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Abstract. Let [x] be the largest integer not exceeding x. For 0 < θ ≤ 1, let πθ(x) denote
the number of integers n with 1 ≤ n ≤ xθ such that

[
x
n

]
is prime. In this paper, we obtain

the asymptotic formula

πθ(x) =
xθ

(1− θ) log x
+O

(
xθ(log x)−2

)
provide that 435

923 < θ < 1.

1. Introduction

The investigations of the summations related to rounding up certain arithmetic functions
are quite popular in recent years. It seems that this new term wave of enthusiasm starts
from the paper of Bordellès, Dai, Heyman, Pan and Shparlinski [1], where the following
asymptotic formula ∑

n⩽x

f
([x

n

])
= x

∞∑
n=1

f(n)

n(n+ 1)
+Of

(
x1/2+ε

)
(1)

is given, provided that f satisfies a broad condition involving the growth of the magnitude
of it. Here, as usual ε denotes an arbitrary small positive number. An example of particular
interest is the one for f = Λ. In [6], Liu, Wu and Yang proved the following elaborate
asymptotic formula ∑

n⩽x

Λ
([x

n

])
= x

∞∑
n=1

Λ(n)

n(n+ 1)
+O

(
x9/19+ε

)
. (2)

In 2023, Li and Ma improved the exponent 9
19

to 17
36

in [4] and Zhang further improved the

exponent to 435
923

in [8].

In an other direction, the work of Bordellès, Luca, Moree and Shparlinski [2] about the
Bernoulli polynomials has led to the consideration of truncated distribution of the primes
represented by [x/n]. Let 0 < θ ≤ 1 be a real number and πθ(x) be the number of integers
n with 1 ⩽ n ⩽ xθ such that

⌊
x
n

⌋
is prime. In [7], Ma, Chen and Wu proved

πθ(x) =


∑L

k=1
(−1)k−1(k−1)!

(1−θ)k
xθ

(log x)k
+O

(
xθ

(log x)L+1

)
, 23

47
< θ < 1,

x
∑

p
1

p(p+1)
+O

(
x

26
53 (log x)

119
53

)
, θ = 1,

(3)
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where L ⩾ 1 is any given integer. It is amazing that the leading term in the asymptotic
formula of πθ(x) is not continuous at the point θ = 1 when x is a given large number. Ma,
Chen and Wu further proposed the following conjecture:

Conjecture. For any 0 < θ < 1 and given integer L ⩾ 1, we have

πθ(x) =
L∑

k=1

(−1)k−1(k − 1)!

(1− θ)k
xθ

(log x)k
+O

(
xθ

(log x)L+1

)
. (4)

In 2022, Zhou and Feng [9] proved that for any 9
19

< θ < 1 and L ⩾ 1, the conjecture is

true. In 2023, Li [5] showed that even 17
36

< θ < 1 is admissible.

In this paper, we shall give an improvement of the result obtained by Zhou, Feng and Li.
We obtained this result by combine the methods in [8] and [9]. Now, let’s state our main
result as the following theorem.

Theorem 1.1. Let θ be a number with 435
923

< θ < 1 and L ⩾ 1 be a given integer. Then

πθ(x) =
L∑

k=1

(−1)k−1(k − 1)!

(1− θ)k
xθ

(log x)k
+O

(
xθ

(log x)L+1

)
, (5)

where the implied constant depends on θ, L and the real number ε > 0 which is contained in
Lemma 2.1.

By the same method in [9], we also proved this theorem.

Theorem 1.2. Let θ be a number with 435
923

< θ < 1. For any any integer A ⩾ 1, We have

Λθ(x) :=
∑
n≤xθ

Λ
([x

n

])
= xθ +O

(
xθ(log x)−A

)
, (6)

where the implied constant depends on θ, L and the real number ε > 0 which is contained in
Lemma 2.1.

2. Some Lemmas

From now on, let x be a large positive number. Let ε > 0 be an arbitrary small positive
number which may not be the same throughout our paper. Let N and P be the set of positive
integers and prime numbers, respectively. The notation p will always denote a prime number.
Let π(x) be the number of primes up to x and

Λ(n) =

{
log p if n = pα,
0 otherwise.

be the von Mangoldt function. For any real number t, let

ρ(t) = t− [t]− 1/2.

For 0 < D ⩽ x,D < t ⩽ 2D and δ /∈ −N, let

Σδ(x,D, t) =
∑

D<d⩽t

Λ(d)ρ

(
x

d+ δ

)
.
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We need some auxiliary results before the proof of Theorem 1.1.

Lemma 2.1. Let δ /∈ −N be a fixed constant. For D < t ⩽ 2D and D < x2/3, we have

Σδ(x,D, t) ≪ε


x1/2+εD−1/6 if D < x3/7,
x1/3+εD2/9 if x3/7 ⩽ D < x6/13,
x1/6+εD7/12 if x6/13 ⩽ D < x482/923,
x435/923+ε if x482/923 ⩽ D < x488/923.

Proof. From [6, Proposition 4.1] with (κ, λ) = (κ′, λ′) = (1/2, 1/2) and [8, (3.6)] with (κ, λ) =
(κ′, λ′) = (1/2, 1/2), ϱ = 6/923 and ϖ = 20.5/923, we have

Σδ(x,D, 2D) ≪ε x
ε
(
x1/6D7/12 +D5/6 + x1/3D2/9 + x1/2D−1/6

)
for D < x3/4 and

Σδ(x,D, 2D) ≪ε x
435/923+ε

for x482/923 ⩽ D < x488/923. In fact, by carefully checking the proof of [6, Proposition 4.1]
and [8, (3.6)], we still have

Σδ(x,D, t) ≪ε x
ε
(
x1/6D7/12 +D5/6 + x1/3D2/9 + x1/2D−1/6

)
(7)

for D < x3/4 and
Σδ(x,D, t) ≪ε x

435/923+ε (8)

for x482/923 ⩽ D < x488/923. The lemma then follows from direct discussions. □

For D ≤ x and δ /∈ −N, let

Sδ(x,D) =
∑

D<p⩽2D

ρ

(
x

p+ δ

)
.

Lemma 2.2. Let δ /∈ −N be a fixed constant. For D < x2/3, we have

Sδ(x,D) ≪ε


x1/2+εD−1/6 +D1/2 if D < x3/7,
x1/3+εD2/9 +D1/2 if x3/7 ⩽ D < x6/13,
x1/6+εD7/12 +D1/2 if x6/13 ⩽ D < x482/923,
x435/923+ε +D1/2 if x482/923 ⩽ D < x488/923.

Proof. For 0 < D ≤ x,D < t ≤ 2D and δ /∈ −N, let

Gδ(x,D, t) =
∑

D<p⩽t

ϑ(d)ρ

(
x

p+ δ

)
where

ϑ(n) =

{
log p if n = p is a prime,
0 otherwise.

Note that ∑
D<d⩽t

Λ(d)ρ

(
x

d+ δ

)
=

∑
D<d⩽t

ϑ(d)ρ

(
x

d+ δ

)
+O

(
t1/2

)
. (9)

so we have
Gδ(x,D, t) = Σδ(x,D, t) +O

(
D1/2

)
(10)
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for any D < t ≤ 2D. Integrating by parts, we have

Sδ(x,D) =
Gδ(x,D, 2D)

log 2D
+

∫ 2D

D

Gδ(x,D, t)

t(log t)2
dt. (11)

Then our lemma follows from Lemma 2.1 by routine computations. □

Lemma 2.3. [9, Lemma 4]. Let θ be a positive number with 0 < θ < 1 and L ⩾ 1 be a given
integer. Then

x
∑

p⩾x1−θ

1

p(p+ 1)
=

L∑
k=1

(−1)k−1(k − 1)!

(1− θ)k
xθ

(log x)k
+O

(
xθ

(log x)L+1

)
,

where the implied constant depends only on L and θ.

Lemma 2.4. [3, Proposition 3.1]. Let f be a positive-valued function on N and D a param-
eter with D ≤ x. Then,∑

D<n⩽x

f
([x

n

])
=

∑
d⩽x/D

f(d)
∑

x/(d+1)<n⩽x/d

1 +O

(
f
( x

D

)(
1 +

D2

x

))
.

Lemma 2.5. [9, Lemma 6]. Let θ be a positive number with 0 < θ < 1 and A is any given
positive number, we have

x
∑

d⩾x1−θ

Λ(d)

d(d+ 1)
= xθ +O

(
xθ(log x)−A

)
,

where the implied constant depends only on A and θ.

3. Proof of Theorem 1.1

Proof of Theorem 1.1. For θ > 435
923

, we spilt the sum πθ(x) into the following two shorter
sums

πθ(x) = S1 + S2 (12)

where
S1 =

∑
n⩽x435/923,[x/n]∈P

1 and S2 =
∑

x435/923<n⩽xθ,[x/n]∈P

1.

Trivial estimate leads to the bound

S1 ⩽
∑

n⩽x435/923

1 ⩽ x435/923. (13)

By Lemma 2.4, we can rewrite S2 as

S2 =
∑

x1−θ⩽p⩽x488/923

∑
x/(p+1)<n⩽x/p

1 +O
(
x2θ−1

)
=

∑
x1−θ⩽p⩽x488/923

(
x

p
− ρ

(
x

p

)
− x

p+ 1
+ ρ

(
x

p+ 1

))
+O

(
x2θ−1

)
= x

∑
p⩾x1−θ

1

p(p+ 1)
− x

∑
p>x488/923

1

p(p+ 1)
+R1(x)−R0(x) +O

(
x2θ−1

)
, (14)
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where

Rδ(x) =
∑

x1−θ⩽p⩽x488/923

ρ

(
x

p+ δ

)
(δ = 0 or 1).

It is easy to see that x2θ−1 ≪ xθ−ε for any θ < 1 and it is clear that

x
∑

p>x488/923

1

p(p+ 1)
⩽ x

∑
n⩾x488/923

1

n(n+ 1)
≪ x435/923. (15)

From Lemma 2.3, we have

x
∑

p⩾x1−θ

1

p(p+ 1)
=

L∑
k=1

(−1)k−1(k − 1)!

(1− θ)k
xθ

(log x)k
+O

(
xθ

(log x)L+1

)
. (16)

To complete the proof of our theorem, it remains to show that

Rδ(x) ≪ xθ(log x)−(L+1) (17)

for δ = 0 and 1. For any positive integer i, let Di = x488/9232−i. Since θ > 435/923, then

Di ⩽ x488/923 < x2/3 for all 1 ⩽ i ⩽
[
θ−435/923

log 2
log x

]
+ 1. By Lemma 2.2,

|Rδ(x)| ⩽
∑

1⩽i⩽[ θ−435/923
log 2

log x]+1

Sδ (x,Di)

≪ε

∑
1⩽i⩽[ θ−435/923

log 2
log x]+1

(
x1/2+εD

−1/6
i + x1/3+εD

2/9
i + x1/6+εD

7/12
i + x435/923+ε +D

1/2
i

)
≪ε x

(θ+2)/6 + x435/923+ε ≪ε,θ x
435/923+ε ≪ε,θ x

θ(log x)−(L+1), (18)

valid for 435
923

< θ < 764
923

. Combined with the range 17
36

< θ < 1 of Li [5], we get the theorem.

The proof of Theorem 1.2 is similar to the proof of Theorem 1 by replacing Lemma 2.3
with Lemma 2.5.
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