ON THE WEIGHTED AM-GM INEQUALITY AND REFINED INEQUALITIES
BETWEEN ARITHMETIC FUNCTIONS

RUNBO LI

ABSTRACT. Let p(n), ¢(n) and o(n) denote the Euler totient function and the Dedekind function respec-
tively. Using improved versions of the weighted AM—-GM inequality, we obtain a series of sharp upper bounds
for

cp(n)“a(")w(n)w(") and S4,(71)11)(71)¢(n)<ﬁ( )

improving previous bounds showed by Sdndor and Atanassov.

Seems horrible but actually trivial. —FEthanWYX2009
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1. INTRODUCTION

Let n be a positive integer. Let ¢(n), 1(n) and o(n) denote the Euler totient function, Dedekind function
and sum—of—divisors function respectively. For n > 1, we have

Hi and ¥(n Herl (1)

p<n p<n

These arithmetic functions satisfy many important properties. For example, the following inequality is
well-known:

p(n) < 1p(n) < o(n). (2)
In this paper we are looking for bounds for quantities
go(n)“”(”)w(n)w(”) and  @(n )w(n)w( )w( )

In 2011, Atanassov [6] first obtained a lower bound for o(n)%?™(n)*(™). He showed that for any n > 1, we
have

p(n)# M p(n) () > P, 3)
In 2013, Kannan and Srikanth [13] sharpened (3) by showing that
©(n)® n)¢( )w(n > pr)+y(n) (4)
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Finally, Sdndor and Atanassov [14] in 2019 proved the following refined estimates using the weighted AM-GM
inequality.

T 4 O () VR S 47 ) R ) e S
" < () < )y < (L0
< ap(n)PIHe, (5)
Py o) +pE) T sy et o (2 )7
( p(n)? +¢(n)? ) < el < ((p(n)+1/)(n))
< (p(n)ib(n)) “F < e, (©)

For other types of inequalities between arithmetic functions, we refer the readers to [10] and its references.
In this paper, we shall use some refined inequalities to improve the upper bounds proved by Sandor and
Atanassov [14].

Theorem 1.1. For any integer n > 1, we have the following inequalities:

ey < (I Ap()PU() + e () + 2 (m)* ) T
om0 < ( o (n) + 9 (0)? ) ’ (a1)
25 (n)6(n) + 20(n)° — o(n) (ip(m) — p(n) FEHT () T )
)P ()™ <
AT S 200 () + 90
—p(r) ((m) — )7 — gy
, (B1)
20(n)(p(n) + G(n))
3 3\ 2(p(n)+3(n))
ey < (P2 Y2
p(n)*"4(n) << o) T o) ) , (C1)
3 1 p(n)+y(n)
eyt < (220 — p)b(n) + B(n)?
()P ()P < ( E s ) 7 (D1)
p(n)+y(n)
o(n) PPy (n)¥ ) < ©(n)? + 1p(n)? i i ’ (E1)
n n)) ex _ p(n)2+1(n)2
(p(m) 4 (n)) p(2 2<<w<n>2+w<n>2><¢<n>+w<n>>>%)
> 2 Bemum)@m—pm)® \ P
)2 () ) p(n)? +v(n)? — S RO fe vt
()P (n) ) < ( i , (F1)
e < (2 F 6o(n)?h(n) + Bp(n)(n)?\ “ T
ol < (o) + G ) | A2
n w(n 2
2p(n)p(n)? = p(n) (16(n) = Y(n) T — p(n) T )
n) Y ()P () <
AT S 25 () + 9]
b} () - ()7 — gy )\
(B2)

2p(n)(p(n) +¢(n)) ’
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P(n) e(n) < C2
() (n) B e , (c2)
1 p(n)+y(n)
200(n)2(n)* + p(n)(n) — p(n)?
p(n) e(n) ¢ ¥ D2
p(n)+yp(n)
()PP () < £l YERE— 52
P(n)24(n)2 (p(n)2 +p(n)2
n)+yYn))exp |2 —2 T
(pln) + 9(n)) p( (2p(n)Y(n)(p(n)+(n))) 2 >
and
2 @(n)+1p(n)
20(n)(n) — 3sa(n)2w(n)(¢(n)—sa(n))2
@(n)w(")d)(n)“@(") < p(n)y(n) 4(p(n)*+e(n)(n)+9¥(n)?) ) (F2)

¢(n) +¢(n)
All inequalities above may be replaced with function o(n) instead of function ¥ (n).
Note that we have
(B1) = (A1), (B2) = (A2),
(D1) = (C1), (D2) = (C2),
where X = Y means that X implies Y.

2. REFINEMENTS OF THE WEIGHTED AM-GM INEQUALITY

In this section we shall list several variants of the weighted AM—GM inequality. First, recall that the
classical weighted AM-GM inequality states that

Lemma 2.1. If real numbers oy, ...,a, > 0 satisfy oy + - -+ + o, = 1, then for xq,...,2, = 0, we have
ot < apry e+ Q.

Moreover, for n = 2 this becomes
1

(&5 % Q2
z1+a:2

(e} «
< zi'7y? < a1z + aTs.

In Lemma 2.1, put 1 = a, o = b, a1 = GLH) and ap = aLHJ we get

Lemma 2.2. ([[14], Proposition 1]). For any a,b > 0, we have

a-+b 2 2\ a+b
a+b < a < a“+b .
2 a+b

Again, put 1 = b, zo = a, a1 = ai% and ag = a;:b we get

Lemma 2.3. ([[14], Proposition 2]). For any a,b > 0, we have

a+b a+b
ab(a +b) < < 2ab .
a2+ b2 a+b

We remark that Séndor and Atanassov [14] used Lemmas 2.1-2.3 to prove their bounds.
Next, we mention some results that yield improvements on Lemma 2.1. We will use them to prove our
Theorem 1.1 in the next section.
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T =20 and aq,...,a, > 0. Suppose that

Lemma 2.4. ([[7], Theorem/, [[2], Remark 3]). Letn > 2, x1,..

a1+ -+ a, =1. Then we have
2
1 > D
Q5 Xr; — Q5T 5
2max(zy, - ,xy,) & - I
1<i<n 1<j<n
< E 0T — H x
1<i<n 1<ign
2
< 1 > >
< 5= o |z — ;T
2min(zy, -+ ,&y) & - 7
1<isn 1<j<n

Moreover, for n = 2 this becomes
1 2
) (a1 (r1 — 0121 — Qox2)” + o (T2 — Q121 — Qo) )

2max(x1, T
< (oqzy + agze — 27t 25?)
1 2
— (o1 (x1 — 121 — 0x2)” F g (T2 — 11 — QT )
2m1n(331,x2)( 1 (2 171 2%2) 2 (2 171 2%3)
Lemma 2.5. ([[5], Theorem]). Letn > 2, x1,...
Then we have
2
1 . )
DR PR | [ I S P )

2max(zy, -+ ,&n) & _ , :
1<ign 1<j<n 1<ign 1<ign

<
, T 2 0anday,...,a, > 0. Suppose that o +- - -+ay, = 1.

Moreover, for n = 2 this becomes
! 1 212 1 212
Y max(z1,72) (al(xl—x‘f 25%)" + ag (x2 — 27" 25?) )
Lemma 2.6. (2], Theorem 1]). Letn > 2, xq,...
1. Then we have

o «
< (g + agwe — 271 25?) .

s Ty =0 and aq,...,a, > 0. Suppose that a1+ -+ oy, =

2

1 1 )
Do aifwf = >0 agry | < 0 e [ a
1<i<n 1<<n 1<i<n 1<i<n

Moreover, for n = 2 this becomes
1 1 1\2 1 1 1
(6751 (1’12 — 0411’12 — 0421'22) —+ o (51322 — Oélfﬂf — 0121‘22

o Tn =0 and aq,..

1 2
ay o
) <(011I1+OZQIE27$111’22).

., oy > 0. Suppose that oy + -+ - +

Lemma 2.7. ([[4], Theorem 2.2]). Let n > 2, x1,..

oy, = 1. Then we have
2
1 > : :
- o | v? — Z a2
1 —min(ay, -+ ,an) £ ' - 773
1<i<n 1<j<n
@
< § QT — H T
1<ign 1<ig<n
2
1 1 1
{———— E a; | z7 — E aj:cjz
min(ag, -, o) £ -
1<i<n 1<j<n

Moreover, for n = 2 this becomes
1 3 3 £\ 3 3 12
m <a1 (x1 — Ty — azxz) + <x2 —aqx{ — a2x2> )
< (0511'1 + Qoo — x?lxg@)



1 1 1 1\ 2 1 1 1\2
——m|m (xf -z — 0@335) + oo (x22 — oz — 042.1‘22) .
min(aq, as)

Lemma 2.8. ([[3], Corollary 2.3]). Let n > 2, x1,...,2, 2 0 and aq,...,a, > 0. Suppose that oy + -+ - +
oy, = 1. Then we have

T3

. 1
nmin(aq, -+, o) - Z T — H T

1<ign 1<ign
o
< E T — H ;"
1<ign 1<i<n
1 1
< nmax(ag, -+, ) - g T; — H x;
1<i<n 1<i<n
Moreover, for n = 2 this becomes
1 11 ar o 1 11
3 2 2 1 2 2 2
2min(aq, ag) §(x1 +ao) —xixd | < (@121 + agwe — 271 25?) < 2max(aq, ag) 5(3:1 +x9) —xixd .

Note that the left-hand side is just [[12], Proposition 5.1].

Lemma 2.9. ([[1], Theorem 1]). Letn > 2, x1,...,2, > 0 and a1, ..., a, > 0. Suppose that a1+ -+, =
1. Then we have

1
2
E . ;T
1<ign e o
="= I | T, G E ;T

(Zl<i<n aiwi) Isisn Isisn
NS

exp | 2—2

Moreover, for n = 2 this becomes

1 1

3 3

a1x{ + asx

exp | 2— 21—21 7 xs? < aqry + agxe.
(a121 + aox2)?

Lemma 2.10. (/[8], Proposition 2.7]). Letn > 2, 0 < 21 < ... < z; < ... < 2 < ... < 2, and
Qa1,...,0n > 0. Suppose that a1 + -+ + o, = 1. Then we have

3(a1+-~-+aj)(a;€+---+an)(xk—J;j)2 < Z s — H 2%
(4o + -+ o) + 200k + -+ om))oe + (dlak + -+ an) +2(a1 + -+ + aj))z;

Moreover, forn =2, j =1 and k = 2, this becomes

30&1042(1'2 — 1’1)2

(4&1 + 20[2)3?2 + (4&2 + 20&1)371

< (o + agwe — 2725?) .

3. PROOF OF THEOREM 1.1

3.1. Proof of (A1) and (A2). By Lemma 2.4 we know that for z1,29 > 0, a1, 2 > 0 and a3 + as = 1,
we have

(oSN T)

1
7' xs? < aqxy + aexe — ] (a1 (r1 — oy — 042:102)2 + ag (w2 — ayz1 — a2x2)2> . (7)

2max(x1, T
— _ __ _a _ b .
For (A1), put x1 =a, 22 =b, aq = 13 and az = 35, (7) becomes
a= s hats

<aa—|—bb— 1 aa—La—be—i—bb—aa—be
Sa+b a+b  2max(a,b) \a+b a+b a+b a+b a+b a+b

7a2+627 1 a a(a+b) — a® — b? 2+ b b(a+ b) — a® — b? ?
 a+b  2max(a,b) \a+b a+b a+b a+b




_a2+b2_ 1 a ab — b? 2+ b ab—a?\”
 a+b  2max(a,b) \a+b\ a+b a+b\ a+bd
_a?+ b 1 a(ab — b*)% + b(ab — a?)?

 a+b  2max(a,b) (a+b)3

7a2+b27 1 ab(a — b)? ()
 a+b  2max(a,b) \ (a+b)2 )
Let a = ¢(n) and b = ¢(n). By (2) we have a < b, hence max(a,b) = b. Putting this into (8), we have
2
T a’?+b B 1 ab(a — b)?
a+b  2max(a,b) \ (a+0b)?
_a2+b2_i ab(a — b)?
a+b 20\ (a+b)?
_ (a®+b*)(a+b) — 3a(a—b)?
(a+b)?
_a® +4a%b+ ab® + 203 (9)
B 2(a + b)2 ’
34 da2b+ ab® + 26°\
ab< a +
a®d’ < ( 3@+ b2 (10)
Now (A1) is proved. For (A2), put 21 =b=1(n), 22 = a = ¢(n), o1 = ;33 and agza%rb, (7) becomes
bats qats
a b 1 a a b 2 b a b 2
< [ L A .
a+b at+b 2 <a+b< a+b a+ba> +a—&-b(a a+b a+ba>>
21 (a+b) —2ab\> L b (ala+b)—2ab 2
a+b  2b a+b a+b a+b a+b
_2ab 1 btab L0 a? —ab\’
Ca+b  2b a+b a+b a+b\ a+b
_ 2ab 1 aba—b
a+b 2D
_ 2abla+b) -5 a—b
N (T b
3 2 2
_ —a”+6a b+ 3ab 7 (11)
2(a + b)?
—a® + 6a%b + 3ab®\ "
agh < (20 12
ba ( 2(a+b)? (12)

Now (A2) is proved.

3.2. Proof of (B1) and (B2). By Lemma 2.5 we know that for 1,22 > 0, aj,a9 > 0 and a1 + as = 1,
we have

1

x11ry? < oqwy + ey — ————
2max(x1, x3)

(oq (z1 — x‘f“:::g?) + ag (o — x‘f‘leQ)Z) . (13)

For (B1), put 71 = a = ¢(n), 22 =b=19(n), a1 = ;45 and oy = +b7 (13) becomes

a b a b 1 a a b 2 b a b 2
a a < _0— — — a — Da _— — a — pha
G S Tt ot 2b<a+b(a @ b+b) * +b(b @ b+b)>
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a 2 o 2
a? + b2 a(a—am—b%ﬂ) +b(b—am—b%+b)

_ - 14
a+b 2b(a +b) ’ (14)
" 2 " 2 a+b
. 2a2b+2b37a<afamfb%+b) 7b<bfaa+b7bﬁ>
apb < 1
“ 2b(a + b) (15)

Now (B1) is proved. For (B2), put 21 =b=1(n), 22 = a = ¢(n), o1 = ;43 and az = a%ib, (13) becomes

a b a b 1 a a b \2 b a b\ 2
bafiaih < b . (bfbmf a+b) —( — bt — m)
“ a+b +a+ba 2b <a+b “ Jra—i—b “ “

sy @ (b= 07 —a#) 4 b (b —as)’

/

= —_ 1
a+b 2b(a +b) ’ (16)
N 2 " 2 a+b
4ab27a<bfba7+b faa%b) fb<afbaTb faﬁ)
bab < (17)
2b(a + )

Now (B2) is proved.

3.3. Proof of (C1) and (C2). By Lemma 2.6 we know that for z1,22 > 0, a;,a9 > 0 and a1 + as = 1,

we have

1 1 1

1 1y\2 1 1\2
7' xs? < aqzy + aexe — (a1 (xf — a1 xf — agxé") + s <:v§ -z — agxf) ) . (18)

a

For (C1), put z1 = a = ¢(n), 12 =b=19(n), a1 = ;47 and ap = a%_b, (18) becomes

/

a b a b a 1 a 1 b 1 2
abbab< 7b_ 2 — 2 — b7
@t a+ba+a+b <a+b(az a+ba2 a+b 2)

b 1 a 1 b1\’
a+b<b2_a+ba2_a+bb2>>

a2 + b2 ab <a+b—2a%b%

+

a+b (a+0b)?
3 3 2
az + b2
= 1
( a+b ) ’ (19)
ot 2(a-+b)
a®b® < ( ey ) . (20)

Now (C1) is proved. For (C2), put 1 =b=1(n), 12 =a = ¢(n), o1 = ;33 and az = aier, (18) becomes

a b a b a 1 a 1 b 1 2
o P SR L ' SRS . 3
e o+’ T arp” <a+b(2 atb a+ba2)

b % a b% b % 2
a+b “ a+b a—|—ba

2ab ab (a—l—b—Qa%b%)

T a+b (a+b)?
7

+




beab <

Now (C2) is proved.

3.4. Proof of (D1) and (D2). By Lemma 2.7 we know that for 21,22 > 0, a,a3 > 0 and ag + ag = 1,
we have

1 1 1 1\ 2 1 1 12
1 2s? < gz + aswg — m (a1 (;vf — a7 — a2x5> + a9 (x22 -1z — agxé") ) . (23)
For (D1), we put 1 = a = ¢(n), z2 = b =9(n), a1 = ;45 and ap = a%_b. Since a+b > 0 and a < b, we
have
b
Q] = a g = (g,
a+b " a+d

hence 1 — min(ay, as) = max(ay, @) = ag = aL-‘rb Then (23) becomes

2
a b a b 1 a 1 a 1 b 1
a v hats a+ ——b— — a? — a? — b2
a+b a+b GLH) a+b a+b a+b

/

+ b béf a a%, b b% 2
a+b a+b a+b

A2+ a+b ab(a+b—2a%b%)

a+b b (a+b)2
aZ + b2 a(a+b—2a%b%)
T Tatb a+b
B 2a5b3 — ab + b2 (24)
- a+b ’
3,1 9 a+b
wapt < (HM) | (25)
a+b

Now (D1) is proved. For (D2), put 1 = b =1(n), 2 = a = ¢(n), o = A5 and az = (23) becomes

a+

a b a b 1 a 1 a 1 b 1 2
ba+tb ga+b < — ) - g - — bz — bz — 2
“ a+b +a—|—ba (Z”<a+b<2 atb a+ba2>

b
a+b’

2ab a(a—i—b—Qa%b%)

a+b a+b
B 2a3b% + ab — a2 (26)
o a+b ’
3.1 9 a+b
b“abg <2a2b2 + ab a) ' (27)
a+b

Now (D2) is proved.



We note that Lemma 2.8 and Lemma 2.7 actually yield the same result here. By Lemma 2.8 we know
that for x1,2z9 > 0, a1, s > 0 and a1 + as = 1, we have

1 11
21 29? < oy + aawg — (2 min(aq, as) (2(961 + z2) — xf xf)) . (28)

b : : -
a15- Again, we have min(ag, az) =

For (D1), we put 21 = a = ¢(n), 22 =b=9(n), ;1 = 3 and az =
a1 = =4=. Then (28) becomes

a+b"
a b a b a 1 1 1.1
atb hatt b—2 — —b—azb2
¢ a+ba+a+b a+b(2a+2 “ )
a?+b%—2a (%a—l—%b—a%b%)
- a-+b
2a3bz — ab + b>
_ 29
oy (29)
3,1 9 a+b
ab < <2a2b2 abt? ) . (30)
a+b
Now (D1) is proved. For (D2), put 21 =b=(n), 2 =a = ¢(n), a; = -4 and az = aL_H), (28) becomes
a b a b a 1 1 101
b hats b -2 b+ —a—b2a2
arbe a+b +a+ba a+b<2 —|—2a 2a2>
2ab — 2a (%aqL%bfa%b%)
- a+b
_ 2a3 b3 +ab—a27 (31)
a+b
3.1 a+b
bab < (WM> . (32)
a+b

Now (D2) is proved.

3.5. Proof of (E1) and (E2). By Lemma 2.9 we know that for x1,22 > 0, a1,a2 > 0 and a3 + ag = 1,

we have

Q121 + aox
a8z < e (33)

~= 1 1
exp (2 _ g oeptasry )

1
(11 +agws)2

For (E1), put #1 = a = ¢(n), 22 =b=¥(n), a1 = 45 and ap = GLH), (33) becomes

3 3 ’
2 —2——a2+b?
(CL + b) exp ( ((a2+b2)(a+b))% )

a’® + b?

3 3
b 29— atb2
(a + )eXp < ((a2+b2)(a+b))%

(35)

9



Now (E1) is proved. For (E2), put 1 =b=¢(n), 22 = a = ¢(n), a; = =% and as = GLH), (33) becomes

N

= 11 1 3 (36)
Dexp (2 2ot (a2 02
(a+ P (2ab(a+b))2
a-+b
bab < L (37)
(a+b)exp | 2— 27(121)2 (a2+b12)
(2ab(a+b))2

Now (E2) is proved.

3.6. Proof of (F1) and (F2). By Lemma 2.10 we know that for 0 < 1 < 2, @1,a2 > 0 and ag +ag = 1,

we have
2
x71r5? < gy + aoxe — Sasas(es —21) (38)

(4&1 + 20[2).%’2 + (40&2 + 20[1).1‘1 '

For (F1), we put 21 = a = ¢(n), xz2a =b=¢(n), a; = and ag = Since a < b, we can write (38) as

a+b a+b
. 3_a_._ b (h_a)?
aa+bbﬁ< a a+ b b— a+b a+b( - )
at+b a+b (47% +205)b+ (425 + 2% )a
3ab(b—a
e o
- 2a2+8ab+2b2
a+b I
3ab(b—a)?
o a2 + b2 - 2a2+(8ab+)2b2 39
- a+b ’ (39)
a+b
2 2 3ab(b—a)2 +
a®hP < a”+b° — 2a2+8ab+2b2 ) (40)
a+b

Now (F1) is proved. For (F2), we put 1 = a = ¢(n), 2 =b=1(n), a; = GLH) and az = 245. Since a < b,
(38) becomes

b a 2
a T bhats < b a4+ -2 p— 3ars  ars(b—a)
= b a
a+b a+b (4m+2m)b+(4a+b+2a+b)
3ab(b—a)?
_ 2ab _ %
- 4a2+4ab+4b2
ath el
3ab(b—a)?
_ 2ab — I(a®+ab+b?) A1
- a+b ’ (41)
a-+b
2ab — 3ab(b—a)?
a’b® < jf:;“”lﬂ) . (42)

Now (F2) is proved.
10



4. APPENDIX: AN APPLICATION OF KARAMATA’S INEQUALITY

By the definition of o(n), we can easily show that o(n) > n + 1. By [[6], Lemmal], we also know that

p(n) +¢(n) = 2n. (43)
Thus,
en)+Yn)+on)=23n+1=n-1)+2(n+1). (44)
In 2023, Dimitrov [[9], Theorem 1] proved the quadratic case of (44):
p?(n) +¢*(n) + 0(n) > (3n® + 20+ 3) = (n = 1)* + 2(n +1)%, (45)

and he [[11], Theorems 1 and 2] proved the cubic and quartic cases in 2024:
) +*n) +o*(n) = B +3n2 + I+ 1) = (n—1)> +2(n+1)3, (46)
o*(n) + v (n) +ot(n) = Bn* +4nd +18n* +4n+3) = (n — 1)* +2(n + 1)*, (47)
By (44)—(47), one can naturally conjecture that for any integer & > 0, we have
Pt (n) + 9 (n) + 0" (n) > (n— 1)* + 2(n+ 1)~ (48)

In 2024, user EthanWYX2009 on AoPS gave a simple but amazing proof of (48). His proof is much
shorter than Dimitrov’s proof of cases k < 4. In this appendix, we shall rewrite his remarkable proof.

Theorem 4.1. (EthanWYX2009). For any integer k > 0, we have
P ) + 9 () + 0" (n) > (n— 1" +2(n + D).
Proof. We first make the definition of Weakly Majorization in an elementary manner.

Definition 4.2. A sequence ag,...,a, weakly majorizes a sequence by, ..., b, if and only if a; = -+ > an,
by >--->0b, and

a1>b17
ay + ag = by + by,
>

ay +az +as 1+ by + b3,

ar + -+ ap-—1
a1+...+an

..._|_bn_17
s 4 by,

St O
=

VoWV

Moreover, if we also have
ap+ -+ ap =by + -+ by,

then aq,...,a, majorizes by, ..., by,.
By the definition, we know that
(¥(n), p(n)) weakly majorizes (n +1,n — 1).
Next we shall provide the famous Karamata’s inequality, which plays a crucial role in the proof.

Lemma 4.3. (Karamata’s inequality). Let f : I — R be an increasing function on an interval I C R, and
let ay,...,a, and by, ..., b, be two sequences of real numbers in I. Suppose that aq, ..., a, weakly majorizes

bi,...,bnp. Then
flar) + -+ flan) 2 f(b1) + -+ f(bn).
Now, let a; = ¥(n), az = p(n), by = n+1, by = n — 1 and f(x) = z¥. By Lemma 4.3, the bound

o(n) = n+1 and (43), the proof of Theorem 4.1 is completed. O
11



(1]

(8]
[9]

[10]
(11]

[12]
(13]

(14]

REFERENCES

J. M. Aldaz. A refinement of the inequality between arithmetic and geometric means. J. Math. Inequal., 2(4):473-477,
2008.

J. M. Aldaz. Self improvemvent of the inequality between arithmetic and geometric means. J. Math. Inequal., 3(2):213-216,
2009.

J. M. Aldaz. Comparison of differences between arithmetic and geometric means. Tamkang J. Math., 43(4):453-462, 2011.
J. M. Aldaz. Sharp bounds for the difference between the arithmetic and geometric means. Arch. Math., 99:393-399, 2012.
H. Alzer. A new refinement of the arithmetic mean-geometric mean inequality. Rocky Mountain J. Math., 27(3):663-667,
1997.

K. T. Atanassov. Note on ¢, ¢ and o—functions. Part 3. Notes on Number Theory and Discrete Mathematics, 17(3):13-14,
2011.

D. I. Cartwright and M. J. Field. A refinement of the arithmetic mean—geometric mean inequality. Proc. Amer. Math.
Soc., 71(1):36-38, 1978.

V. Cirtoaje. The best lower bound depended on two fixed variables for Jensen’s inequality with ordered variables. J.
Inequal. Appl., 128258, 2010.

S. Dimitrov. Lower bounds on expressions dependent on functions ¢(n), ¥(n) and o(n). Notes on Number Theory and
Discrete Mathematics, 29(4):713-716, 2023.

S. Dimitrov. Inequalities involving arithmetic functions. Lithuanian Math. J., 64:421-452, 2024.

S. Dimitrov. Lower bounds on expressions dependent on functions ¢(n), ¥(n) and o(n), II. Notes on Number Theory and
Discrete Mathematics, 30(3):547-556, 2024.

S. Furuichi. On refined Young inequalities and reverse inequalities. J. Math. Inequal., 5(1):21-31, 2011.

V. Kannan and R. Srikanth. Note on ¢ and v functions. Notes on Number Theory and Discrete Mathematics, 19(1):19-21,
2013.

J. Sdndor and K. T. Atanassov. Inequalities between the arithmetic functions ¢(n), ¥(n) and o(n). Part 2. Notes on
Number Theory and Discrete Mathematics, 25(2):30-35, 2019.

INTERNATIONAL CURRICULUM CENTER, THE HIGH SCHOOL AFFILIATED TO RENMIN UNIVERSITY OF CHINA, BELJING, CHINA
Email address: carey.lee.0433@gmail.com

12



	1. Introduction
	2. Refinements of the weighted AM–GM inequality
	3. Proof of Theorem 1.1
	3.1. Proof of (A1) and (A2)
	3.2. Proof of (B1) and (B2)
	3.3. Proof of (C1) and (C2)
	3.4. Proof of (D1) and (D2)
	3.5. Proof of (E1) and (E2)
	3.6. Proof of (F1) and (F2)

	4. Appendix: an application of Karamata's inequality
	References

