partitioned into (¢;,h) or (h,t;)€Uo1

= S306 — S307, (51)
where
Ssos =1 Y, S(Bpips:p2)
(t1,t2)€Uos
1 mm(tl, 7t1) w (71 b t2>
- /2 / " Boole[(ts, ta) € Upg)— oL dtydt, — 107100
logz \ /7o /1o tit5
817 817
nx
> 0.243521 —— 52
log x (52)
and
Sso7 = n Z S (Bﬁp2p3p47p4)

(t1,t2)E€Uos
%<t3<min(t2,%(17t17t2))
817 <t4< t1
(1—ty—to—ts,ta,tz,ta) cannot be partltloned into (t;,h) or (h,t;)€Up1

t2

min tl, rmn(tg, t12 ) §t1
<
1og X 79 7 79 79

817 817

w1 (tlt t4)w (1 tlttz tg)
Boole|(t1, ta, ts, t4) € Upy] . R > dtydtsdtydty + 10710
374
nx

< 0.229820
logz’

(53)

where Uz (t1, ta,t3,t4) is defined as

79
= t1,t —_—
Uor(t1,t2,ts,ta) {( 1,t2) € Ugs, 317

79 1
oty < oty
gi7 St < gh

(1 —ty —ty — t3,t2,ts3,t4) can be partitioned into (¢;,h) or (h,t;) € Upr,

79 1 79 1
—— < ,=(1—1 .
g7 ST <30 gy Str<min (tl 5 1))}

1
g t3 < min <t2, 5(1 - tl - t2)> )

We remark that an extra use of Buchstab’s identity in reverse on the last term of (50) leads to no more
saving.

Let g = Ygo1 + Xgo2 where Ygo; and Yiggo are defined in (37) and (38). We can give asymptotic formulas
for part of Xg if we can group pi,p2,ps, ps into p;, h or h,p; satisfy Lemma 3.2, where i € {1,2,3,4}. We
define this part as S3ps. By Lemma 6.2 with a small modification, we get a saving on Ssgs:

S308 = Z S (AP1P2P3p4ap4)
(t1,t2)€EU0aUU05
o <tg<min(tz, 1 (1—t1—12))
2 <ta<min(ts, 5 (1—t1—ta—t3))
(tl,tg,tg,t4) can be partitioned into (¢;,h) or (h,t;)€Uo1
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ENT
=" Z S (BP1P2P3P47P4) +0 ( )

log x
(t1,t2)€U0sUUGs
877<t5<m1n(t2,2(1 t1— tz))
2 <ta<min(ts, 3 (1—t1—ta—t3))
(tl,tg,tg,t4) can be pdrtltloned into (t;,h) or (h,t;)€Uo1
1—t1—to—t3—ta

min t1 min(tg, 171’57% ) min(tg,
10g35 / / /79 /A
wo ( s

817 817
BOOle[(t17t27t3,t4) € U()g] 5 dtudtsdtodty
titatst

1414243)
2

>

> 0.107081
log

where Ups(t1, to, t3,t4) is defined as

79 . 1
Ups(t1,ta,t3,t4) := {(t17t2) € Ups U Ugs, 37 < t3 < min (tQ, 5(1 — i1 — fz)) ;

79 . 1
s < ty < min <t3,2(1 —t1 —t2 —753)) )

(t1,to,t3,t4) can be partitioned into (¢;,h) or (h,t;) € Ups,

T el T cmin (1, - )
s17 S S gy S mR byt T
Let Y9 = g — S30s. We can still get asymptotic formulas for some parts of ¥g. Although we cannot
group p1, p2, P3, p4 directly into pl, h or h,p; satisfy Lemma 3.2, we can group pi, p2, P3, P4, Ps into p;, h or
h, p; satisfy Lemma 3.2 for all 817 < ts5 < t4 in some parts. If we can also group p1, p2, p3, ps into m, h or
h, m satisfy Lemma 4.2 or Lemma 3.2 in these parts, then we can use Buchstab’s identity to give asymptotic

formulas. This can be done by constructing a four-dimensional region which is essentially the same as Uys.
We define

5309 = Z S (Ap1p2p3p4ap4) ’ (55)

(t1,t2,t3,t4)EUog

where

Uog(tl,tg,tg,t4) = {(tl,tQ) € Uyy U Ups, % < t3 < min <t2, %(1 -t — tz)) ,
E
817
(t1,t2,t3,t4) & Uos,
(t1,ta,t3,t4) can be partitioned into (m,h) or (h,m) € Ulgpy U Ulgpa U U1,
(t1,t2,t3,t4) € Ungor U Ungoz U - - - U Upo1o,

1
<ty < min <t3,2(1 —t1 —to —tg)) s

— K min — —
817 sh< 2 817 St <mi (tl’ 2(1 tl)) } ’

where
20.5 20.5 61.5
U6901(t1,t2) = {2t1+t2 <2 215 4t1+6t2 ﬁ’ 4t2 < 215}7
45 41

) = < = < o

Uogoz(t1,t2) {t1 86’t2 344}7
Uogo1(t1,ta,t3,t4) 1= 27267<t—&-1f 4+t —l—t<E B<t 35(75 +to+t —i—?ﬁ)—i—ﬁ7
090181, 82,83, 84) 3= | gy ST 2l tlas prgs grn S < a3\l 2+ 13+ 14 989
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Uoooa(t1, ta, ts, tg) == B bttt <2 < (t+t+1ﬁ+t)+g
0902\%1,02,L3,04) -— 559 x U1 2 3 4 X 78267 817 X 4 x 1 2 3 4 559 )
Uogos(t1, ta, ts, ) := B b ta by bty 0BT 41(t ity A+t +t)+902
090381, 12, 3,14 ) 1= moos ST 2l Tl S goeny gpp ST S —ophi i+l iy 1161
13074 20 79 1 12
Uoooa(t1,to,t3,ts) i= 4 = <ti+to+t34+ta < —, — <ta < —=(t1 +to+1ts+ts)+— b,
0004 (t1,t2,t3,t4) {28595 1+t +1t3+14 13’ ’17 4 5(1+ 2+1i3+ 4)+43}
20 41 79 1 55
U t1,t0,t3,t4) ;= ¢ — <t t t < —, —= < tg < (¢ t t t — 7,
0005 (t1,t2,t3,t4) {43 1+t +1ts+ 14 36 ’17 4 7(1+ 2 +1t3+ 4)+301}
Uooos (t1,t2,t3,t4) := 41<t +t+t+t<227 79<t< (t +t+t+t)+219
0906\t1,0t2,L3,04) -— 86 x U1 2 3 4\4737 817\ 4 XX 1 2 3 4 301 9
Uooor(t1, ta, ts, ) = L I P c RN AP ﬁ(t+t+t+t)+%
09071, b2, 83, 14) 3= ma St Fla Hls e S epes orn St s =gl 2+ 13+ 14 387 [
Uogos (t1, o, ts, 1) := o T D P L L L AP 1(t+t+t +t)+65
09081, f2, 83, 14) 3= 4 oeg ST la Hls Tl S m5aey orn STas —plh 2+ 13+ 14 253 [
2501 499 79 536
U t1,t0,t3,t4) := ¢ —— <t t t ty < ——=, ——= <ty < -2t t t t — 0,
0009 (t1,t2,t3,t4) {5203 1+t2+i3+ 1y 1032’ ’17 4 (t1 +ta 4+t + 4)+473}
Uooio(t1,t2,t3,t4) := @<t+t+t+t<M Q< < @(t+t+t+t)+@
0910\%1,0t2,t3,04) -— 1032 x U1 2 3 4 X 571907 817 X 4 x 11 1 2 3 4 473 .
By Buchstab’s identity, we have
Ss09 = Z S (Apipapspas P4)
(t1,t2,t3,t4)EUog
5
= Z S(AP1[)2103P4’X)
(t1,t2,t3,t4)EUog
- Z S (Aplp2p3p4p5>p5) - Z S (Ap1p2p3p4psﬁp5) : (56)
(t1,t2,t3,t4)E€Ung (t1,t2,t3,ts)EUog
S<ts <% £ <ts<min(ts, (1—t1—ta—tz—ts))

By the definition of Upg, we know that Lemma 4.2 (or Lemma 3.2) is valid for at least one partition of
(t1,t2,t3,t4) € Upg. By shortening the length of the sum interval of t; by 1070 using Iwaniec’s linear

sieve with z = X9, D = X107 and by Lemma 5.2 with a small modification, we have
enx
Z S (‘Aplpzpsmv Xé) = Z S (BP1P2P3P47 X(S) +0 (logx) ' (57)
(t1,t2,t3,t4)€Uog (t1,t2,t3,ts) €U0

By Lemma 6.1 we have

enx
E S (Apipspspaps> P5) =1 E S (Bpipapspaps» P5) + O <logx) : (58)
(t1,t2,t3,ts)EUog (t1,t2,t3,t4)EUog
o<t <5 S<ts < 2

By the definition of Uyg and Lemma 6.2 with a small modification we have

Z S (Al)lmpspu)s 7p5)

(t1,t2,t3,t4)EUog
2 <ts<min(ta, 5 (1—t1—ta—tz—ts))

Enx
=" Z S (Bppapspaps» P5) + O ( ) . (59)

log x
(t1,t2,ts,t4) €U0
T2 <ts<min(ts, 5 (1—t1—ta—t3—ts))

40



Combining together (56)—(59), we have
S309 = Z S (AP1P2P3P4’p4)

(t1,t2,t3,t4)EU09

= Z S (APIPZPBZM’ X(S)

(t1,t2,t3,ta)EU09

- § S (Aplpzpsp4p57p5) - § : S (‘AP1P2P3LD4P57P5)
(t1,t2,t3,ta)EU09 (t1,t2,t3,ta) €U0
S<ts< % 2 <ts<min(ty, I (1—t1—ta—tz—t4))
= S (B X°)
= P1P2P3Pa>

(t1,t2,t3,ts)€VUo9

- Z S (B;D1P2P3;D4P5’p5) - Z S (BP1P2P3P4;D57P5> +0 (
(t1,t2,t3,ta)EUo09 (t1,t2,t3,ta)€Uo0
O<ts < 5% T2 <ts<min(ty, I (1—t1—ta—ts—ts))
=1 Z S (Bpypapspar P4) + >
(t1,t2,t3,t4) €U0
min tl, min(tg,l_fé_tz) min(tg,il_tl_ztz_fs)
s (L J
og = =
wo (1—t1—t2—t3—t4)
t
Boole[(tl, to,t3, t4) S Uog] : 5 dtydtsdtadty — 10_100
t1tatsty

> 0.005862 12—
log

enx
log

(60)

Let X719 = X9 — S309. We can perform Buchstab’s identity two more times to get asymptotic formulas
for some parts of ¥1y. For this, we need to be able to group pi,ps,ps3, 4,05 into m,h or h,m satisfy
Lemma 4.2 or Lemma 3.2 in these parts. One can easily see that the above condition is true if we can group
D1, P2, P3, P4, P4 into m, h or h,m lie in "most region” defined by Lemma 4.2 and Lemma 3.2. This can be

done by constructing a four—dimensional region as the following;:

79 1
Uio(ty,ta, t3,ts) == {(t17t2) € Ups U Ups, 317 < t3 < min <t27 5(1 —t1 — tz)) ,

Y, < min (tg, 1(1 by —ty — t3)> ,

817 2

(t1,ta,t3,t4) & Uos, (t1,t2,t3,t1) ¢ Uogo,

(t1,t2,t3,t4) can be partitioned into (m,h) or (h,m) € Uj,,

ﬁ<t<17—9 < tp < mi tl(l—t)
817 ST gy gy SRS HE G v
where

Uio(t1,t2) := {(t1,t2) € Ujgor U Ujgo U~ - U Ujggr}
20.5 20.5 61.5}
<4 ,

/ = 2 g 2 4 o1 =
Ulgor (t1,t2) { b+t o5 it 6t < 215 21.5

45 41
Ulgpa(ti,ta) == 3t1 < —, ta < — ¢,
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/ 227 79 1 12

Ulao(tnt2) = { g5 <11 < o g7 <02 <5+ g

Ul (t1 1) o= 9297 2333 79 58, 1264

w0alf:t2) 3= 4 o S TS Jorg 77 ST T 387
2333 2501 79 1 65

loos(t1,t2) := <t <=, —— <tg<——ti +— ¢,

Ulgos(t1,t2) {4859 131 7203’ 817 S 12 st + 258}
2501 499 79 536

00 (t1,t2) == <t < b, <ty < —2t

Ulwn(tn, 1) i= {2ogs <t < s, 1+473}

Uloor (b ta) = 4 09y 28277719 _@ 1534

w07(t1:2) 3= 7035 ST S Frgp g7 S22 S e

and we define

S310 = Z S (AP1P2P3P47p4) :

(t1,t2,t3,ta)€UL0

By Buchstab’s identity, we have

S310 = E S (AP1P2P3P4’p4)
(t1,t2,t3,t4)EU10
_ é
- E : S (AplpzpspuX ) - § S(Ap1p2p3p4p57p5)
(t1,ta,t3,ts)EU10 (t1,ta,t3,ts)EU10
5<t5<%
- E S (‘A;D1P2p3p4:057p5>
(t1,t2,t3,t4)EUL0
2 <ts<min(ts, 3 (1—t1—ta—t3—t4))
_ é
- E S (*AP1P2P3P47X ) - E S(Ap1p2p3p4p57p5)
(t1,t2,t3,t4)EUL0 (t1,t2,t3,t4)EUL0
5<ts < 55%
- E : S(AP1P2P3P4P57P5)

(t1,t2,t3,t4)€U10
s §t5<mln(t47%(1—t1—t2—t3—t4))
(t1,t2,t3,ta,t5) can be partitioned into (¢;,h) or (h,t;)€Up1

- Z S (Aplp2p3p4p5ap5)

(t1,t2,t3,t4) €U0
2 <ts<min(ts, 3 (1—t1—ta—t3—t4))
517 Sts 455 1—ta—t3—ts
(t1,t2,t3,ta,t5) cannot be partitioned into (¢;,h) or (h,t;)€Uo1

_ é
- § : S (AP1P2P3P4’X ) - § S(Ap1p2p3p4p5’p5)
(t1,t2,t3,ts) €U0 (t1,t2,t3,ts) €U0
S<ts < 55%
- E S (AP1P2P3P4P57P5)

(tl,tz,t3,t4)€U10
8717 §t5<m1n(t4,%(17t17t27t37t4))
(t1,t2,t3,ta,t5) can be partitioned into (¢;,h) or (h,t;)€Uo1

_ Z S (‘AP1P2P3P4P5’ Xa)

(t1,t2,t3,ta)€U10
2 <ts<min(ts, 3 (1—t1—ta—tz—t4))
(t1,t2,t3,t4,t5) cannot be partitioned into (¢;,h) or (h,t;)€Uo1

+ Z S ("4171172;03174115116 7p6)

(t1,t2,t3,ta)€U0
£ <ts<min(ts, (1—t1—ta—tz—ts))
(t1,t2,t3,t4,t5) cannot be partitioned into (¢;,h) or (h,t;)€Up1
0<te< 555
42
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T Z S ("41711721031?4175106»176)

(t1,t2,ts3,ta)EUL0
%§t5<min(f/4,%(17t17t27t37t4))
(t1,t2,t3,ta,t5) cannot be partitioned into (¢;,h) or (h,t;)€Uo1
%<t6<min(t5,%(17t17t27t37t47t5))
(t1,t2,t3,t4,t5,t6) can be partitioned into (t;,h) or (h,t;)€Uo1

+ Z S (AP1P2P3P4P5P6 ) pﬁ)

(t1,t2,t3,t4)EU10
%<t5<min(t4,%(17t17t27t37t4))
(t1,t2,ts,ts,t5) cannot be partitioned into (¢;,h) or (h,t;)€Up1
2 Ste<min(ts, 5 (1—t1 —ta—tz—ta—ts))
(t1,t2,t3,t4,t5,t6) cannot be partitioned into (¢;,h) or (h,t;)€Up1

= Y1001 — 21002 — 21003 — 21004 + 21005 + L1006 + S311- (62)

By the definition of Uy, we know that a special case of Lemma 4.2 and Lemma 3.2 (defined as Uj,, above)
is valid for at least one partition of (t1,ts,ts,ts,t4) for (¢1,ta,t3,t4) € Urp. By shortening the length of the
sum interval of ¢; by 107190 using Iwaniec’s linear sieve with z = X°, D = X107 and by Lemma 5.2
with a small modification, we have

Y1001 = Z S (AP1P2P3P47X6) =n Z S (BP1P2P3P4’X6) +0 ( e ) (63)

log x
(t1,t2,t3,t4)EU10 (t1,t2,t3,ta)EUL0

and

21004 = Z S (APIPZPSZMPE ’ Xé)

(t1,t2,t3,t4)€UL0
T2 <ts<min(ts, 5 (1—t1—ta—tz—ts))
317 Sts 4,3 1—t2—tz—ta
(t1,t2,ts,ta,t5) cannot be partitioned into (¢;,h) or (h,t;)€Up1

= 5 enx
- Z S (Bplpzpspwmx ) + 0 <log:c . (64)
(t11t27t31t4)€U10
29 <ts<min(ta, 5 (1—t1—ta—ts—ta))
(t1,t2,ts,ta,t5) cannot be partitioned into (¢;,h) or (h,t;)€Up1

By Lemma 6.1 we have

enx
21002 = Z S (AP1P2P3P4P5’p5) =" Z S (BP1P2P3P4p5ap5) + O (10g.’£> (65)
(t1,t2,t3,ta)EUL0 (t1,t2,t3,t4)EUL0
<t < gox <t < 5%
and
Y1005 = Z S (-’4171172173174?51?67176)

(t1,t2,t3,t4)€VU10
T <ts<min(ty, I (1—t1—ta—tz—ts))
(t1,t2,t3,ts,t5) cannot be partitioned into (¢;,h) or (h,t;)€Uo1
S<te<ghx

enw
= > S Bpapamerso) + 0 (2. (06)

2T
(t1,t2,t3,ts) €U0
%<t5<min(t4,%(17t17t27t37t4))
(t1,t2,t3,t4,t5) cannot be partitioned into (¢;,h) or (h,t;)€Uo1
S<te< 5%

By the definition of U;g and Lemma 6.2 with a small modification we have

E1003 = Z S (Aplp'zpspws ) p5)

(t1,t2,t3,t4)€U0
%<t5<min(t4,%(17t17t27t37t4))
(t1,t2,t3,ta,t5) can be partitioned into (t;,h) or (h,t;)€Uo1
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(t1,t2,t3,t4)€U10
T Sts<min(ty, 3 (1—t1—ta—tz—ts))
(t1,t2,t3,ta,t5) can be partitioned into (¢;,h) or (h,t;)EUo1

and

Y1006 = Z S (Ammpsmpspsvpﬁ)
(t1,t2,t3,t4)EU10
2 <ts<min(ts, 3 (1—t1—ta—tz—ts))
(t1,t2,t3,t4,t5) cannot be partitioned into (¢;,h) or (h,t;)€Uo1
817<t6<mm(t5,2(1 t1—ta—ts—ta—ts))
(t1,t2,t3,t4,t5,t6) can be partitioned into (¢;,h) or (h,t;)€Uo1

= >
(t1,t2,t3,ts) €U0
2 <ts<min(ty, 3 (1—t1—ta—tz—ts))
(t1,t2,t3,t4,t5) cannot be partitioned into (¢;,h) or (h,t;)€Uo1
& <te<min(ts, 5 (1—t1—ta—ts—ta—ts))
(t1,t2,t3,t4,t5,t6) can be partitioned into (¢;,h) or (h,t;)€Uo1

Combining together (62)—(68), we have

S10 2 S310 — S311
= Z S (AP1P2P3P47p4)

(t1,t2,t3,ta)€VUL0

(t1,t2,t3,t4)EUL0
81 <t5<nun(t4,2(1 t1—to—t3— t4))
(t1,t2,ts,t4,t5) cannot be partitioned into (t;,h) or (h,t;)€Up1
22 Sto<min(ts,§ (1—t1—ta—ts—ta— t5))
(t1,t2,t3,ta,t5,t6) cannot be partitioned into (¢;,h) or (h,t;)EUo1

S (APIP2P3P4P5P6 ) pﬁ)

_ §
- E S (AP1P2P3P4’ X ) - E S (Ap1p2p3p4p57p5)
(t1,t2,t3,t4)EV10 (t1,t2,t3,t4) €U0
5<t5<%
N Z S (AP1P2P3P4P5>p5)

(t1,t2,t3,ta)€U10
T <ts<min(t4, 3 (1—t1—ta—tz—ts))
(t1,t2,t3,ta,t5) can be partitioned into (¢;,h) or (h,t;)€Uo1

_ Z S (AP1P2P3P4P5’ X6)

(t1,t2,t3,t4)EUL0
T2 <ts<min(t4, 3 (1—t1—ta—tz—ts))
317 Sts 4,3 1—t2—tz—ta
(t1,t2,t3,ta,t5) cannot be partitioned into (¢;,h) or (h,t;)€Up1

+ >
(t1,t2,t3,ta)€U0
2 <ts<min(ta, 3 (1—t1—ta—tz—ts))
(t1,t2,t3,t4,t5) cannot be partitioned into (¢;,h) or (h,t;)€Uo1

5<t5<817

+ >
(t1,t2,t3,t4)EU0
2 <ts<min(t4, 3 (1—t1—ta—tz—ts))
(t1,t2,t3,t4,t5) cannot be partitioned into (¢;,h) or (h,t;)€Uo1
2 Ste<min(ts, 5 (1—t1—ta—tz—ta—ts))
(t1,t2,t3,t4,t5,t6) can be partitioned into (¢;,h) or (h,t;)€Uoy
44

S (*Ampzpspwsps ) pG)

S (‘Ampzpspwsps ) pﬁ)

S (Bplpzpsmpsﬁpf)) +0

S (BP1P2P3P4P5p6’p6) +0 (

enx

log

enx

log

T

).

(67)

(68)



=1 Z S (BPlP?PSPU Xé) - Z S (BP1P2P3P4P5’p5)

(t1,t2,t3,ta)€UL0 (t1,t2,t3,t4)EUL0
79
5<t5<m

N Z S (BP1P2P3P4;D57P5>

(t1,t2,t3,ta)€U10
T <ts<min(ts, 3 (1—t1—ta—tz—ts))
(tl,tg,t37t4,t can be partitioned into (¢;,h) or (h,t;)€Uo1

- Z S (BP1P2PSP4P5 ’ Xé)

(t1,t2,t3,t4)€U10
817 <t5<min(t4,%(17t17t27t37t4))
(t1,t2,t3,ta,t5) cannot be partitioned into (¢;,h) or (h,t;)€Up1

+ Z S (Bplpzpspwsps ’ pG)

(t1,t2,ts3,t4)EU10
2 <ts<min(ta, 3 (1—t1—ta—tz—ts))
(t1,t2,t3,t4,t5) cannot be partitioned into (¢;,h) or (h,t;)€Uo1
0<te < 555

+ Z S (Bplpwwwspe ’ pG)

(t1,t2,t3,t4)€V10
2 <ts<min(ty, 5 (1—t1—ta—tz—ts))
(t1,t2,t3,t4,t5) cannot be partitioned into (¢;,h) or (h,t;)€Uo1
22 <te<min(t5,3 (1—t1—ta—ts—ta—ts))
(t1,t2,t3,t4,t5,t6) can be partitioned into (¢;,h) or (h,t;)€Uo1

= Z S (Bplp2p3p4ap4)

(t1,t2,t3,t4)EU10

B Z S (Bplmpspwsps ’ p6)

(t1,t2,t3,t4)€V10
2 <ts<min(ty, 3 (1—t1—ta—tz—ts))
(t1,t2,t3,t4,t5) cannot be partitioned into (¢;,h) or (h,t;)€Uop1
2 <te<min(ts, 5 (1—t1—ta—ts—ta—ts))
(t1,t2,t3,t4,t5,t6) cannot be partitioned into (t;,h) or (h,t;)€Uo1

ne 1 pmin(ty,251)  pmin(tp, 24=12)  emin(t, =220
=
log 79 J 19 19 79
817 817 817 817

1—t1—to—t3—ta
ta

t1tatsts

N

Boole[(tl, ta, t3,t4) S UIO] ) dtydtsdtadt, — 10_100

t1

/ /mln tl, ) /min(t2,12t2) /min(t;;,
logx 2o J 1o 19 79

817 817
i 1=ty —ta—tz—t i 1=ty —ta—tz—ty—ts
mm(t4 #u) mm(t‘,” 1-ta—tazly 5)

4 2
79 79

817 17

1—t171,2—t3)
2
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1—t1—to—ts—ts—ts—tg
te

titatstatsts

o )
Boole[(t1,ta, ts, ta, 5, t) € Uyi] dtgdtsdtsdtsdtadty + 107100

log x

log x

> 0.002980 nr_

—0.000000648796

nx
. (69)

where Uyq(ty, ta, t3, ta, ts, tg) is defined as

79 . 1
Uii(t1, ta, t3,ta, ts, t6) := {(751,752) € Ups U Ups, 317 < t3 < min <t27 5(1 -t — t2)> )

ﬁ<t < min (¢ }(1—15 —to —t3)
g7 St 85 1—ta—1t3) ],

(t1,t2,t3,t4) & Uos, (t1,t2,t3,ta) & Ung, (t1,t2,t3,ts) € Uso,
7 <t < mi t 1(1 t t t t )

— min —(1—t1 —to —t3 —

g7 St 45 1—ta—t3—t4) ),

(t1,t2,ts,t4,t5) cannot be partitioned into (¢;, h) or (h,t;) € U1,

7 <te <min (¢ 1(1 t; —to —t3 —tg — t5)
— < min ,= (L=t —ta—t3 —t4 — ,
317 6 55 1—l2a—1l3—lg—15

(t1,t2,t3,t4,t5,t6) cannot be partitioned into (¢;,h) or (h,t;) € Ups,
79<t<1 79<zf< i tl(l t1)

X A o1r XX min ' o - .

817 S ' T2 817 N7 b2 !

Let 312 = 310 — S310. We can use Buchstab’s identity in reverse to get asymptotic formulas for some
almost—primes counted in ¥15. More specifically, when ¢4 < %(1 —t1 — ty — t3 —t4), we have

Z S (AP1P2P3p4ﬂp4)

(t1,t2)€U0aUU0s
2 <ta<min(ta, 5 (1—t1—t2))
T2 <ta<min(ts, i (1—t1—ta—t3))
(t1,t2,t3,t4)¢UosUU0oUU10
ta<3(l—t1—ta—tz—ts)

1
2X 2
= Z S (Aplpzpapu (p1p2p3p4) >
(t1,t2)€U0aUUp5

o <tg<min(tz, 1 (1—t1—12))
2 <ta<min(ts, 5 (1—t1 —ta—t3))
(t1,t2,t3,t4)¢UosUU0oUU10
ta<j(1—t1—ta—tz—ts)

+ § : S (‘Aplpzpsmps?pf’)) : (70)
(t1,t2)€U0aUU05
T2 <ta<min(ta, 5 (1—t1—t2))
2 <ta<min(ts, 5 (1—t1—ta—t3))
(t1,t2,t3,t4)EUosUU09UU10
ta<ts<3(1—ti—to—tz—ts)

We can give asymptotic formulas for part of the last term if we can group p1, p2, p3, p4, 5 into p;, h or h, p;
satisfy Lemma 3.2, where i € {1,2,3,4,5}. We define this part as S312. More specifically,

Sz12 = z : S (AP1P2P3P4PS7P5) : (71)
(t1,t2)€U0aUU0s
2 <ts<min(ta, 3 (1—t1—t2))
g17 X3 2,3 1 2
T2 <ta<min(ts, 5 (1—t1—ta—t3))
(t1,t2,t3,t4)EUosUU09UU10
ta<ts<i(l—ti—tz—tz—ts)
(t1,t2,t3,t4,t5) can be partitioned into (t;,h) or (h,t;)€Up1
46



In this way, by Lemma 6.2 with a small modification, we obtain a small saving on S3is:

- % min(tl,lgtl) min(t%l—té—tz) min(ts’l—tlgfgftg) 1—t1—t,22—t3—t,4
5312210 x /79 /79 /79 /79 /
g 817 Y 817 817 817 ta
Wo (1—t1—t2—t3—t4—t5
t
Boole[(t1,to, ts,ta,t5) € Uya) > dtsdtsdtsdtadty
titotstyt?
nx
> 0.0000649373 7 (72)

log x

where Uja(ty,to, t3,ts,t5) is defined as

79 . 1
Uia(t1,ta,t3,t,t5) := {(tl,tz) € Upa U Ups, 317 < t3 < min (tz, 5(1 -t —t2)> )

B<t < min (¢ }(l—t —tg —t3)
817\4 332 1 2 3 )

(t1,t2,t3,t4) ¢ Uos U Ung U Uno,
1
Q<t5<§u—¢1—b—¢3—uh
(t1,t2,ts,t4,t5) can be partitioned into (¢;, h) or (h,t;) € Ups,

E<t <1 E<t < min [ ¢ 1(1—75)
817 St g7 7 I'g vire

We remark that applying Buchstab’s identity in reverse again to the remaining sums of the last term in (70)
leads to a saving less than 1078,

For the remaining ¥, we can also use Buchstab’s identity in reverse to get asymptotic formulas for some
almost—primes counted. When t5 < %(1 —t1 — ta), we have

Z S('Aplpzvp2) = Z S ('APle’ (2)(> 2) + Z S(Ap1pzps7p3)' (73)

1P2
(t1.62)¢U0 (t1.t2)¢Us pip (t1.£2) #Uo
to <5 (1—t1—t2) ta<$(1—t1—t2) ta<t3<3(1—t1—t2)

Then, we can give asymptotic formulas for part of the last term if we can group p1, p2, p3 into p;, h or h, p;
satisfy Lemma 3.2, where i € {1,2,3}. We define this part as Ss;3.

5313 = E S (“4171p2p3>p3) : (74)
(t1,t2)¢Uo
ta<tz<i(l—ti—t2)
(t1,t2,t3) can be partitioned into (¢;,h) or (h,t;)€Up1

Then by Lemma 6.2 with a small modification, we can get a small saving on S313:

S313 = Z S(Aplmpsﬂpf)’)

(t1,t2)¢Uo
ta<tz<i(l1—t1—t2)
(t1,t2,t3) can be partitioned into (t;,h) or (h,t;)€Up1

=7 Z S (Bpipaps»P3) + O < - )

log x
(t1,t2)¢Uo
ta<tz<i(l—t1—t2)
(t1,t2,t3) can be partitioned into (¢;,h) or (h,t;)€Uo1

na /é /min(n,l;l) ““JQB le[(tr,ta,t3) € U ]w<1_t1:2_t3)dt dtadt
_ oole[(t1, to, T a2
logm 719 ) 79 2 1 t1t2t§ e

817 Y 817 t2

> 0.025686—1"— (75)
log x
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where Uy3(ty, ta,t3) is defined as

1
Uis(t, ta,t3) := {tz <tz < 5(1 —t1 —t2), (t1,t2) ¢ U,

(t1,t2,t3) can be partitioned into (¢;, h) or (h,t;) € U1,

79<t<1 79<zf< i tl(l t1)

o XX ) o X min [P - .

817 ST 2817 Y o

We remark that an extra use of Buchstab’s identity in reverse on the remaining sums of the last term in (73)

leads to no more saving.

Finally, by (1)—(2), (26), (28)—(30), (35)—(36), (43)—(44), (52)—(54), (60), (69), (72) and (75) we have
m(x +nx) — 7(zx)

s (A, (QX)%)

> 51 — 82+ Ss01 + S302 + S303 + S304 + S305 + S306 — S307 + Ss0s + 5309 + S310 — S311 + S312 + S313

> (5.806486 — 9.540312 + 0.777974 + 0.467498 + 0.021012 + 2.292949 + 0.019050 + 0.243521

—0.229820 + 0.107081 + 0.005862 + 0.002980 — 0.000000648796 + 0.0000649373 + 0.025686)%

nx

> 0.00003 ,
log x

and the proof of Theorem 1.1 is completed. The exponent ——

515 is rather near to the limit obtained by the
1

method employed in this paper, and something like 55 is far out of reach. With the exponent %, the above
method only gives a lower bound constant less than —0.1, which is even worse than the trivial lower bound.
We remark that the above method gives a lower bound constant > 0.04 when the exponent is 2—11, which is

useful for an application in the next section.

8. APPLICATIONS OF THEOREM 1.1

Clearly our Theorem 1.1 has many interesting applications. The following application of our Theorem 1.1
is about Goldbach numbers (sum of two primes) in short intervals. By combining our Theorem 1.1 with the
main theorem proved in [4], we can easily deduce the following theorem.

Theorem 8.1. The interval [X, X + XSQTlo] contains Goldbach numbers. That is,

Gnt1 — Gn < g2H/5%0,

where g, denotes the n—th Goldbach number.

Previous exponent &5 (see either [41] or [43]) comes from Jia’s exponent 55 [27]. We remark that if we

focus on Maillet numbers (difference of two primes) instead of Goldbach numbers in short intervals, Pintz
[42] improved this exponent to any & > 0.

Another application of our Theorem 1.1 is about prime values of the integer parts of real sequences,
improving the previous result of Harman [13] by adding one more term on both of the sequences [p¥a] and

[(pa)*].

Theorem 8.2. For almost all a > 0, both of the following statements are true:

(1) Infinitely often p, [pal, [p?al, ..., [p*'a] are all prime.

(2) Infinitely often p, [pal, [(pa)?], ..., [(pa)?] are all prime.

The proof of Theorem 8.2 can be done by replacing [[13], Lemma 4] by a variant of our Theorem 1.1. In
this way, the ratio %g in [[13], Theorem 4] can be improved to % However, due to the lack of a positive

lower bound when the exponent is %, we cannot add even one more term on our Theorem 8.2.
The last application of our Theorem 1.1 is about the Three Primes Theorem with small prime solutions,

improving the previous result of Cai [5] by reducing the exponent % to %.
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Theorem 8.3. Let Y denote a sufficiently large odd integer. The equation
Y=pi+ptps p <YW

is solvable.

The exponent % comes from a variant of our Theorem 1.1 with exponent 2—11 Note that we have ug > 0.04

in this case, and we can show that u; < 2.88 by similar arguments as in [5]. By using the vector sieve together
with the same bounds for vg and v; as in [5], the proof of our Theorem 8.3 is essentially the same as the

proof of [[5], Theorem]. However, our sieve machinery is not very numerically significant when the exponent

drops to ﬁ (that is, we only have ug > 0.00003 by our Theorem 1.1), we cannot use vector sieve to prove

Theorem 8.3 with condition p; < Y 150,
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APPENDIX: MATHEMATICA CODE FOR THE THEOREM

Code for the asymptotic regions. The following Mathematica code shows the definition of the regions
Up1-Us3. In above calculations, we can give asymptotic formulas for all sums S (A, p,,p2) where ¢1 and to
lie in Uyy, Ups or Ups. For the remaining sums which lie in Uyy, Ups or Upg, we can give asymptotic formulas
for part of these sums.

(*0ur sieve exponent is 79/817%)
SieveExponent = 79/817;

(¥The definition of the region UO01x*)

UO101[t1_, t2_]1 := (t1 + t2 <= 673/1247) && (82/473 <= t2) && (29*t1 - t2 <= 427/43) &&
(246/817 <= t1) && (29*t2 - t1 <= 263/43) && (246/43 <= 12*xtl1 + 11%t2)

U0102[t1_, t2_]1 := (t1 + t2 <= 223/387) && (29*xtl1 + 19xt2 <= 632/43) && (328/387 <= 2xtl1 +
t2) && (2*tl1 + 11xt2 <= 120/43) && (1230/43 <= 58*tl + 49*t2)

U0103[t1_, t2_]1 := (t1 + t2 <= 268/473) && (41/215 <= t2) && (6*xt1 + t2 <= 94/43) && (82/301
<= t1 <= 16/43) && (t1 + 8xt2 <= 98/43) && (123/43 <= 6%xtl + 5%t2)

U0104[t1_, t2_1 := (t1 + t2 <= 571/817) && (82/473 <= t2) && (12xtl1 + t2 <= 270/43) &&
(574/1247 <= t1) && (19*%t2 - t1 <= 161/43) && (328/43 <= 12*xtl1 + 11%t2)

U0105[t1_, t2_]1 := (2*tl + t2 <= 446/387) && (58xtl + 9xt2 <= 1264/43) && (164/387 <= t1) &&

(t1 + 5%t2 <= 60/43) && (615/43 <= 29*t1 + 10*t2)

U0106[t1_, t2_]1 := (27/43 <= t1 + t2 <= 219/301) && (41/215 <= t2) && (6*xtl1 + t2 <= 135/43)
&& (205/473 <= t1) && (7*t2 - t1 <= 55/43) && (164/43 <= 6%tl + 5%t2)

U0107[t1_, t2_]1 := (t1 + t2 <= 268/473) && (35xtl + 23*xt2 <= 767/43) && (410/473 <= 2xtl1 +
t2) && (2xtl1 + 13*t2 <= 130/43) && (1476/43 <= 70%t1 + 59*t2)

U0108[t1_, t2_]1 := (t1 + t2 <= 313/559) && (41xtl + 27xt2 <= 902/43) && (492/559 <= 2xtl1 +
t2) && (2*xt1 + 15%t2 <= 138/43) && (1722/43 <= 82%t1 + 69*t2)

U0109[t1_, t2_]1 := (2*tl + t2 <= 536/473) && (70xtl1l + 11*xt2 <= 1534/43) && (205/473 <= t1)
&& (t1 + 6%t2 <= 65/43) && (738/43 <= 35*xtl1 + 12%t2)

UO1[t1_, t2_] := (SieveExponent <= tl1 < 1/2 && SieveExponent <= t2 < Min[t1l, 1/2 (1 - t1)])
&& (UO101[t1, t2] || Uo102[t1, t2] || U0103([t1, t2] || UO104[t1, t2] || UO105[t1, t2] ||
Uo106[t1, t2] || UO107[t1, t2] || UO108([t1, t2] || UO109([t1, t2])

(*The definition of the region U02%*)

U0201[t1_, t2_] := (27267/66994 <= tl1 + t2 <= 231/559) && (SieveExponent <= t2 <= -(35/23) (
tl + t2) + 767/989)
U0202[t1_, t2_] := (231/559 <= t1 + t2 <= 3275/7826) && (SieveExponent <= t2 <= -(tl + t2) +
313/559)
U0203[t1_, t2_] := (3275/7826 <= tl1 + t2 <= 15005/33497) && (SieveExponent <= t2 <= -(41/27)
(t1 + t2) + 902/1161)
U0204[t1_, t2_] := (13074/28595 <= tl1 + t2 <= 20/43) && (SieveExponent <= t2 <= -(1/5) (t1 +

t2) + 12/43)
U0205[t1_, t2_]

(20/43 <= t1 + t2 <= 41/86) && (SieveExponent <= t2 <= 1/7 (t1 + t2) +

55/301)

U0206[t1_, t2_]1 := (41/86 <= t1 + t2 <= 227/473) && (SieveExponent <= t2 <= -(tl1 + t2) +
219/301)

U0207[t1_, t2_1 := (227/473 <= t1 + t2 <= 2333/4859) && (SieveExponent <= t2 <= -(58/9) (t1
+ t2) + 1264/387)

U0208[t1_, t2_] := (2333/4859 <= t1 + t2 <= 2501/5203) && (SieveExponent <= t2 <= -(1/6) (t1
+ t2) + 65/258)

U0209[t1_, t2_] := (2501/5203 <= t1 + t2 <= 499/1032) && (SieveExponent <= t2 <= -2 (t1 + t2
) + 536/473)

U0210[t1_, t2_] := (499/1032 <= t1 + t2 <= 28277/57190) && (SieveExponent <= t2 <= -(70/11)
(t1 + t2) + 1534/473)

UO2[t1_, t2_] := (SieveExponent <= tl1 < 1/2 && SieveExponent <= t2 < Min[t1l, 1/2 (1 - t1)])
&& (U0201[t1, t2] || U0202[t1, t2] || U0203[t1, t2] || UO0204([t1, t2] || UO205[t1, t2] ||
U0206[t1, t2] || Uo207[t1, t2] || U0208([t1, t2] || U0209[t1, t2] || UO210[t1, t2]) &&

(! Uo1[t1, t21)

(#*The definition of the region U03%*)

U0301[t1_, t2_1 := ((t1 + t2) + t2 <= 673/1247) && (82/473 <= t2) && (29*(t1 + t2) - t2 <=
427/43) && (246/817 <= (tl1 + SieveExponent)) && (29*%t2 - (tl1 + SieveExponent) <= 263/43)
&& (246/43 <= 12x(tl1 + SieveExponent) + 11xt2)
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U0302[t1_, t2_]1 := ((t1 + t2) + t2 <= 223/387) && (29*(tl1 + t2) + 19xt2 <= 632/43) &&
(328/387 <= 2*(tl1 + SieveExponent) + t2) && (2x(tl + t2) + 11xt2 <= 120/43) && (1230/43
<= 58*(tl + SieveExponent) + 49%t2)

U0303[t1_, t2_]1 := ((t1 + t2) + t2 <= 268/473) && (41/215 <= t2) && (6*x(t1 + t2) + t2 <=
94/43) && (82/301 <= (t1 + SieveExponent)) && ((tl1 + t2) <= 16/43) && ((tl1 + t2) + 8%t2
<= 98/43) && (123/43 <= 6%(tl + SieveExponent) + 5%t2)

U0304[t1_, t2_] := ((t1 + t2) + t2 <= 571/817) && (82/473 <= t2) && (12x(tl1l + t2) + t2 <=
270/43) && (574/1247 <= (tl1 + SieveExponent)) && (19%t2 - (t1 + SieveExponent) <=
161/43) && (328/43 <= 12*%(tl + SieveExponent) + 11%xt2)

U0305[t1_, t2_]1 := (2*x(tl1l + t2) + t2 <= 446/387) && (58*(tl1 + t2) + 9*t2 <= 1264/43) &&
(164/387 <= (tl1 + SieveExponent)) && ((tl + t2) + 5*t2 <= 60/43) && (615/43 <= 29x(t1 +
SieveExponent) + 10%t2)

U0306[t1_, t2_1 := (27/43 <= (t1l + SieveExponent) + t2) && ((tl + t2) + t2 <= 219/301) &&
(41/215 <= t2) && (6%(t1 + t2) + t2 <= 135/43) && (205/473 <= (t1 + SieveExponent)) &&
(7*t2 - (t1 + SieveExponent) <= 55/43) && (164/43 <= 6*(tl1 + SieveExponent) + 5%t2)

U0307 [t1_, t2_] := ((t1l + t2) + t2 <= 268/473) && (35*(tl + t2) + 23%t2 <= 767/43) &&
(410/473 <= 2%(tl1 + SieveExponent) + t2) && (2*x(tl1 + t2) + 13%xt2 <= 130/43) && (1476/43
<= 70%(tl + SieveExponent) + 59xt2)

U0308[t1_, t2_] := ((t1 + t2) + t2 <= 313/559) && (41*x(tl1l + t2) + 27*xt2 <= 902/43) &&
(492/559 <= 2x(tl1 + SieveExponent) + t2) && (2*x(tl1 + t2) + 15%xt2 <= 138/43) && (1722/43
<= 82*(tl + SieveExponent) + 69%t2)

U0309([t1_, t2_] := (2*%(tl + t2) + t2 <= 536/473) && (70x(tl1 + t2) + 11xt2 <= 1534/43) &&
(205/473 <= (t1 + SieveExponent)) && ((tl1l + t2) + 6*t2 <= 65/43) && (738/43 <= 35x(t1 +
SieveExponent) + 12%t2)

U0310[t1_, t2_]1 := ((t2 + t2) + tl1 <= 673/1247) && (82/473 <= t1) && (29*(t2 + t2) - t1 <=
427/43) && (246/817 <= (t2 + SieveExponent)) && (29*%t1 - (t2 + SieveExponent) <= 263/43)

&& (246/43 <= 12*%(t2 + SieveExponent) + 11xt1l)

U0311[t1_, t2_]1 := ((t2 + t2) + tl <= 223/387) && (29*(t2 + t2) + 19xtl <= 632/43) &&
(328/387 <= 2*(t2 + SieveExponent) + t1) && (2x(t2 + t2) + 11xtl1 <= 120/43) && (1230/43
<= 58%(t2 + SieveExponent) + 49%t1)

U0312[t1_, t2_] := ((t2 + t2) + tl1 <= 268/473) && (41/215 <= t1) && (6*(t2 + t2) + t1 <=
94/43) && (82/301 <= (t2 + SieveExponent)) && ((t2 + t2) <= 16/43) && ((t2 + t2) + 8*t1l
<= 98/43) && (123/43 <= 6*(t2 + SieveExponent) + 5xt1l)

U0313[t1_, t2_]1 := ((t2 + t2) + tl <= 571/817) && (82/473 <= t1) && (12x(t2 + t2) + t1 <=
270/43) && (574/1247 <= (t2 + SieveExponent)) && (19%tl1 - (t2 + SieveExponent) <=
161/43) && (328/43 <= 12*%(t2 + SieveExponent) + 11xt1l)

U0314[t1_, t2_]1 := (2*x(t2 + t2) + tl <= 446/387) && (58x(t2 + t2) + 9*tl <= 1264/43) &&
(164/387 <= (t2 + SieveExponent)) && ((t2 + t2) + 5*xtl <= 60/43) && (615/43 <= 29%(t2 +
SieveExponent) + 10*t1)

U0315[t1_, t2_1 := (27/43 <= (t2 + SieveExponent) + t1) && ((t2 + t2) + t1 <= 219/301) &&
(41/215 <= t1) && (6*(t2 + t2) + t1 <= 135/43) && (205/473 <= (t2 + SieveExponent)) &&
(7xt1 - (t2 + SieveExponent) <= 55/43) && (164/43 <= 6*(t2 + SieveExponent) + 5%tl)

U0316[t1_, t2_] := ((t2 + t2) + t1 <= 268/473) && (35*x(t2 + t2) + 23*tl1 <= 767/43) &&
(410/473 <= 2%(t2 + SieveExponent) + t1) && (2*x(t2 + t2) + 13*tl <= 130/43) && (1476/43
<= T70*(t2 + SieveExponent) + 59%t1)

U0317[t1_, t2_] := ((t2 + t2) + tl <= 313/559) && (41*(t2 + t2) + 27xtl <= 902/43) &&
(492/559 <= 2*(t2 + SieveExponent) + ti1) && (2x(t2 + t2) + 15xtl1 <= 138/43) && (1722/43
<= 82%(t2 + SieveExponent) + 69%tl)

U0318[t1_, t2_]1 := (2*x(t2 + t2) + t1 <= 536/473) && (70*x(t2 + t2) + 11*xt1 <= 1534/43) &&
(205/473 <= (t2 + SieveExponent)) && ((t2 + t2) + 6*xtl <= 65/43) && (738/43 <= 35%(t2 +
SieveExponent) + 12*t1)

U0319[t1_, t2_] := (t1 + (t2 + t2) <= 673/1247) && (82/473 <= (t2 + SieveExponent)) && (29%
tl - (t2 + SieveExponent) <= 427/43) && (246/817 <= t1) && (29*(t2 + t2) - tl <= 263/43)
&& (246/43 <= 12%tl1 + 11%x(t2 + SieveExponent))

U0320[t1_, t2_]1 := (t1 + (t2 + t2) <= 223/387) && (29*tl1 + 19*(t2 + t2) <= 632/43) &&
(328/387 <= 2xtl1 + (t2 + SieveExponent)) && (2xtl1 + 11x(t2 + t2) <= 120/43) && (1230/43
<= 58*tl + 49x(t2 + SieveExponent))

U0321[t1_, t2_1 := (t1 + (t2 + t2) <= 268/473) && (41/215 <= (t2 + SieveExponent)) && (6*t1l
+ (t2 + t2) <= 94/43) && (82/301 <= t1 <= 16/43) && (tl1 + 8%(t2 + t2) <= 98/43) &&
(123/43 <= 6%tl + 5%(t2 + SieveExponent))

U0322[t1_, t2_] := (t1 + (t2 + t2) <= 571/817) && (82/473 <= (t2 + SieveExponent)) && (12*t1l
+ (t2 + t2) <= 270/43) && (574/1247 <= t1) && (19*x(t2 + t2) - tl1 <= 161/43) && (328/43
<= 12xt1 + 11x(t2 + SieveExpomnent))
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U0323[t1_, t2_1 := (2*%t1l + (t2 + t2) <= 446/387) && (58*tl + 9*(t2 + t2) <= 1264/43) &&
(164/387 <= t1) && (t1 + B5*(t2 + t2) <= 60/43) && (615/43 <= 29*tl1 + 10x(t2 +
SieveExponent))

U0324[t1_, t2_]1 := (27/43 <= t1 + (t2 + SieveExponent)) && (t1 + (t2 + t2) <= 219/301) &&
(41/215 <= (t2 + SieveExponent)) && (6*xtl + (t2 + t2) <= 135/43) && (205/473 <= t1) &&
(7*(t2 + t2) - t1 <= 55/43) && (164/43 <= 6%tl + 5*(t2 + SieveExponent))

U0325[t1_, t2_] := (t1 + (t2 + t2) <= 268/473) && (35%t1l + 23*(t2 + t2) <= 767/43) &&
(410/473 <= 2xt1 + (t2 + SieveExponent)) && (2xtl1 + 13*(t2 + t2) <= 130/43) && (1476/43
<= 70%tl + 59%(t2 + SieveExponent))

U0326[t1_, t2_] := (t1 + (t2 + t2) <= 313/559) && (41*xt1 + 27x(t2 + t2) <= 902/43) &&
(492/559 <= 2xtl1 + (t2 + SieveExponent)) && (2xtl1 + 15*x(t2 + t2) <= 138/43) && (1722/43
<= 82xtl1l + 69*(t2 + SieveExpomnent))

U0327[t1_, t2_1 := (2xt1 + (t2 + t2) <= 536/473) && (70*%t1 + 11x(t2 + t2) <= 1534/43) &&
(205/473 <= t1) && (t1 + 6%x(t2 + t2) <= 65/43) && (738/43 <= 35*xtl1 + 12*(t2 +
SieveExponent))

UO3[t1_, t2_] := (SieveExponent <= tl1 < 1/2 && SieveExponent <= t2 < Min[t1l, 1/2 (1 - t1)])
&& (U0O301[t1, t2] || U0302[t1, t2] || U0303[t1, t2] || UO0304[t1, t2] || UO305[t1, t2] ||
U0306[t1, t2] || Uo307[t1, t2] || U0308([t1, t2] || U0309([t1, t2] || UO310[t1, t2] ||
U0311[t1, t2] || U0312[t1, t2] || U0313[t1, t2] || U0314[t1, t2] || U0315[t1, t2] ||
vo316[t1, t2] || U0317[t1, t2] || U0318([t1, t2] || U0319[t1, t2] || U0320[t1, t2] ||
U0321[t1, t2] || U0322[t1, t2] || U0323[t1, t2] || U0324[t1, t2] || U0325[t1, t2] ||
|l U0327[t1, t2]) && (! UO1[t1l, t2]) && (! UO2[t1, t2])

U0326[t1, t2]

(*The definition of the region U04%*)

U0401[t1_, t2_1 := (2%(tl + t2) + t2 <= 2 - 20.5/21.5) && (4x(tl1 + t2) + 6%t2 <= 4 -
20.5/21.5) && (4%xt2 <= 4 - 61.5/21.5)

U0402[t1_, t2_1 := ((tl + t2) <= 45/86) && (t2 <= 41/344)

U0403[t1_, t2_]1 := (55/129 <= (tl1 + t2) <= 20/43) && (t2 <= -(1/5) (t1 + t2) + 12/43)

U0404[t1_, t2_]1 := (20/43 <= (t1 + t2) <= 41/86) && (t2 <= 1/7 (t1 + t2) + 55/301)

U0405[t1_, t2_]1 := (41/86 <= (tl1 + t2) <= 227/473) && (t2 <= -(t1 + t2) + 219/301)

U0406 [t1_, t2_]1 := (227/473 <= (t1 + t2) <= 2333/4859) && (t2 <= -(58/9) (t1 + t2) +
1264/387)

U0407 [t1_, t2_] := (2333/4859 <= (t1 + t2) <= 2501/5203) && (t2 <= -(1/6) (t1 + t2) +
65/258)

U0408[t1_, t2_] := (2501/5203 <= (tl1 + t2) <= 499/1032) && (t2 <= -2 (t1 + t2) + 536/473)

U0409[t1_, t2_1 := (499/1032 <= (tl1 + t2) <= 28277/57190) && (t2 <= -(70/11) (t1 + t2) +
1534/473)

UO4[t1_, t2_] := (SieveExponent <= tl1 < 1/2 && SieveExponent <= t2 < Min[t1l, 1/2 (1 - t1)]1)
&& (U0401[t1, t2] || U0402([t1, t2] || U0403[t1, t2] || U0O404[t1, t2] || UO405([t1, t2] ||
U0406 [t1, t2] || Uo407[t1, t2] || U0408[t1, t2] || U0409([t1, t2]) && (! UO1[t1, t2]) &&

(' Uo2[t1l, t2]) && (! UO3[t1, t2])

(xThe definition of the region U05%)

U0501[t1_, t2_]1 := (2%(t2 + t2) + t1l <= 2 - 20.5/21.5) && (4*(t2 + t2) + 6%tl <= 4 -
20.5/21.5) && (4*tl1 <= 4 - 61.5/21.5)

U0502[t1_, t2_1 := ((t2 + t2) <= 45/86) && (t1 <= 41/344)

U0503[t1_, t2_]1 := (55/129 <= (t2 + SieveExponent)) && ((t2 + t2) <= 20/43) && (t1 <= -(1/5)

(t2 + t2) + 12/43)

U0504[t1_, t2_]1 := (20/43 <= (t2 + SieveExponent)) && ((t2 + t2) <= 41/86) && (t1 <= 1/7 (t2
+ SieveExponent) + 55/301)

U0505[t1_, t2_] := (41/86 <= (t2 + SieveExponent)) && ((t2 + t2) <= 227/473) && (t1 <= -(t2
+ t2) + 219/301)

U0506 [t1_, t2_] := (227/473 <= (t2 + SieveExponent)) && ((t2 + t2) <= 2333/4859) && (t1 <=
-(58/9) (t2 + t2) + 1264/387)

Uos507[t1_, t2_] := (2333/4859 <= (t2 + SieveExponent)) && ((t2 + t2) <= 2501/5203) && (t1 <=

-(1/6) (t2 + t2) + 65/258)
U0508[t1_, t2_] (2501/5203 <= (t2 + SieveExpomnent)) && ((t2 + t2) <= 499/1032) && (t1 <=
-2 (t2 + t2) 536/473)
U0509[t1_, t2_] (499/1032 <= (t2 + SieveExponent)) && ((t2 + t2) <= 28277/57190) && (t1
<= -(70/11) (t2 + t2) + 1534/473)

an
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UOB[t1_, t2_] := (SieveExponent <= tl1 < 1/2 && SieveExponent <= t2 < Min[t1l, 1/2 (1 - t1)])
&& (U0501[t1, t2] || UOB02([t1, t2] || U0503[t1, t2] || UO504[t1, t2] || UOB05([t1, t2] ||
Uos506[t1, t2] || Uos07[t1, t2] || U0B08([t1, t2] || UO509([t1, t2]) && (! UO1[t1l, t2]) &&
(! Uo2[t1, t2]) && (! UO3[t1, t2]) && (! UO4[t1, t2])

(*The definition of the region UO06%*)

U0601[t1_, t2_] := (2xtl + t2 <= 2 - 20.5/21.5) && (4*t1l + 6%xt2 <= 4 - 20.5/21.5) && (4*t2
<= 4 - 61.5/21.5) && (2*(1 - t1 - t2) + t2 <= 2 - 20.5/21.5) && (4*x(1 - t1 - t2) + 6%t2
<= 4 - 20.5/21.5)

U0602[t1_, t2_]1 := (t1 <= 45/86) && (t2 <= 41/344) && ((1 - t1 - t2) <= 45/86)
Uo6[t1_, t2_]1 := (SieveExponent <= tl1 < 1/2 && SieveExponent <= t2 < Min[t1l, 1/2 (1 - t1)]1)
&& (Uo601[t1, t2] || U0602[t1, t2]) && (! UO1[t1, t2]) && (! UO2[t1, t2]) && (! UO3[t1,

t2]) && (! UO4[t1, t2]) && (! UOS[t1, t2])

(#*The definition of the region UO7%*)

Uo7 [ti_, t2_, t3_, t4_] := (SieveExponent <= t1 < 1/2 && SieveExponent <= t2 < Min[t1l, 1/2
(1 - t1)]) && (UO6[tl, t2]) && (SieveExponent <= t3 < Min[t2, 1/2 (1 - t1 - t2)]) && (
SieveExponent <= t4 < 1/2 t1) && (! (UO1[t2, (1 - t1 - t2 - t3) + t3 + t4] || UO1[t3, (1

- t1 - t2 - t3) + t2 + t4] || UO1[t4, (1 - t1 - t2 - t3) + t2 + t3] || UOL1[(1 - t1 - t2
- t3) + t2 + t3, t4] || UOL[(1 - t1 - t2 - t3) + t2 + t4, t3] || UOL1[(1 - t1 - t2 - t3)
+ t3 + t4, t2]1))

(xThe definition of the region U08%)
Uo8[t1_, t2_, t3_, t4_] := (SieveExponent <= t1 < 1/2 && SieveExponent <= t2 < Min[t1l, 1/2
(1 - t1)]1) && (UO4[t1, t2] || UOB[t1, t2]) && (SieveExpomnent <= t3 < Min[t2, 1/2 (1 - t1
- t2)]1) &% (SieveExponent <= t4 < Min[t3, 1/2 (1 - t1 - t2 - t3)]1) && (UO1[tl, t2 + t3
+ t4] || UO1[t2, t1 + t3 + t4] || UO1[t3, t1 + t2 + t4] || UO1[t4, t1 + t2 + t3] || UO1[
tl + t2 + t3, t4] || UO1[t1 + t2 + t4, t3] || UO1[t1 + t3 + t4, t2] || UO1[t2 + t3 + t4,
t11)

(xThe definition of the region U09*)

TypeIforU0901[tl1_, t2_] := (2*xtl + t2 <= 2 - 20.5/21.5) && (4*tl + 6%xt2 <= 4 - 20.5/21.5) &&
(4*xt2 <= 4 - 61.5/21.5)
TypelforU0902[t1_, t2_] := (tl <= 45/86) && (t2 <= 41/344)
TypelforUO9[tl_, t2_] := TypeIforU0901([tl, t2] || TypeIforU0902([t1l, t2] || UO1[t1, t2]
U0901[t1_, t2_, t3_, t4_] := (27267/66994 <= t1 + t2 + t3 + t4 <= 231/559) && (SieveExpomnent
<= t4 <= -(35/23) (t1 + t2 + t3 + t4) + 767/989)
U0902[t1_, t2_, t3_, t4_] := (231/559 <= t1 + t2 + t3 + t4 <= 3275/7826) && (SieveExponent
<= t4 <= -(tl + t2 + t3 + t4) + 313/559)
U0903[t1_, t2_, t3_, t4_] := (3275/7826 <= tl1 + t2 + t3 + t4 <= 15005/33497) && (
SieveExponent <= t4 <= -(41/27) (t1 + t2 + t3 + t4) + 902/1161)
U0904[t1_, t2_, t3_, t4_] := (13074/28595 <= t1 + t2 + t3 + t4 <= 20/43) && (SieveExponent
<= t4 <= -(1/5) (t1 + t2 + t3 + t4) + 12/43)
U0905[t1_, t2_, t3_, t4_] := (20/43 <= t1 + t2 + t3 + t4 <= 41/86) && (SieveExponent <= t4
<= 1/7 (t1 + t2 + t3 + t4) + 55/301)
U0906[t1_, t2_, t3_, t4_] := (41/86 <= t1 + t2 + t3 + t4 <= 227/473) && (SieveExponent <= t4
<= -(t1 + t2 + t3 + t4) + 219/301)
Uuo90o7[t1_, t2_, t3_, t4_] := (227/473 <= t1 + t2 + t3 + t4 <= 2333/4859) && (SieveExponent
<= t4 <= -(58/9) (t1 + t2 + t3 + t4) + 1264/387)
U0908[t1_, t2_, t3_, t4_] := (2333/4859 <= t1 + t2 + t3 + t4 <= 2501/5203) && (SieveExpomnent
<= t4 <= -(1/6) (t1 + t2 + t3 + t4) + 65/258)
U0909[t1_, t2_, t3_, t4_] := (2501/5203 <= t1 + t2 + t3 + t4 <= 499/1032) && (SieveExponent
<= t4 <= -2 (t1 + t2 + t3 + t4) + 536/473)
U0910[t1_, t2_, t3_, t4_] := (499/1032 <= t1 + t2 + t3 + t4 <= 28277/57190) && (

SieveExponent <= t4 <= -(70/11) (t1 + t2 + t3 + t4) + 1534/473)
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Uo9[ti_, t2_, t3_, t4_] := (SieveExponent <= tl1 < 1/2 && SieveExponent <= t2 < Min[t1l, 1/2

(1 - t1)]) && (UO4[t1, t2] || UO5[t1, t2]) && (SieveExponent <= t3 < Min[t2, 1/2 (1 - t1
- t2)]) && (SieveExponent <= t4 < Min[t3, 1/2 (1 - t1 - t2 - t3)]) && (! UO8[t1, t2, t3
, t4]) && (TypeIforUO9[tl, t2 + t3 + t4] || TypeIforUO9[t2, t1 + t3 + t4] || TypeIforUO09
[t3, t1 + t2 + t4] || TypeIforU09[t4, t1 + t2 + t3] || TypeIforUO9[tl + t2, t3 + t4] ||
TypeIforU0O9[tl + t3, t2 + t4] || TypeIforUO9[tl + t4, t2 + t3] || TypeIforUO9[t2 + t3,
tl + t4] || TypelforU09[t2 + t4, t1 + t3] || TypeIforUO9[t3 + t4, t1 + t2] ||
TypeIforU09[tl + t2 + t3, t4] || TypeIforUO9[tl + t2 + t4, t3] || TypeIforUO9[tl + t3 +
t4, t2] || TypeIforUO9[t2 + t3 + t4, t1]) && (U0901[t1l, t2, t3, t4] || U0902[tl, t2, t3,
t4] || U0903[t1, t2, t3, t4] || U0904[t1, t2, t3, t4] || U0905[t1, t2, t3, t4] || U0906
[t1, t2, t3, t4] || Uo0907([t1, t2, t3, t4] || U0908[t1, t2, t3, t4] || U0909[t1, t2, t3,
t4] || Uo910[t1l, t2, t3, t4])

(*The definition of the regions U10 and Ul1x)

TypeIforU1001[tl1_, t2_] := (2xtl + t2 <= 2 - 20.5/21.5) && (4%tl + 6%xt2 <= 4 - 20.5/21.5) &&
(4xt2 <= 4 - 61.5/21.5)

TypeIforU1002[t1_, t2_] : (tl <= 45/86) && (t2 <= 41/344)

TypeIforU1003[t1_, t2_]1 := (55/129 <= t1 <= 227/473) && (t2 <= -(1/5) t1 + 12/43)

TypeIlforU1004[t1_, t2_] := (227/473 <= t1 <= 2333/4859) && (t2 <= -(58/9) t1 + 1264/387)

TypeIforU1005[ti1_, t2_] := (2333/4859 <= t1 <= 2501/5203) && (t2 <= -(1/6) tl1 + 65/258)

TypelforU1006[t1_, t2_] := (2501/5203 <= t1 <= 499/1032) && (t2 <= -2 t1 + 536/473)

TypeIforU1007[t1_, t2_] := (499/1032 <= t1 <= 28277/57190) && (t2 <= -(70/11) t1 + 1534/473)

TypeIforU10[tl1_, t2_] := TypelforU1001([t1, t2] || TypeIforU1002[tl1, t2] || TypeIforU1003[t1,
t2] || TypeIforU1004[t1, t2] || TypeIforU1005[tl, t2] || TypeIforU1006[tl1, t2] ||

TypeIlforU1007 [t1, t2]

utof[t1_, t2_, t3_, t4_] := (SieveExponent <= tl1 < 1/2 && SieveExponent <= t2 < Min[tl, 1/2
(1 - t1)1) && (Uo4([t1, t2] || UOS[tl, t2]) && (SieveExpoment <= t3 < Min[t2, 1/2 (1 - t1
- t2)]) && (SieveExponent <= t4 < Min[t3, 1/2 (1 - t1 - t2 - t3)]) && (! UO8[t1, t2, t3
, t4]1) && (! U09[tl, t2, t3, t4]) && (TypelforU10[tl, t2 + t3 + t4 + t4] || TypeIforUio0[
t2, t1 + t3 + t4 + t4] || TypeIforU10[t3, t1 + t2 + t4 + t4] || TypeIforU10[t4, t1 + t2
+ t3 + t4] || TypelforU10[tl + t2, t3 + t4 + t4] || TypeIforU10[tl + t3, t2 + t4 + t4]
|| TypeIforU10[tl + t4, t2 + t3 + t4] || TypelforU10[t2 + t3, tl1 + t4 + t4] ||
TypeIforU10[t2 + t4, t1 + t3 + t4] || TypeIforU10[t3 + t4, tl + t2 + t4] || TypeIforU10[
t4 + t4, t1 + t2 + t3] || TypeIforU10[tl + t2 + t3, t4 + t4] || TypelforU10[tl + t2 + t4
, t3 + t4] || TypelforUi10[tl + t3 + t4, t2 + t4] || TypeIforU10[tl + t4 + t4, t2 + t3]
|| TypeIforU10[t2 + t3 + t4, t1 + t4] || TypelforU10[t2 + t4 + t4, t1 + t3] ||
TypeIforU10[t3 + t4 + t4, t1 + t2] || TypelforU10[tl + t2 + t3 + t4, t4] || TypeIforUi0[
tl + t2 + t4 + t4, t3] || TypelforU10[tl + t3 + t4 + t4, t2] || TypeIforU10[t2 + t3 + t4
+ t4, t1])

U11[t1_, t2_, t3_, t4_, t5_, t6_] := (SieveExpomnent <= tl < 1/2 && SieveExponent <= t2 < Min
[t1, 1/2 (1 - t1)]) && (UO4[t1, t2] || UO5[t1, t2]) && (SieveExponent <= t3 < Min[t2,
1/2 (1 - t1 - t2)]) && (SieveExponent <= t4 < Min[t3, 1/2 (1 - t1 - t2 - t3)]) && (! UOS8
[t1, t2, t3, t4]) && (! UO9[t1l, t2, t3, t4]) && (U1O0[t1l, t2, t3, t4]) && (SieveExponent

<= tb < Min[t4, 1/2 (1 - t1 - t2 - t3 - t4)]) && (! (UO1[t1, t2 + t3 + t4 + t5] || UO1[
t2, t1 + t3 + t4 + t5] || UO1[t3, t1 + t2 + t4 + t5] || UO1[t4, t1 + t2 + t3 + t5] ||
UO1[t5, t1 + t2 + t3 + t4] || UO1[t1 + t2 + t3 + t4, t5] || UO1[tl + t2 + t3 + t5, t4]
|l UO1[t1 + t2 + t4 + t5, t3] || UO1[t1 + t3 + t4 + t5, t2] || UO1[t2 + t3 + t4 + t5, ti1
1)) && (SieveExponent <= t6 < Min[t5, 1/2 (1 - t1 - t2 - t3 - t4 - t5)]) && (! (UO1[t1,
t2 + t3 + t4 + t5 + t6] || UO1[t2, t1 + t3 + t4 + t5 + t6] || UO1[t3, t1 + t2 + t4 + t5
+ t6] || UO1[t4, t1 + t2 + t3 + t5 + t6] || UO1[t5, t1 + t2 + t3 + t4 + t6] || UO1[t6,
tl1 + t2 + t3 + t4 + t5] || UO1[t1 + t2 + t3 + t4 + t5, t6] || UO1[t1 + t2 + t3 + t4 + t6
, t6] || UO1[t1 + t2 + t3 + t5 + t6, t4] || UO1[tl + t2 + t4 + t5 + t6, t3] || UO1[tl1l +
t3 + t4 + t5 + t6, t2] || UO1[t2 + t3 + t4 + t5 + t6, t1]))

(*The definition of the region U12%)

55




U12[t1_, t2_, t3_, t4_, t5_] := (SieveExponent <= t1 < 1/2 && SieveExponent <= t2 < Min[t1,
1/2 (1 - t1)]1) && (UO4[t1, t2] || UOB[tl, t2]) && (SieveExpomnent <= t3 < Min[t2, 1/2 (1
- t1 - t2)]) && (SieveExponent <= t4 < Min[t3, 1/2 (1 - t1 - t2 - t3)]) && (! UO8[tl, t2
, t3, t4]) && (! UO09[t1, t2, t3, t4]) && (! U10[t1, t2, t3, t4]) && (t4 < 1/2 (1 - t1 -
t2 - t3 - t4)) && (t4 < t5 < 1/2 (1 - t1 - t2 - t3 - t4)) && (UO1[t1l, t2 + t3 + t4 + t5]

Il UO1[t2, t1 + t3 + t4 + t5] || UO1[t3, t1 + t2 + t4 + t5] || UO1[t4, t1 + t2 + t3 +
t5] || UO1[t5, t1 + t2 + t3 + t4] || UO1[t1 + t2 + t3 + t4, t5] || UO1[tl + t2 + t3 + t5
, t4] || UO1[t1 + t2 + t4 + t5, t3] || UO1[t1 + t3 + t4 + t5, t2] || UO1[t2 + t3 + t4 +
t5, t1])

(¥The definition of the region U13%*)
U13[t1_, t2_, t3_] := (SieveExponent <= tl < 1/2 && SieveExponent <= t2 < Min[t1l, 1/2 (1 -
t1)]) && (2 < 1/2 (1 - t1 - t2)) && (t2 < t3 < 1/2 (1 - t1 - t2)) && (! UO1[tl, t2]) &&
(! Uo2[t1, t2]) && (! UO3[t1, t2]) && (! UO4[t1l, t2]) && (! UOS[t1, t2]) && (! UO6[t1,
t2]) && (UO1[t1, t2 + t3] || UO1[t2, t1 + t3] || UO1[t3, t1 + t2] || UO1[t1l + t2, t3] ||
Uo1[t1 + t3, t2] || UO1[t2 + t3, t1])
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Code for the numerical calculations. The following Mathematica code shows all the numerical calcula-
tions in the present paper. We use an Intel(R) Xeon(R) Platinum 8383C CPU with 80 Wolfram kernels to
run this code, and it took several days to give numerical values.

(*The linear sieve functions F[u] and f[u]l, in Galway’s SieveFunctions package*)
FF[u_] := UpperSieveFunc[1, ul
ff[u_] := LowerSieveFunc[1, ul

(*The Buchstab-Selberg function \[Omegal [ul=*)
\[Omegal] [u_] := (FF[u] + £f£f[u]l)/(2 Exp[EulerGamma])

(*Numerical upper and lower bounds for \[Omegal][u] which will be used in calculating the
value of sums related to regions UO7, U08, U09, U10, U1l and U1l2x*)

\[OmegalO[u_] := Piecewise[{{1/u, 1 <= u < 2}, {(1 + Loglu - 1]1)/u, 2 <= u < 3}, {(1 + Loglu
- 11)/u + (\[Pil~2/12 + Logl[-2 + ul Log[-1 + ul] + PolyLogl[2, 2 - ul)/u, 3 <= u < 4},
{0.5612, u >= 4}}];

\[Omegali[u_] := Piecewise[{{1/u, 1 <= u < 2}, {(1 + Logl[u - 1]1)/u, 2 <= u < 3}, {(1 + Loglu
- 11)/u + (\[Pil"2/12 + Logl[-2 + ul Logl[-1 + ul + PolyLogl2, 2 - ul)/u, 3 <= u < 4},
{0.5617, u >= 43}}];

(*Numerical values of S1 and S2x)

S1 = 817/79 \[Omegal [817/79]

S2 = 817/79 NIntegrate [\[Omegal[817/79 (1 - t)]/t, {t, SieveExponent, 1/2}]
(*S1 = 5.806486152249589%*)

(*82 = 9.54031171046251%*)

(*Numerical value of S301%)

S301 = NIntegrate[Boole[UO1[t1, t2]1]1*\[Omegall[(1 - t1 - t2)/t2]1/(t1 t2°2), {t1,
SieveExponent, 1/2}, {t2, SieveExponent, Min[t1l, 1/2 (1 - t1)]}, Method -> {"
GlobalAdaptive", "MaxErrorIncreases" -> 30000}, MinRecursion -> 9]

(xS301 = 0.7780429879766562 with error less than 0.00006891062655672592%*)

(*Numerical value of S302%)

8302 = NIntegrate[Boole[U02[t1, t2]11*\[Omegal[(1 - t1 - t2)/t2]1/(t1 t2°2), {t1,
SieveExponent, 1/2}, {t2, SieveExponent, Min[t1l, 1/2 (1 - t1)]}, Method -> {"
GlobalAdaptive", "MaxErrorIncreases" -> 30000}, MinRecursion -> 9]

(x8302 = 0.46761474180894713 with error less than 0.0001162439926380884%)

(*Numerical value of S303%)

S303 = NIntegrate[Boole[UO3[t1, t2]]1*\[Omegal[(1 - t1 - t2)/t2]1/(t1 t2°2), {t1,
SieveExponent, 1/2}, {t2, SieveExponent, Min[t1l, 1/2 (1 - t1)]}, Method -> {"
GlobalAdaptive", "MaxErrorIncreases" -> 1000}, MinRecursion -> 9]

(*S303 = 0.021051326757928233 with error less than 0.000038695977220248286%)

(*Numerical value of S304%)

S304 = NIntegrate[Boole[UO4[t1, t2]11%(817/79 \[Omegal[817/79 (1 - t1 - t2)1)/(t1 t2), {t1,
SieveExponent, 1/2}, {t2, SieveExponent, Min[t1l, 1/2 (1 - t1)]}, Method -> {"
GlobalAdaptive", "MaxErrorIncreases" -> 10000}, MinRecursion -> 9] - NIntegrate[Boolel
UO4[t1, t2]11*(817/79 \[Omegal [817/79 (1 - t1 - t2 - t3)]1)/(t1 t2 t3), {tl, SieveExponent
, 1/2}, {t2, SieveExponent, Min[t1l, 1/2 (1 - t1)]}, {t3, SieveExponent, t2}, Method -> {
"GlobalAdaptive", "MaxErrorIncreases" -> 30000}, MinRecursion -> 9]

(x8304 = 2.293755844235633 with error less than 0.000806587867538698 %)

(*Numerical value of S305%)

S305 = NIntegrate[Boole[UO5[t1, t2]1]1*(817/79 \[Omegal[817/79 (1 - t1 - t2)]1)/(t1 t2), {t1,
SieveExponent, 1/2}, {t2, SieveExponent, Min[t1l, 1/2 (1 - t1)]}, Method -> {"
GlobalAdaptive", "MaxErrorIncreases" -> 30000}, MinRecursion -> 9] - NIntegrate[Boolel
UO5[t1, t2]1*(817/79 \[Omegal[817/79 (1 - t1 - t2 - t3)1)/(tl1 t2 t3), {tl, SieveExponent
, 1/2}, {t2, SieveExponent, Min[t1l, 1/2 (1 - t1)]}, {t3, SieveExponent, t2}, Method -> {
"GlobalAdaptive", "MaxErrorIncreases" -> 30000}, MinRecursion -> 9]

(*S305 = 0.01911550408428917 with error less than 0.00006500005875860931 %)

(*Numerical value of S306%)
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S306 = NIntegrate[Boole[UO6[t1, t2]]1*\[Omegall[(1 - t1 - t2)/t2]/(t1 t2°2), {t1,
SieveExponent, 1/2}, {t2, SieveExponent, Min[t1l, 1/2 (1 - t1)]}, Method -> {"
GlobalAdaptive", "MaxErrorIncreases" -> 10000}, MinRecursion -> 9]

(x8306 = 0.2435717173450804 with error less than 0.00004985272810300297 )

(*Numerical value of S307, using ParallelSum with 80 Wolfram kernelsx)
SubIntervals = Table[{SieveExponent + (i - 1)#*(1/2 - SieveExponent)/80, SieveExponent + i
*(1/2 - SieveExponent)/80}, {i, 1, 80}];

S307 = Total[ParallelSum[NIntegrate[Boole[UO7[t1l, t2, t3, t4]]1*(\[Omegalll[(tl - t4)/t4]1x\[
Omegali[(1 - t1 - t2 - t3)/t31)/(t2 t3°2 t4°2), {tl, interval[[1]], intervall[[2]]}, {t2,
SieveExponent, Min[t1, 1/2 (1 - t1)]}, {t3, SieveExpoment, Min[t2, 1/2 (1 - t1 - t2)]},
{t4, SieveExponent, 1/2 t1}, Method -> {"GlobalAdaptive", "MaxErrorIncreases" ->
30000}, MinRecursion =-> 9], {interval, SubIntervalsl}]]
(*x8307 = 0.2286383981286717 with total error less than 0.001181290534696173%*)

(*Numerical value of S308, using ParallelSum with 80 Wolfram kernelsx*)
SubIntervals = Table[{SieveExponent + (i - 1)*(1/2 - SieveExponent)/80, SieveExponent + i
*(1/2 - SieveExponent)/80}, {i, 1, 80}];

S308 = Total [ParallelSum[NIntegrate[Boole[U0O8[t1l, t2, t3, t4]]*\[Omega]O[(1 - t1 - t2 - t3 -
t4)/t41/(t1 t2 t3 t4°2), {tl, intervall[[1]], interval[[2]]1}, {t2, SieveExponent, Min[t1l
, 1/2 (1 - t1)]1}, {t3, SieveExponent, Min[t2, 1/2 (1 - t1 - t2)]}, {t4, SieveExponent,
Min[t3, 1/2 (1 - t1 - t2 - t3)1}, Method -> {"GlobalAdaptive", "MaxErrorIncreases" ->
30000}, MinRecursion -> 9], {interval, SubIntervalsl}]]

(*xS308 = 0.1080288361639965 with total error less than 0.000947703841604724%)

(xNumerical value of S309, using ParallelSum with 80 Wolfram kernelsx)
SubIntervals = Table[{SieveExponent + (i - 1)*(1/2 - SieveExponent)/80, SieveExponent + i
*(1/2 - SieveExponent)/80}, {i, 1, 80}];

S309 = Total[ParallelSum[NIntegrate[Boole[U09([t1l, t2, t3, t4]]l*\[OmegalO[(1 - t1 - t2 - t3 -
t4)/t4]1/(t1 t2 t3 t4°2), {t1l, interval[[1]], interval[[2]]}, {t2, SieveExponent, Min[tl
, 1/2 (1 - t1)1}, {t3, SieveExpomnent, Min[t2, 1/2 (1 - t1 - t2)]}, {t4, SieveExponent,
Min[t3, 1/2 (1 - t1 - t2 - t3)]}, Method -> {"GlobalAdaptive", "MaxErrorIncreases" ->
30000}, MinRecursion -> 9], {interval, SubIntervals}]]

(*S309 = 0.005917808762848026 with total error less than 0.00005522428549700662%*)

(*Numerical value of S310, using ParallelSum with 80 Wolfram kernels*)
SubIntervals = Table[{SieveExponent + (i - 1)#*(1/2 - SieveExponent)/80, SieveExponent + i
*(1/2 - SieveExponent)/80}, {i, 1, 801}];

S310 = Total[ParallelSum[NIntegrate[Boole[U10[t1l, t2, t3, t4]]*\[Omega]lO[(1 - t1 - t2 - t3 -
t4)/t41/(t1 t2 t3 t4°2), {tl, interval[[1]], interval[[2]]}, {t2, SieveExponent, Min[tl
, 1/2 (1 - t1)]}, {t3, SieveExponent, Min[t2, 1/2 (1 - t1 - t2)]}, {t4, SieveExponent,
Min[t3, 1/2 (1 - t1 - t2 - t3)]}, Method -> {"GlobalAdaptive", "MaxErrorIncreases" ->
30000}, MinRecursion =-> 9], {interval, SubIntervals}]]

(xS310 = 0.003108593198969999 with total error less than 0.0001285051481890434%)

(¥Numerical value of S311, using ParallelSum with 80 Wolfram kernelsx)
SubIntervals = Table[{SieveExponent + (i - 1)*(1/2 - SieveExponent)/80, SieveExponent + i
*(1/2 - SieveExponent)/80}, {i, 1, 80}];

S311 = Total [ParallelSum[NIntegrate[Boole[U11[t1l, t2, t3, t4, t5, t6]]1*\[Omegali[(1 - t1 -
t2 - t3 - t4 - t5 - t6)/t6]1/(t1 t2 t3 t4 t5 t6°2), {tl, interval [[1]], interval [[2]]}, {
t2, SieveExponent, Min[t1, 1/2 (1 - t1)]}, {t3, SieveExponent, Min[t2, 1/2 (1 - t1 - t2)
1}, {t4, SieveExponent, Min[t3, 1/2 (1 - t1 - t2 - t3)]1}, {t5, SieveExponent, Min[t4,
1/2 (1 - t1 - t2 - t3 - t4)]}, {t6, SieveExponent, Min[t5, 1/2 (1 - t1 - t2 - t3 - t4 -
t5)]1}, Method -> {"GlobalAdaptive", "MaxErrorIncreases" -> 30000}, MinRecursion -> 9], {
interval, SubIntervals}]]

(*S311 = 0.0000004339697200875225 with total error less than 0.0000002148256005728281 %)

(*Numerical value of S312, using ParallelSum with 80 Wolfram kernelsx)
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SubIntervals = Table[{SieveExponent + (i - 1)*(1/2 - SieveExponent)/80, SieveExponent + i
*(1/2 - SieveExponent)/80}, {i, 1, 801}];

S312 = Total[ParallelSum[NIntegrate[Boole[U12[t1, t2, t3, t4, t5]]1*\[OmegalO[(1 - t1 - t2 -
t3 - t4 - t5)/t5]1/(t1 t2 t3 t4 t5°2), {tl, interval[[1]], interval [[2]]}, {t2,
SieveExponent, Min[t1l, 1/2 (1 - t1)]}, {t3, SieveExpoment, Min[t2, 1/2 (1 - t1 - t2)]},
{t4, SieveExponent, Min[t3, 1/2 (1 - t1 - t2 - t3)1}, {t5, t4, 1/2 (1 - t1 - t2 - t3 -
t4)}, Method -> {"GlobalAdaptive", "MaxErrorIncreases" -> 30000}, MinRecursion -> 9], {
interval, SubIntervals}]]

(*8312 = 0.0001098743536826065 with total error less than 0.00004493697265011205%*)

(*Numerical value of S313%*)

S313 = NIntegrate[Boole[U13[t1, t2, t3]11*\[Omegal[(1 - t1 - t2 - t3)/t31/(t1 t2 t3°2), {t1,
SieveExponent, 1/2}, {t2, SieveExponent, Min[t1l, 1/2 (1 - 1)1}, {t3, t2, 1/2 (1 - t1 -
t2)}, Method -> {"GlobalAdaptive", "MaxErrorIncreases" -> 30000}, MinRecursion -> 9]

(*8313 = 0.025995780981324837 with error less than 0.00030888857052706895%)
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Code for the plot of regions. The following Mathematica code gives the plot of regions Uy—Upg, the
part of Up; which produces Ups, the two dimensional Type-I information region produced by Up; and the
three—dimensional plot of Uys.

RegionPlot [{{SieveExponent <= t1 < 1/2 && SieveExponent <= t2 < Min[t1l, 1/2 (1 - t1)]}, {Uo01
[t1, t21}, {vo2[t1, t2]}, {Uo3[t1, t21}, {Uo04([t1, t2]1}, {UO5[t1, t2]}, {Uo6[ti, t2]1}}, {
tl, SieveExpomnent, 1/2}, {t2, SieveExponent, 1/2}, PlotLegends -> {"TotalRegion", "UO1",
"yo2", "Uo3", "UO4", "UO5G", "UO6"}, MaxRecursion -> 13]
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041 f
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Figure 1: Plot of regions Uy;—Uyg

60



U02v201[t1_, t2_] := (27267/66994 <= t1 <= 231/559) && (SieveExponent <= t2 <= -(35/23) ti1 +

767/989)

U02v202[t1_, t2_] := (231/559 <= t1 <= 3275/7826) && (SieveExponent <= t2 <= -tl1 + 313/559)

U02vV203[t1_, t2_] := (3275/7826 <= t1 <= 15005/33497) && (SieveExponent <= t2 <= -(41/27) t1
+ 902/1161)

U02v204 [t1_, t2_] := (13074/28595 <= t1 <= 20/43) && (SieveExponent <= t2 <= -(1/5) t1 +
12/43)

U02v205[t1_, t2_]1 := (20/43 <= t1 <= 41/86) && (SieveExponent <= t2 <= 1/7 t1 + 55/301)

Uo2v206 [t1_, t2_] := (41/86 <= t1 <= 227/473) && (SieveExponent <= t2 <= -t1 + 219/301)

Uo2v207[t1_, t2_]1 := (227/473 <= t1 <= 2333/4859) && (SieveExponent <= t2 <= -(58/9) ti1 +
1264/387)

U02v208[t1_, t2_] := (2333/4859 <= t1 <= 2501/5203) && (SieveExpomnent <= t2 <= -(1/6) t1 +
65/258)

U02v209[t1_, t2_] := (2501/5203 <= t1 <= 499/1032) && (SieveExponent <= t2 <= -2 t1 +
536/473)

U02v210[t1_, t2_]1 := (499/1032 <= t1 <= 28277/57190) && (SieveExponent <= t2 <= -(70/11) t1
+ 1534/473)

U02in2Variables[t1_, t2_] := U02V201[t1, t2] || U0O2vV202[t1, t2] || U02V203[t1, t2] ||
Uo2v204 [t1, t2] || UO2v205([t1, t2] || UO2v206[t1, t2] || UoO2v207([t1, t2] || UO2V208[t1,
t2] || U02V209[t1, t2] || U02V210[tl, t2]

RegionPlot [{{SieveExponent <= t1 < 1/2 && SieveExponent <= t2 < Min[t1l, 1/2 (1 - t1)]1}, {UO1
[t1, t2]}, {UO2in2Variables[tl, t2]}}, {tl, SieveExponent, 1/2}, {t2, SieveExponent,

1/2}, PlotLegends -> {"TotalRegion", "UO1", "UO2 in 2 variables"}, MaxRecursion -> 9]
05F T T T T T T T T T T T T T T T T T T T ]
04F B
0.3F B
0.2r B
[[] TotalRegion
01F a 1 uo1
1 1 L 1 1 | 1 1 L 1 1 1 1 L 1 L L 1 L

1 1
0.1 0.2 0.3 0.4 0.5 U02 in 2 variables

Figure 2: Plot of the part of region Ujy; which produces Uy,
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WattTypeIl[t1_, t2_] := (2xtl1 + t2 <= 2 - 20.5/21.5) && (4*tl + 6*t2 <= 4 - 20.5/21.5) &&
(4xt2 <= 4 - 61.5/21.5)

WattTypeI2[t1_, t2_] := (t1 <= 45/86) && (t2 <= 41/344)

WattTypeI[t1_, t2_] := (SieveExponent <= tl1 < 1/2 && SieveExpomnent <= t2 < Min[t1l, 1/2 (1 -
t1)]) && (WattTypeIl[til, t2] || WattTypeI2[t1, t2])

ExtraTypeI1[t1_, t2_] := (55/129 <= t1 <= 20/43) && (t2 <= -(1/5) t1 + 12/43)

ExtraTypeI2[t1_, t2_] := (20/43 <= t1 <= 41/86) && (t2 <= 1/7 t1 + 55/301)

ExtraTypeI3[ti_, t2_] := (41/86 <= t1 <= 227/473) && (t2 <= -t1 + 219/301)

ExtraTypeI4[tl_, t2_] := (227/473 <= t1 <= 2333/4859) && (t2 <= -(58/9) t1 + 1264/387)

ExtraTypeI5[t1_, t2_] := (2333/4859 <= tl1 <= 2501/5203) && (t2 <= -(1/6) t1 + 65/258)

ExtraTypeI6[tl_, t2_] := (2501/5203 <= t1 <= 499/1032) && (t2 <= -2 t1 + 536/473)

ExtraTypeI7[t1_, t2_] := (499/1032 <= t1 <= 28277/57190) && (t2 <= -(70/11) t1 + 1534/473)

ExtraTypeI[tl1_, t2_] := (ExtraTypeIl[tl, t2] || ExtraTypeI2[tl, t2] || ExtraTypeI3[tl, t2]
|| ExtraTypeI4[tl, t2] || ExtraTypeI5[ti1, t2] || ExtraTypeI6[ti, t2] || ExtraTypel7[t1,

t2]) && (! WattTypeI[tl, t2])

RegionPlot [{{SieveExponent <= t1 < 1/2 && SieveExponent <= t2 < Min[t1, 1/2 (1 - t1)]1}, {Uo1
[t1, t2]}, {WattTypeI[tl, t2]}, {ExtraTypeI[t1l, t2]}}, {t1, SieveExponent, 1/2}, {t2,
SieveExponent, 1/2}, PlotLegends -> {"TotalRegion", "UO1", "Watt Type-I", "Extra Type-I"
}, MaxRecursion -> 9]
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Figure 3: Plot of the two—dimensional Type—I information




RegionPlot3D [{{U13[t1, t2, t3]1}}, {t1, 0.2, 0.4}, {t2, SieveExponent, 0.3}, {t3,
SieveExponent, 0.3}, PlotLegends -> {"U13"}, MaxRecursion -> 12]

RegionPlot3D [{{U13[t1, t2, t3]}, {Uoi1[t1, t2]1}, {vo2[t1, t2]}, {U03([t1, t2]}, {U04[t1, t2]},
{vos[t1, t2]}, {vuo6[t1, t2]1}}, {t1, 0.2, 0.4}, {t2, SieveExponent, 0.3}, {t3,
SieveExponent, 0.3}, PlotLegends -> {"U13", "UoO1", "UO2", "UO3", "UO4", "UO5S", "UO6"},
MaxRecursion -> 12]
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Figure 4: Three—dimensional plot of region U3 (Default view, Top view, Front view, With other regions)
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