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Goldbach’s conjecture 哥德巴赫猜想

Goldbach (1690-1764) and Euler (1707-1783)

Goldbach’s conjecture
Every even integer greater than 2 can be written as the sum of two primes.

Goldbach’s conjecture for large integers
Every sufficiently large even integer can be written as the sum of two primes.
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Historical records

• Goldbach’s conjecture: 素数 + 素数 (1 + 1)

• Chen’s Theorem: 素数 + 素数 or 素数 + 素数 × 素数 (1 + 2), 陈景润, 1973.
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Chen’s Theorem 陈景润定理

Theorem (Chen, 1973)
Every sufficiently large even integer can be written as the sum of a prime and a P2.
Moreover, let N denote a sufficiently large even integer and define

D1,2(N) := |{p : p ⩽ N,N − p = P2}| ,

we have
D1,2(N) ⩾ 0.67

C(N)N
(log N)2

.
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Two results claimed by Chen

In 1980, Chen announced two
unpublished results of himself:

1. 0.9;
2. 9 ⇒ Goldbach’s conjecture.
• 0.67, 陈景润, 1973;
• 0.899, 吴杰, 2008.
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Main result

Theorem 1 (L. 2024)
We have

D1,2(N) ≥ 1.733
C(N)N
(log N)2

.

Theorem 2 (L. 2025)
We have

D1,2(N) ≥ 1.9728
C(N)N
(log N)2

.

One important significance of our Theorems is to make us truly achieve and exceed the
constant 0.9 claimed by Chen.
Our constant 1.9728 gives a 119% refinement of Wu’s prior record 0.899. This is the
greatest refinement on this problem since Chen from 1973.
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Main tools

In order to prove our Theorem 2, we
mainly utilize the following tools:

1. Weighted sieve inequalities
加权筛法不等式;

2. Lichtman’s new distribution
levels
素数在等差数列上的分布水平;

3. Chen’s double sieve
陈景润的双筛法;

4. Harman’s sieve
Harman 筛法;

5. Optimization of various bounds.
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Thank you!
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