ON THE UPPER AND LOWER BOUND ORDERS OF ALMOST PRIME TRIPLES

RUNBO LI

ABSTRACT. A Hardy-Littlewood triple is a 3-tuple of integers with the form (n,n + 2,n+ 6). In this paper,
we study Hardy-Littlewood triples of the form (p, Ps, P,) and improve the upper and lower bound orders
of it, where p is a prime and P, has at most r prime factors. Our new results generalize and improve the
previous results.
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1. INTRODUCTION

Let x be a sufficiently large integer, N be a sufficiently large even integer, p be a prime, and let P, denote
an integer with at most r prime factors counted with multiplicity. For each N > 4 and r > 2, we define
mr(@)=[{p:p<a,p+2=PFl (1)
and
Dy (N):={p:p<N,N—-p=P}. (2)
In 1966 Jingrun Chen [3] proved his remarkable Chen’s theorem: let x be a sufficiently large integer and
N be a sufficiently large even integer, then

7T1}2(J,‘) > (k?;;j)Z and D1,2(N) > m, (3)
where
B 1 . _ p—1 o1
C, ._2]}1(1 (pl)?) 4o Hp%l:[g(l (p1)2> (4)

p>2
and the detail was published in [4]. In 1990, Wu [14] generalized Chen’s theorem and proved that

C(N)N
D1 5(N) > oz V)2 loglog N (5)
and
D1 (V) > G (loglog V)2 (©)
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and Kan [10] proved the similar result in 1991. Kan [11] also proved the more generalized theorem in 1992:

C(N)N s+r—3
DS,T‘(N) > W(log log N) y (7)
where s > 1,
D, (N):=|{P,: P,<N,N—P, =P} (8)

Clearly their methods can be modified to get a similar lower bound order on the twin prime version. For
this, we refer the interested readers to [9].

Now we focus on the Hardy-Littlewood triples (n,n 4+ 2,n 4+ 6) with almost-prime values. In fact, if we
define

T,ab(2) = [{p:p<2,p+2=Pop+6=D} 9)
and
Diap(N):=[{p:p<N,N—p=Pyp+6=D}, (10)
then a special case of Hardy-Littlewood conjecture states that my 1 1(x) should be asymptotic to ﬁ,
where 9 31
C3 = 5,,[[3 <1 - (pp—l)3> ~ 2.86250. (11)

In 2015, Heath Brown and Li [7] proved that m o 76(x) > (10%%)3 and Cai [2] improved this result to

71,2,14(%) > (log m) by using a delicate sieve process later. Their results refined Chen’s theorem. Like Wu’s

generalization of Chen’s theorem, we may conjecture that 7 3 () should be asymptotic to % for

ng
ogz)3” log x)

by assuming GEH(0.99). In this paper, we improve their asymptotic estimates of 7 3 () on the orders by
fixing some small prime factors ¢ and prove that:

some large 7. Very recently, Li and Liu [12] proved my36(7) > 255 They also got m133(%) > 25

Theorem 1.1. For every integer a > 2 and b > 14, we have

T1,a,6(T) > (loglogz)*™? and Dy o p(N) > (loglog N')*~*2

Cs N
(logz)? (log N)?

where m1 o p(x) and D1 4,(N) are defined above.

By similar arguments, we also obtain those theorems:

Theorem 1.2. For every integer a > 3 and b > 6, we have

ng _3 N _a
a log 1 e d Diap(N ———(loglog N)*
T1,a,b(T) > (logx)?,(og 0g 7) an Lab(IV) > (logN)g(og og N)
Theorem 1.3. For every integer a > 4 and b > 5, we have
Csx _4 N 4
a log 1 e d Digp(N ———(loglog N)*
T1,a,b(T) > (logx)3( og log ) an Lab(IV) > (logN)g(Og og N)

We also prove some conditional results:

Theorem 1.4. For every integer a > 2 and b > 4, assuming GEH(0.99), we have

Csx N
log1 2 and Djap(N) > ———(loglog N)* 2
T1,a,6(2) > Tog 2 5 (loglogz)*™ an Lab(N) > (logN)g(Og og N)
Theorem 1.5. For every integer a > 3 and b > 3, assuming GEH(0.99), we have
Cg.fC _3 N _3
a ———(log1 @ d Diqp(N ———(loglog N)*¢
T1,a,6(T) > (logx)g(og 0g ) an Lab(IV) > (logN)g(og og N)

While calculating, we find that it seems hard to improve our Theorems 1.1-1.5. (For example, you need
to get an improvement about 45 percent on the sieve process to replace the condition b > 14 by b > 13 in
our Theorem 1.)

In this paper, we only provide a detailed proof of 7 314(x) > %
Theorem 1.1. The readers can modify our proof to get Theorems 1.1-1.5.
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2. PRELIMINARY LEMMAS

Let A denote a finite set of positive integers, P denote an infinite set of primes, ¢ denote a prime number
satisfies ¢ < z° and put

A= {p;? T <p<ap=—2modg), (p + 6, P(2)) = 1}7 P={p: () =1},

Pir)={p:peP.(nr)=1}, Px)=]]n
peEP

Ai={a:aeAa=0(modd)}, SAP2)= > 1,
acA
(a.P()=1

Mi={n:n=pips-pr,13<n<z+6,2° <p; <+ < pr,n = 4(modq)},
2
A(k){er T<p<La,p=— (modq),p+6€/\/lk},

o

1
T AR _
E= {qmp1p2p3p4 gmpipapsps < T+ 2, (q) <p1 <p2 <p3<ps< (q) , (m, qpy ' P (p2)) = 1}7

B={n-2:neé€}, ¥= {{p+2 }7<p x,pE—2(m0dq)},

D ={{n—2n+4}:neé&} 7/(2):{{”_6,”;4}:n6Mk}.

Lemma 2.1. (/[2], Lemma 1], deduced from [7], Proposition 1). Let # be a finite subset of N?. Suppose
that z1, 2z > 2 with log z1 < log zo and write z = {z1,2z2}. Ford = {d1,d2} and n = {ny,ns}, we write d | n
to mean that dy | n1 and dy | ng. Set
Ha={new:d|n}, SW,z)= > L
{ni,n2}eW

plni=p>z1
plne=p>z2

Suppose that
[#al = h(d)X + R(d)

for some X > 0 independent of d and some multiplicative function h(d) € [0,1) such that h(p, 1)+h(1,p)—1 <
h(p,p) < h(p,1) + h(1,p) for all primes p, and
h(p,1),h(1,p) <cp™', h(p,p) <cp?

for some constant ¢ > 2.
Let hyi(d) = h(d,1) and ha(d) = h(1,d). Suppose that

T (- hyo) " < 82 (1+ L ) (=1.2)

log w log w

wp<z

for z = w > 2 and some positive constant L. Then:

SOV, 2) < XV (20,0") V2 {(F (s1) F (s2)) (1+ 0 (1og D1 D3) /%) ) |

+0. Z T (dldQ) IR({dlde})l ’

di1da<(D1 Do) Fe

SW,z) > XV (20, h") Vi V> {(f (51) F (s52) + F (s1) f (s2) — F (1) F (52)) (1 +0 ((1OgD1D2)—1/6))}

+O. Y. rHdidy)[R({d1,d2})]

di1da<(D1D2) e
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for any € > 0, where

log D;
20 = exp (?/logzlzz) . 85 = o (j=12),

~ log Zj

V(z0.h") =[] @=r"()), h*(p) = h(p,1) + h(1,p) = h(p,p),

p<zo

Vi= I a-hip) (i=12).

20<p<z;

and vy denotes the Euler’s constant, f(s) and F(s) are determined by the following differential-difference
equation

{F(s)zf”, f(s) =0, 0<s<2,
(sF(s)) = f(s = 1), (sf(s))=F(s—1), s=2

Lemma 2.2. ([[1], Lemma 2], deduced from [6]).

2e7
F(s)*i, 0<s<3;
S
2¢7 = og(t — 1
F(s)e(1+/ Og()dt>, 3< s <5;
S 2 t
2¢7 s og(t —1 s=3 Jog(t — 1 s=1 -1
F(s) =% 1+/ wdt+/ Mdt/ Slog o Cdu), 5<s<T
S 2 t 2 t t42 u t+1
2¢7 log(s — 1
f(s):%, 2< s < 4
S
27 s=hqr i1 -1
f(s):i (log(s—1)+/ og(u)du>7 4 <5< 6;
S 3 u

_ 2e”

9 =2 (togls — 1 +

v
s—1 dt t—1 1 -1
[,
2

2

Then for v > 1, we have

3 1:w(u)lozz+0( * )

2
e log” =
(n,Q(2))=1

where w(u) is determined by the following differential-difference equation

w(u) = 1, 1<u<2,
(uw(w)) =w(u —1), u > 2.
Moreover, we have
wu) < 195,  U=2,
w(u) < 0.5644, wu > 3,
w(u) < 0.5617, u > 4.
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Conjecture 2.4. (GEH(0), deduced from [[12], Conjecture 1.2]). Let 6 € (0,1) be a constant and put
Pyt izt zk) ={m=p1-pe i y1 SP1L< 2155 U6 <Pk S 2k}

Wk(x;q’a) = Z 1,

MEP (Y1, ,Yk321,--,2k)
m<z,m=a( mod q)

(73 q) = > L

MEP (Y1, Yk321,--12k)
m<x,(m,q)=1

Then for any A >0 and l > 1 there exists B = B(A,l) > 0 such that

Z TI(Q) max 7Tk<x;q,a)_ ﬂ-k(l‘QQ) < x

q<zflog= Bz (@,9)=1 ¢(q) IOgA x’

where the implied constant depends only on k,l and A.
Lemma 2.5. ([[2], Lemma 3], deduced from [7], [5]). GEH(0) is true for 6 < 3.

3. WEIGHTED SIEVE METHOD

Lemma 3.1. We have

4m 314(x) 235 (A;P, <Z) > s (A;R (Z) )
2\
+ Z S (APIPQ;P7 (q) >

N
- S1A 1 2;7) ’
1 1 1 ( o (pl) <qp1p2> >

(2)81<p1<(%)581 <p2<(ﬁ)’
- Z S(A:D1P2p3p4§7)(pl)ap2)
(2)75 <p1<p2<ps<pa<(2)51
N Z S (Ap1pzp3p4§73(p1)>p2)
(%)T%<p1<p2<p3<(§)rh <P4<(§)°'475*%*5p;1
-2 Z S (Apipo; P(p1),p2)
(%)ﬁgp1<172<(ﬁ)%
-2 Z S (Apyp; P(p1),p2)

1 1
(£)35T <p1<pa<(giy)?



199

& 199 =
— S| AR, P, (m) — S| AR, P, <x)

k=15
199 . i 199 . e .
-3 s AP, () -3 s A““%P,( ) +0 (at)
k=15 q k=15 q
= (3511 + S12) + (S21 + S22) — (S31 + S32) — (Sa1 + Sa2)

— (851 + Ss2) — 2(S61 + Se2) — (S71 + S72 + S73 + S74) + O (x%)
251+Sz—53—s4—s5—256—s7+o<x%),

Proof. It is similar to that of [[2], Lemma 6] so we omit it here.

4. PROOF OF THEOREM 1.1
In this section, sets A, &, B, My, A% w # 1 and # @ are defined respectively.

4.1. Evaluation of Sp,55,55. We are going to use Lemma 2.1 to the set # and obtain upper and lower
bounds of S1,S52 and S5. For a prime p > 7, we note that d; | (

p+2
(d1,d2) = (d1,2) = (da,6) = 1. Therefore we can take

. ) and dy | (p + 6) imply that

Wal = h(d)X + R(d), X = &)

o(a)

h(d) = {w(dd) (di,dz) = (d1,2) = (d2,6) = 1,

0, otherwise.

It is easy to show that

0 2 0 2,3 0. »r=2
) p =4 ) p = 4,9, *
hl(p)={ L3 ha(p) {1 bS5 hp)=q3 p=3
p—1’ = p—1’ = Y %7 p> 5

and

1 2 1 1

Vv WYV V= = 1—- — 1—-— 11— ——
CHSIATEEN ( p1> I ( pl) ( pl)
3<p<Lzo zo<p<(%)% 20 <p<x0-005
1 z s
— (140 (s5) GV (q) V(20005 (12)

with

=T ) = i (140 (552))

To deal with the error term, by the Chinese remainder theorem, we have

[R()] < |r(didy)],

where
(x)
r(d)| = max 1——=14+0(1).
Pl = s |3 1= 5 00
p=a( mod d)
By Bombieri’s theorem we have

> 7 (didy) |R(d)| < z(logx) . (13)
dyda<z? ¢



Then by Lemma 2.1 we have

S

where

[,

2(1+o0(1))—=—=C3V

=(1+0(1))

>818.10189

7(x)
(q)
+ O (z(logz)™®)

({7 )

T

4C5m(x)

+ O (z(logz)™®)

(log

Similarly, we have

where

G:

—(1+0(1))

#lq) (log 20 77-<) (log a7 0%)

Cszloglog x
x)3

40371'(1')

QO(Q) (log x0.475—8) (10g 1}0‘025)

+ O (z(logz)™?)

>516.86063

>(1+o0(1))

Cszloglog x

(log

x)3
0.475 x 4Cs7(x)

>73.9301

o(q) (log 20-475-¢) (log 20-025)
Cszloglog x

(log z)?

0.475 x 4Cs7(x)

>(1+o(1))
>149.13684

<(1+o0(1))

©(q) (log 20-475—<) (log 20-025)
Cszloglogx

(log

x)3
0.475 x 4Cs7(x)

<1282.38485

<(1+0(1))

©(q) (log 20-475—<) (log 20-025)
Cszloglog x

(log

x)3
0.475 x 4C37(x)

<1048.20211

U84 gy (1/84

113t Jy

©(q) (log 20-475—<) (log 20-025)
Cszloglog x

(log

x)3

dts
t5 (0.475 — t1 — t3)

((q) ) V (%09 { £(6.175) F(5) + F(6.175) f(5) — F(6.175)F(5)}

{f0(6175)F0(5) + F0(6175)f0(5) — F0(6175)F0(5)}

Fy(s) F(s).

T 207

(() ) V (%) {f(3.99)F(5) + F(3.99)£(5) — F(3.99)F(5)}

{f0(3.99)Fo(5) + F0(3.99) fo(5) — Fo(3.99)Fo(5)}

{fo(5)G + Fy(5)g — Fo(5)G} + O (z(logz)~°)

{fo(5)H + Fy(5)h — Fo(5)H} + O (z(log z) ~®)

{Fo(5)J} + O (z(log ) °)

{Fo(5)K} + O (z(logz)~°)

(15)

(18)

(19)



1/8.4 dtl 1/8‘4 dtg
ey
1/13 1 tq t2(

5.175—13(t1+t2) log (t3 — 1)
0.475 — t, — to) /2 o

dt
t?, 3
o /1/844 dty Y54 log (5.175 — 13 (£, + t2) ..
- 2
1/13 tl tl t2 (0475 - tl - tg)
. /2.175/26 di 2.175/13—t; dts /5 175—13(t1+t2) dtg/tg—l log (ts — 1)dt
118 tr Je, b5 (0475 — 1 — 13) /s ts Jo ty 4’
o /1/8.4 dt 0.475—2/13—t; dts
113t Jijsa 12 (0475 — t1 — t2)
N /1/8.4 % 0.47572/137151 dtQ /o 175 13(t1+t2) log (tS o 1)dt
1/13 tl 1/8.4 t2 (0475 - tl - t2> 2 t3 »
, _/1/844 dty [OATPTI3 0 Jog (5175 — 13 (t +t2))
113 U1 Jijsa t2 (0.475 — t1 — ta) .
y _/1/3.145 dt . /0 475-3/13 dty /5.175—13t1 log (s — 1)dt
s 0475 —1) " i t1 (0475 — t1) ty ?
+ /0‘4755/13 dtl /3 175—13t log (tQ _ 1) dt /5 175 1 1 t ldt
1/13 1 (0475 — tl) 2 to 2 to+2 t3 t2 +1 »
. /1/3 81 . /0.4753/13 dt, /5‘17513t1 log (t2 — 1)dt
/13 0 475 - t) 1/13 t]_ (0475 - t]_) 2 t2 2
+/0 475-5/13 dt /34175—13t log (ts — 1)dt /5.175 1 og ty — 1dt
118 t1 (0475 — t1) ts 2 i ts Pl
4.2. Evaluation of Sy, S5, 55. By Chen’s role-reversal trick we know that
Ss1 = > 1
peEB
(p+6,P(2°%%))=1
< Z 1+0 (x%)
meB
< 0.475—¢ _
m,P|( x 2 =1
(m+6,P(29%%))=1
=5 (w0, {5 ,2004) 1.0 (ah) (20)
we may write
74| = naylel + RV @),
where
1 _ _ _
h(d): my (d17d2)_(d172)_(d276)_17
0, otherwise
and
[BO@)] < max S Y s Y
(a,d1d2)=1 n ® (dldg) ne& ¢ (d1d2) ne&é
n=a( mod didz) (n,d1d2)=1 (n,di1d2)>1
1 1
=Rr{"(d) + R (d).



To deal with the error term, by the arguments used in [12], we have
Z 74 (dydy) RM(d) <« z(logx) .
dldgga:%7€
By Lemma 2.3 we have

€= by > 1

oL erl 1<m<—2
(2)13 <p1<p2<pz<ps<(£)84 l\mt{zmpzpsm
(m.apy ' P(p2))=1

1 dt 1 1
<(1+ 056 7(13/84 1/84 <)1Ogdt2
qugCL‘ 11 t1 tl t2 8.4t2

0.00934x
L —.
qlogx

Then by Lemma 2.1 we have

Ss1 <8 (Wu)’ {96%’3:0.005})

<+ 0l0) o sy LADF) +0 (allog) )

Cszloglog x
(logx)?

<4.41937

Similarly, we have

4C3xL
qlog z (log 20-475—<) (log 20-025)
Cszloglog x

(log )
4031‘( 12 log(2

2.145 t

552 <(1 =+ 0(1))

{Fo(2)Fp(5)} + O (a:(log x)_5)

<22.91504

)dt

Sy <(140(1)) {Fy(2)Fo(5)} + O (z(log ) ~°)

qlog z (log 20-475—¢) (log 20-025)
Cszloglog x
(loga)?

4C’3x< 7.4 log(2.81— t“)dt>

2.81 7
Saz <(1+ 0(1))qlog1: (log 20775—%) (log 20025) {Fo(2)Fo(5)} + O (z(log z)~®)

Cszloglogx
(logz)?
ACqz ([ et ar)
qlog x (log £0-475—¢) (log £9-025)

Cszloglog x
(logz)? ~
4Csx ( 2.81 Mdt)
qlog z (log 20-475-¢) (log 20-025)

Cszloglog x
(loga)?

<371.11243

<341.31874

561 <(1 =+ 0(1))

{Fo(2)Fo(5)} + O (z(logz)~°)

<2.27032

Sez <(1+0(1)) {Fo(2)Fy(5)} + O (z(log 93)75)

<49.78864

where

B4 gy (1/84 gy p1/84 gy (04T5-2/13—t5 W (Hl_tt%)
L= ks == — dty
1 ¢

ns b Jy t3 Ji, t3 Ji/s.a ty
9

(21)

(22)

(23)

(28)



1/8.4 gy 1/84 1 /1 9
< 0.5644/ =t = < ) log 8.4 (0.475 - = t3> dts
113 U1 Jy ta \t1 12 13

< 0.04839.

4.3. Evaluation of S;. By Chen’s role-reversal trick we know that

So1 = Z 1

] P+66Mi
(=2p((5)) )=
< Z 1+0 (x%)
meMy,

(m—6.P(x 0'3215 ))=1
EHASE

=S (%2>,{x‘”¥5, (2)}) +0(x%). (29)

we may write

#42| = n@) Ml + R (@),
where
h(d)_{@7 (dr,dz) = (d1,2) = (d,6) = 1
0, otherwise
and

. 1 L
‘R i (d)‘ S o1 2! ¢ (dids) 2 ¢ (didy) 2. !

neMy neMy
n=a( mod didz) (n,d1d2)=1 (n,d1d2)>1

=Ry (d) + Ry (d).
To deal with the error term, by the arguments similar to those for S51, we have

Z 7 (d1dy) R (d) < z(logz)~°.
dyda<z®—°
By the prime number theorem and summation by parts we have

1 T
M= 2

p1 - Pr—1log

1/2
Z<P1<"'<Pk71<<m_?_;i72)

(o())s

/199 dty /tl " dty /tk = dty_g /tk—sl log (tp—o — 1) dtp_o
p = . ,
k=1 U1 Jk lk—3 Jo tk—2

By similar numerical integration used in [ ], we have
199
Co= Y cr < 0.00408. (31)
k=15

Pp1- Pkl

where

Then from (29)—(31) we have
4000371’(.%‘)
() (log #775=<) (log 200%)
Cszloglogx
(logz)3

S71 <(1+0(1)) {Fo(2)Fy(6.175)} 4+ O (z(log z) ~®)

<2.38485
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Similarly, we have
400037T(I)
(a) (1og a0475-) (log #705)
Cszloglog x
400037T($)
#la) (og a7 4757) (log 20077
Cszloglog x
_— = 4
(log 2)? 34
400037T($)
Pla) (log 2" 4755) (log 20077
Cszloglog x
(logz)3 -~ (35)

4.4. Proof of theorem 1.1. By (14)—(19), (23)—(28) and (32)—(35) we get
Cszloglog x

(log z)3

S7o <(1 4 0(1)) {Fo(2)F5(3.99)} + O (2z(log z) ~°)

<1.57643

{Fo(2)Fo(2)} + O (z(logz)~°)

S73 <(1+0(1))
<1.37432

{Fo(2)Fo(2)} + O (z(log ) ™)

S74 <(1 =+ 0(1))

<1.37432

S1+ Sy > 3194.23324

Cyzlogl
Sa+ Sy + S5 + 256 + Sy < 318118071 2L 0808
(log 7)?

Csxlogl
47T173714(JC) > (Sl + Sg) — (53 + Sy + S5 + 256 + S7) > 1305253%,

Cszloglog x
(logz)?
Now the proof of my 3 14(x) > Csrlogloge 4o completed. Then we can prove Theorem 1.1 by replacing ¢ by

(log )3
products of small primes q1¢s - - - ¢,—1 where g; denote a prime number satisfies

m 314(7) > 3.26313

a>2, q<zxf forevery 1<i<a—1.

5. AN UPPER BOUND RESULT
Now we finish this paper with a look at the upper bound estimate. Let
W' ={{p+2,p+6}:7<p<x}

then we have

maa(z) < S (V/’, {x%,x%}) +0 (m%> . (36)
By Lemma 2.1 and some routine arguments we have
5 frtrt)
<(1+ 0(1))Cam(a)V (x*) v (a:*) {(F2)F(2)} + O (z(logz)~°)

C3£E
. 37
(log 2)? 37
Finally by (36)—(37) we get the following theorem of the upper bound orders of Hardy-Littlewood prime

<100

triples.

Theorem 5.1.
031’ N

d D N —_—
(logz)® ™" L) < (log N)3

m11(T) <

11
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