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1. Historical Background
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Landau’s problems

At the 1912 ICM, Landau listed four basic problems about prime numbers.

� Goldbach’s conjecture: Can every even integer greater than 2 be written as the
sum of two primes?
� Twin prime conjecture: Are there in�nitely many primes p such that p + 2 is prime?
� Legendre’s conjecture: Does there always exist a prime between consecutive

perfect squares?
� Euler’s conjecture: Are there in�nitely many primes of the form n2 + 1?

As of 2024, all four problems are unresolved.
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Goldbach’s conjecture

Goldbach (1690-1764) and Euler (1707-1783)

Goldbach’s conjecture

Every even integer greater than 2 can be written as the sum of two primes.

Goldbach’s conjecture for large integers

Every su�ciently large even integer can be written as the sum of two primes.
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Sieve approach on Goldbach’s conjecture

Writing an even number as the sum of two primes (p;P1)

#

Writing an even number as the sum of two numbers with at most r prime factors
(r -almost primes, Pr )

Proposition (a + b)

Every su�ciently large even integer can be written as the sum of an a-almost prime and a
b-almost prime.

Especially, the Goldbach’s conjecture is equivalent to Proposition (1 + 1).
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Historical records

� 9 + 9, Brun, 1920; First make a and b explicit

� 1 + c , R�enyi, 1948; (c is very large) First get a = 1

� 1 + 9, Barban, 1961; First make b explicit under a = 1

� 1 + 5, Pan, 1962;

� 1 + 4, Pan-Wang, 1962;

� 1 + 3, Barban, Bombieri, Vinogradov, 1965;

� 1 + 2, Chen, 1973. Best result until now
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Chen’s Theorem

Theorem (Chen, 1973)

Every su�ciently large even integer can be written as the sum of a prime and a P2.
Moreover, let N denote a su�ciently large even integer and de�ne

D1;2(N) := jfp : p 6 N;N � p = P2gj ;

we have

D1;2(N) > 0:67
C (N)N

(log N)2
;

where

C (N) :=
Y
pjN
p>2

p � 1

p � 2

Y
p>2

�
1� 1

(p � 1)2

�
:
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