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Goldbach’s conjecture SEBi#E#E

Goldbach (1690-1764) and Euler (1707-1783)

Goldbach’s conjecture

Every even integer greater than 2 can be written as the sum of two primes.

Goldbach's conjecture for large integers

Every sufficiently large even integer can be written as the sum of two primes.
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Historical records

® Goldbach's conjecture: &% + EE (1+1)

® Chen's Theorem: &¥ + &#¥ or B + R x & (1 +2), BR&IE, 1973.
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Chen’s Theorem ST

Theorem (Chen, 1973)

Every sufficiently large even integer can be written as the sum of a prime and a Ps.
Moreover, let N denote a sufficiently large even integer and define

Dio(N):=|{p: p< N,N—p= P},

we have

C(N)N

D1 5(N) > 0.67 .
1,2(N) (log N)?
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Two results claimed by Chen

In 1980, Chen announced two
unpublished results of himself:

1. 0.9;

2. 9 = Goldbach’s conjecture.
° 0.67, Bz, 1973;

* 0.899, /X, 2008.
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Main result

Theorem 1 (L. 2024)

We have NN
> 1. .
Di12(N) > 1.733 (log N2
Theorem 2 (L. 2025)
We have
C(N)N

Dy 5(N) > 1.9728

(log V)2

One important significance of our Theorems is to make us truly achieve and exceed the
constant 0.9 claimed by Chen.

Our constant 1.9728 gives a 119% refinement of Wu's prior record 0.899. This is the
greatest refinement on this problem since Chen from 1973.



Main tools

In order to prove our Theorem 2, we
mainly utilize the following tools:

1.

Weighted sieve inequalities
N THEFFN,

Lichtman’s new distribution
levels
RREFENY LN S TRKE,
Chen'’s double sieve

PR SR ER AN THE;

Harman'’s sieve

Harman F§3%;

Optimization of various bounds.

Proposition 6.6. Let (D,,...,D,) € D¥!(D) and write D = 2°, D; = 2" fori<r

If9<H(t,) — € as in (6.2), then

(6.12)

Y@ (rasd.0) - 7@
X;"x (@) (n(z;dya) v(d)> ot o)

And if t) < min(2=5, 2529) and r >3, then (6.12) holds if  <B(t1,ts,t5) — € as in (6.4).

be difficult. Chen improved on the sieve (3.3) by introducing two new functions
H(s) and h(s) such that (3.3) holds with f(s) + h(s) and F(s) — H(s) in place
of f(s) and F(s) respectively [54]

S(U;P,2) < XV(2) {(F‘(~) —H(s)) (%) + E} Feror,  (37)

Chen proved that h(s) > 0 and H(s) > 0 (which is obviously a required property,
as otherwise these functions would make the bound on S(A; P, z) worse) using
three set of complicated inequalities (the largest had 43 termsl).

Sie< (14 0(1)) (/7 /;/‘ /L (Boole[(Dy, .., D) € DE4(D)]x

mm(? F((otsliasttn)) 4 o (1t )>

o ilalst? T tital3ls

:

26,0 (=

s AP o
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Thank youl!



