ON SOME PROBLEMS OF PRIMES INVOLVING THE FLOOR
FUNCTION

RUNBO LI

ABSTRACT. Let [z] be the largest integer not exceeding z. For 0 < 8 < 1, let my(x) denote
the number of integers n with 1 < n < 2 such that [%] is prime. In this paper, we obtain
the asymptotic formula

g

mo(z) = (1-0)logx

: 435
provide that 53 <6 < 1.

+0 (gcg(log z)7?)

1. INTRODUCTION

The investigations of the summations related to rounding up certain arithmetic functions
are quite popular in recent years. It seems that this new term wave of enthusiasm starts
from the paper of Bordelles, Dai, Heyman, Pan and Shparlinski [1], where the following
asymptotic formula

z — [ (n) 1/2
—| )=z — 4 Oy (xV/?Fe 1
is given, provided that f satisfies a broad condition involving the growth of the magnitude
of it. Here, as usual € denotes an arbitrary small positive number. An example of particular
interest is the one for f = A. In [6], Liu, Wu and Yang proved the following elaborate
asymptotic formula

> () =i% 0 (a0r). @)

In 2023, Li and Ma improved the exponent = to £ in [4] and Zhang further improved the
435

exponent to gz in [8].

In an other direction, the work of Bordelles, Luca, Moree and Shparlinski [2] about the
Bernoulli polynomials has led to the consideration of truncated distribution of the primes
represented by [z/n]. Let 0 < # < 1 be a real number and my(z) be the number of integers

n with 1 < n < 2% such that L%J is prime. In [7], Ma, Chen and Wu proved

k 1k 1 L0 0
Zk 1 )(1 0)k )(loga:k +O< logz)L+1>7 % <0< 1’
mzpm+0<x§3(logm)53>, 0=1,

(3)

7T9(ZL’) =
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where L > 1 is any given integer. It is amazing that the leading term in the asymptotic
formula of m(x) is not continuous at the point # = 1 when z is a given large number. Ma,
Chen and Wu further proposed the following conjecture:

Conjecture. For any 0 < 0 < 1 and given integer L > 1, we have

& ()RR -1 af x?
() =2 gy <1oga:>k+0(<1ogx>ﬂ+1>‘ “

In 2022, Zhou and Feng [9] proved that for any 15 < ¢ < 1 and L > 1, the conjecture is
true. In 2023, Li [5] showed that even £f < 6 < 1 is adm1851ble

In this paper, we shall give an improvement of the result obtained by Zhou, Feng and Li.
We obtained this result by combine the methods in [8] and [9]. Now, let’s state our main
result as the following theorem.

Theorem 1.1. Let 6 be a number with % <@ <1land L >1 be a given integer. Then

- k 1 k 1)! Y 20
,; % (ogayr (W> ’ (5)

where the implied constant depends on 6, L and the real number € > 0 which is contained in
Lemma 2.1.

By the same method in [9], we also proved this theorem.

435
h 923

Z A <[ ]) =2+ 0 (:Ue(logx)’A) : (6)

n<x?

Theorem 1.2. Let 6 be a number wit < 0 < 1. For any any integer A > 1, We have

where the implied constant depends on 6, L and the real number ¢ > 0 which is contained in
Lemma 2.1.

2. SOME LEMMAS

From now on, let x be a large positive number. Let € > 0 be an arbitrary small positive
number which may not be the same throughout our paper. Let N and P be the set of positive
integers and prime numbers, respectively. The notation p will always denote a prime number.
Let m(z) be the number of primes up to x and

| logp ifn=p“,
An) = { 0 otherwise.
be the von Mangoldt function. For any real number ¢, let
p(t) =t —[t] = 1/2.
For0 <D<z, D<t<2D and § ¢ —N, let

sz, D,t) = Y A(d) <d+5>

D<d<t
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We need some auxiliary results before the proof of Theorem 1.1.

Lemma 2.1. Let § ¢ —N be a fived constant. For D <t < 2D and D < 2%/, we have

x1/2+sD71/6 if D < I3/7,

1/34 )2/9 if 237 < D < 26/13
x Yy r X T )
Ys(z, D,t) <. 2 1/6+e DT/12 if 25/13 < D < :L.482/9237

435/923+¢ if 2482/923 ) o 488923
Proof. From [6, Proposition 4.1] with (k,\) = (k/,X') = (1/2,1/2) and [8, (3.6)] with (k, \) =
(K, N)=(1/2,1/2), o =6/923 and w = 20.5/923, we have
Ss(w, D,2D) <. a («!/°DV? 4 DY/6 4 g1 PD0 4 212 D71/0)

for D < 2%/ and

Zg(x, D, 2D) <. CC435/923-i—€
for 2182/923 D < x8/923 In fact, by carefully checking the proof of [6, Proposition 4.1]
and [8, (3.6)], we still have

Eg(l’,D,t) <. ° (1’1/6D7/12 + D5/6 —l—x1/3D2/9 +.T1/2D_1/6) (7)

for D < 23/* and
Eg(l‘,D,t) <. $435/923+5 (8)
for 2482/923 L D < x488/923 The lemma then follows from direct discussions. O

For D < x and 6 ¢ —N, let

Fs@Dy= 3 p(pf_5>.

D<p<2D

Lemma 2.2. Let § ¢ —N be a fized constant. For D < x*/3, we have

g/2ep=1/6 4 D2 if D < 23/7,
ZUBEDO L D2 g3T < D < 2618,
PUSHEDTA2 L DU2 G g6/18 < D < g 482/923)

L 1435/923+¢ | D1/ if 2182928 < D < 8892

yg(l’, D) <<5

Proof. For 0 < D < x,D <t <2D and 6 ¢ —N, let

Gs(z,D,t) = > 9(d) (p+5)

D<p<t
where .
| logp if n=pis a prime,
I(n) = { 0 otherwise.
Note that
x B T 12
> (55) = 3 (525) +o 7). )
D<d<t D<d<t
so we have
Ys(x,D,t) = S5(z, D, t) + O (D'?) (10)
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for any D <t < 2D. Integrating by parts, we have

gé(x7D72D) /2D g&(anvt)
I5(x, D) = —— _— 11
s(z, D) log 2D p  t(logt)? (11)
Then our lemma follows from Lemma 2.1 by routine computations. ([l

Lemma 2.3. [9, Lemma 4]. Let 0 be a positive number with 0 < 0 <1 and L > 1 be a given
integer. Then

L
1 (=1)*Yk—-1)!  af ?
- ol ——"
P et o fogr O g )
where the implied constant depends only on L and 6.

Lemma 2.4. [3, Proposition 3.1]. Let f be a positive-valued function on N and D a param-
eter with D < x. Then,

SiED-ro v oaeo(i(5)(1+7)),

Lemma 2.5. [9, Lemma 6]. Let 6 be a positive number with 0 < 0 < 1 and A is any given
positive number, we have

A(d 0 0 _
xdgoﬁ =2+ 0 (2 (logx)™ ),

where the implied constant depends only on A and 6.

3. PROOF OF THEOREM 1.1

Proof of Theorem 1.1. For § > 322 we spilt the sum my(z) into the following two shorter

sums
7T9<J]) = Sl + SQ (12)
where
Sy = > 1 and S, = > 1.
n<z435/9237[$/n]ep $435/923 <7’Z<1‘6,[1‘/7’L]€P
Trivial estimate leads to the bound
S, < Z 1< 2135/923, (13)
n<a435/923

By Lemma 2.4, we can rewrite Sy as

Sp= > Yo 140"

w1 =0<p<x88/923 1/ (p+1)<n<z/p

2 <g_p(%>_pj—1+p<pf_1)>+0(x29—1)

21— <p<188/923

1 1 20—1
=2 Z p<——£13 Z m—FRl(ﬂj)—Ro(x)—l-O(.% ), (14)

pT 1) p>xi88/923

pzzl=?
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where

Rs(x)= Y p(pf_(s) (6=0or1).

$179<p<$488/923
It is easy to see that 22~! < 2%~¢ for any 6 < 1 and it is clear that
1 1
x Z - <=z Z L i35/ (15)
p>z488/923 p(p+1) 1> A88/923 n(n+1)

From Lemma 2.3, we have
L

-1 2 !
D e M e 0 () 09

! —~ (log )

To complete the proof of our theorem, it remains to show that
Rs(x) < 2?(log z)~E+Y) (17)
for § = 0 and 1. For any positive integer 4, let D; = 2488/92327% Since § > 435/923, then
D; < a®8/92 « 223 for all 1 < i < [% logx} + 1. By Lemma 2.2,
|Rs(x)] < > 5 (x, D;)

. 60—435/923
Lis[ =g

<. Z <$1/2+5Di—1/6 L x1/3+sDi2/9 I x1/6+sDi7/12 | 485923+ | Dz‘l/2)

0—435/923
log 2

<. p+D/6 4 435/923+ <o 135/923+¢ <. x@(logx)—(L+1)’ (18)

< 0 < 53 Combined with the range & < < 1 of Li [5], we get the theorem.

log a:]+1

1<i<[ loga:]Jrl

435
923

valid for
The proof of Theorem 1.2 is similar to the proof of Theorem 1 by replacing Lemma 2.3

with Lemma 2.5.
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